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PREFACE 


The publication of this volume was unduly delayed by the fa(;t that 
the author of a 150-page article withdrew his paper when it- was alread}' 
set in type and when almost the whole volume was ready for print. 
The editors feel particularlj' indebted to the authors who had to accept 
the postponement and to those who on comparative!}' .short notice 
furnished new contributions. 

As in the previous volumes, the following articles reflect the various 
subjects of present-day research in applied mechanics. 

During the last year while both editors were staying in Europe, 
Professor Gustav Kuerti, Case Institute of Technology, Cleveland, Ohio, 
has taken over most of their duties. His most valuable and devoted 
help is gratefully acknowledged. 

Tii. v. 

H. v. 
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I. IXTIIODUCTIOX 

In recent, ycar.^i, the term “houndfiry layer’’ lia.‘? Lceornc most elosely 
associated with tlic phenomena ari.sing when a fluid flow.s pa.sL an ohstaclc 
at high Reynolds number. Dc.spitc thi.s ])arlieular a.'^.soeiation, there is a 
large and interesting varictj' of ph3'.«ical problems whose anal.vsis i.s most 
appropriately carried out b}' invoking the idea.s that arc a.'^sociated with 
boundary layer problems. 

In this article, we shall present a .simple eharaclerij^ation of the 
boundary layer problem and shall give in varying detail the analy.sis of 
several isolated problems which fall into this category. 

Since all our problems will be formulated as boundar.y value problem.s 
of certain differential equations, the characterization we present will be 
defined in terms of such boundaiy value problems. Our arguments will 
differ in form from those usually found in the literature a.ssociatcd with 
this field but, at the expense of preciseness, they give a clear account of 
the ideas which are involved. 

It is easiest to associate these arguments with a specific problem, and 
we shall introduce them while treating one of the simplest boundaiy value 
problems of this type rather than attempt to give a general characteriza- 
tion immediately. 


II. The Ocean Current Problem 

One of the more straightforward applications of boundary layer theory 
arises in the study of ocean currents. It is possible to construct, a bound- 
ary value problem which contains the essential features associated with 

* Present address: Harvard University, Cambridge, Mass. 

1 



2 


G. P. CARRIER 


the long-time average motion of the fluid in ocean basins. Since, in this 
paper, ve vish to introduce the boundary la 5 mr ideas as earl}'- as possible, 
we shall defer the derivation of this boundary value problem to the 
Appendix of this article. The differential equation which arises is: 

(2.1) eAAi/' - = sin y. 

The boundai’}^ conditions are associated with the geometry of the problem 
and, for the Pacific Ocean, take the form 

(2.2) = 0 on AB and BC, 

’/' = ’/'wy = 0 on CA, 

where the lines AB, BC, CA, are defined in Fig. 1. For this particular 
problem, the value of e is 0.035. We note immediately that the problem 


B 



Fig. 1. Geometry of the ocean current problem. AB and BC are land bound- 
aries, AC is a locus on which, observationally, duz/dij = 0. 

is characterized by three essential features: (1) the coefficient of the most 
highly differentiated terms is small compared to unity; (2) the other important 
terms have coefficients of order unity; (3) the size of the domain is character- 
ized by lengths of order unity in the coordinate system chosen. In the sub- 
sequent problems we shall indicate the “dimensional anal 5 'sis” which as 
implied above is intrinsically part of the boundary layer anal 3 ’^sis. How- 
ever, that dimensional analysis has already been incorporated^ in this 
problem. 

We now find a solution of the problem posed by Eqs. (2.1) and (2.2) 
in the following manner. We first note that, for e <K 1, a good approxi- 
mation to a solution of Eq. (2. 1) is available when the term with coeffi- 
cient € is ignored. Such a function is 

(2.3) = — [.i: + a(y)] sin y. 

The difficulty, of course, is that we have only a(ff) at our disposal in order 
to satisfy the boundary conditions (2.2). The function obviously 
^ It is, of course, included in the Appendix. 



cannot satisf 3 '^ these conditions, and hence it is not a good approximation 
to a solution of the problem. Now consider any function which lias 
the property that the maximum values of vJ', 'Pwvv, nil of 

the same order of magnitude.* Such a function can be a .solution of (2.1) 
onlj'^ if it is cssentiallj' of the form -{- 0(«). Since we have o.stabli.shed 
that a function of this form cannot be the required we must conclude 
that 4/ will be “steep” somewhere in the domain. IB.v (his we mean (hat 
at least one of the higher derivatives of 4^ is largo compared ( o i/'. In par- 
ticular, one of the contributions of i^^4' mu.'^t be of order c"' coinjiared (o 
4/^ if 4/ is to be different from -f 0(6). .At thi.s point we /tope that (he 
steep portion of the function 4^ is confined to a region veiy close (o (he 
boundaries. If this turns out to be (rue, (hen (he .solution in (he interior 
of the domain is repre.sented veiy well by i/'”, but. we still need (o find 
the behavior of 4^ near the edge. I'lic functional representation of (he 
solution in this edge region is frc(|ncn(l.v called (he boundary laver. We 
must note that one cannot always be .sure that (he sloop part of the func- 
tion is confined in this manner, bu( the investigation of any particular 
problem along the forthcoming lines will load to contradictions if .such 
is not the case. 

In this particular problem it is convenient to represent (he bonndaiy 
layer solution as the sum of three functions, one for each i)ortion of (he 
boundary. Thus, we write 

4, = ^ ^,( 1 ) ^{:> ^( 3 )_ 

In accord with the foregoing wi.shful thinking, we anticipate that v"*'' 
will be steep near AB and will “fade out” very rapidly with increasing 
distance from AB. Similarlj' is large near BC and small elsewhere; 

is the boundary la.vcr on C'.t. In order to determine we .shall 
find it convenient to adopt a now coordinate .s\\s(em. '^I'his .s\’stcm should 
be chosen so that one coordinate essentiall.v measures distances from the 
boundaiy whereas the other mea.surcs distance.s along the boundaiy. 
The scale, i.e., units, to which the.se distances are measured should be 
such that is a “smooth” function of its arguments. Hence, the 
coordinate stretching must depend on e. I n (.his case, the two (mordinates 
can respectively be chosen as 

^ = (.X - \v)e", 7] = y. 

The number n must be determined by the criterion that eAAi/' contribute 
in an amount which is of the same order in e as the contribution of i/'x. 
The lack of “stretching” of the y coordinate (or, effectivelj’’, of the dis- 

^ We shall henceforth refer to such a function ns being “smooth.” 
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tance along the boundary) comes about because of the boundary condi- 
tions on These conditions are^ 

The smoothness of implies the corresponding smoothness in 77 of (p. 
We now introduce these coordinates into (2.1), choose n = —5 in accord 
with our foregoing remarks, and obtain, simplj'’, 

(2.4) (1 + ~ + 0(e^^) = 0. 

We may now decide to represent formally as an asymptotic series 
in or equivalently, from a practical point of view, to drop the 0(€^^) 
term from Eq. (2.4). When this is done, the first order solutions of 

(2.4) are 

Hv), Cmiv) exp 

where 5 = (1 + m takes on the values 1, 2, 3, and hitj), CmW) 

must be determined by the boundary conditions. However, in view of 
our requirement that decay rapidly as we leave the boundary, only 
the solution 

(2.5) = Ci(7j) exp (^Se2"^3) 4. exp (^Se'*"^') 
is acceptable. 

We maj"' now find the boundarj’- layer solution associated with the 
boundary BC. Defining — {x Xo — X?/)e”, rj' = y, we again obtain 
Eq. (2.4) but we find this time that near = 0 (that is near BC), 
behaves like 

(2.6) ^(2) = c,(y') exp iS^'). 

The parameters Cj{y) and a{y) now may be chosen so that the sum 
of the functions defined in Eqs. (2.3), (2.5), (2.6) can satisfy the require- 
ments on AB and BC. We omit the algebra but note that these quanti- 
ties {a,Oj) are such that, for example, at y = ir/2, the function i/'(a;,7r/2) 
is depicted in Fig. 2. The stream velocity profile at y = 7r/2 is also given 
there. Further comments concerning the physical problem can be found 
in (1), but here we shall only continue with remarks pertinent to the 
boundary layer analysis. 

It is perhaps unfortunate that, in this first exemplary problem, we 
must dispose of a remaining difficulty in a manner which is physically 
satisfactory but seems a bit like cheating. However, at the boundary 
y = 0, we still must satisfy the conditions of Eqs. (2.2). Our model, 

^ The peculiar combination of arguments of and <p arise merely because ■4> is 
defined as a function of (,x,y) and ip is defined as a function of (?,»?). 
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i.e., Eq. (2.1), does not contain provision for this (the foregoing analysis 
would not give a decaying boundary layer solution for this edge), and 
hence we must either convince ourselves that this is of no consequence, 
or else we must refine our model. The former choice is easil}' taken and 
we merely note that if our function sin ?/, which is associated with the 
5 'early average wind intensity, were replaced by a carefully chosen wind 
intensity representation which dilTcrs very little from sin y, the boundary 
condition would be satisfied by boundary layer (or other cor- 

rection) would be required. That this is physically acceptable is clear. 
Certainl}’^ the wind intensity observations arc not so accurate but that 
many alternative and similar functional forms could be adopted. Kccnll- 
ing then that our technique, as presented here and as freciucntly used, is 



Fig. 2. Strcain function and vortic.nl velocity component at .«ection jV — A’ of 
Fig. 1, 

a crude one for getting physical information, we need not worry about 
this reconstruction of the problem to suit our needs. We must also note 
that further corrections would be needed in the corners where the bound- 
ary laj'^er solution associated with one edge affects the values on the 
intersecting edge. However, it is again clear that since our ocean 
boundaries are not defined this accurately, a detailed analysis of the 
corner corrections is not justified. 

Let us now summarize the situation as exemplified by this problem. 
A boundary value problem is considered which is characterized by a small 
coefficient on the most highly differentiated term of the diifcrential 
equation. A function, \p° -b <p, i.s found such that is a smooth “solu- 
tion” of the Eq. (2.1) and hence a solution of that equation with the e 
term ignored, v’ is a function which makes f + <p a solution of an 
approximation to Eq. (2,1) and whicli contributes nontriidally only near 
the boundaries. Finally, one can readily check that the amount by 
which Eq. (2.1) fails to be satisfied by -f- (p is small compared to the 
contribution of say (p^ only. This last remark proves nothing about the 
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accuracy with which the true solution of the problem is approximated by 
^0 ^ xs usually a reliable indication of that accuracy. In (1) and 

(2), the observational verification of the analysis of this problem is noted. 

III. A Heat Transfer Problem 

In many physical processes (e.g., the manufacture of linoleum), a 
material having essentially the properties of a viscous fluid is ‘ calen- 
dered” as shown in Fig. 3. When the quantity t^/R as defined in Fig. 3 



Fig. 3. The geometry of the calendering problem. The material enters as a 
collection of small pellets but soon is compressed into a continuum which behaves 
like a viscous fluid and emerges in sheet form. 

is small compared to unity, the mechanical nature of the flow can be 
deduced from an analysis which is essentially classical lubrication theory. 
Thus the velocity and stress distributions are knotvn throughout the 
flow field. However, an important industrial problem can arise which 
again invokes the boundary layer ideas. The difficulty which did arise 
is this. The peripheral speed of the rolls was increased above its nominal 
value in order to increase the production rate and the additional dissipa- 
tion of heat caused a smearing of the sheet surface. When the rolls 
were cooled, this difficulty was partially alleviated. However, when the 
speed was excessive, blisters formed a short distance below the sheet 
surface, and the blister size was an increasing function of roll speed. 
Before a modification of the cooling facilities was attempted, it was 



BOUNDARY LAY'ER PROBLEMS IN' APPLIED MKCITANICS I 

appropriate to attempt a detailed explanation of tlic blister formation 
and use it to evaluate the alleviation leclinicpic. 

The problem we adopt here then’ is that of finding the icmperature 
distribution associated with an incompressible viscous fluid undci going 
the motion indicated in Fig. 3. To the order of accuracy available and 
practical for such problems the particle velocity of the fluid is given by 

(3.1) R = Ro[l + 3(1 - ;:-)(/, - 0/2/], 
the pressure b}’’ 

(3.2) pa) = -3/iRoL ((/, - 

Here, n is the fixed viscosity, L = (2/o/0'^ ^ = ////- s — 

velocit}', which is directed along the strcamlinc.s ?/// = constant, has 

magnitude u. 

The equation governing the conservation of energy is 

(3.3) l:A'r - pCV • grad 7’ <p = 0, 

where V is the particle velocity, C the specific heat, 1: the conduction, A 
the Laplace operator in the .t,?/ .system, and c the dissipation function. 
The latter has as its only important contribution the terms giv, all other 
contributions being of order (/(,//?)'- or smaller as compared with this 
term. It is first essential to put this equation in a convenient dimension- 
less form. To do this, wo fir.st use the dimcnsionlc.‘''s variabic.s ij with 
V = y/U- We define T = r{puJj/pCt<r) and e = I:L/pCutst(r. A typic.al 
value for e is 0.03. The equation then becomes 

(3.4) e[T„ + (/„/L)Vj{] - (R/R„)rj + (uJuo)- = 0. 

This equation is valid only if - is considered as t(^,c) despite the fact that 
the indicated differentiations in the first term arc taken with regard to 
7j. In this equation r/ro is given by Eq. (3.1) and 

(3.5) (r,/Ro)'= = 92=/o(/: - 0/r-. 

It is now essential to decide on a specific boundary value problem. 
We are interested primarilj'^ in the temperature distribution across the 
passage but wc have very little information on the “entrance” tempera- 
ture. However, since we want to find how the tcmiierature builds up as 
the material progresses through the passage, it is appropriate to choose 
arbitrarily the inlet temperature. In fact, a convenient problem whose 
solution answers all our questions is postulated by requiring that 

(3-6) t(^o, 2) = r(^,-l) = t(^,1) = 0. 

‘This problem was originallj’’ solved in a somewhat more general form in (3). 
The problem of finding the flow field was solved by Gaskell (4). 
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We again note that when the “t term” is omitted from Eq. (3.4), the 
function which satisfies the remaining equation is easily found to be 

(3.7) (tt,V««o)d^ 

This, however, does not satisfy the boundary conditions on z = +1, so 
we must hoye that the steep portions of the functions, whose existence 
are now required, are confined to the regions near z = ± 1. Accordingly, 


T(f,z)A 



Fig. 4. Temperature distribution in fluid sheet at exit. Dotted lines indicate 
the “interior solution” without boundary layer correction. 


we stretch the coordinate z (and also i?) by the rule z + 1 = f Replac- 
ing 1 ? by f in Eq. (3.4), letting r = + \i'(f,f), and dropping terms of 

order or smaller from the resulting equation, we obtain® 


'Pit — = 0 . 


The line f = 0 is, of course, the lower boundary of the passage and for 
this lower boundary layer we require that 


(3.8) 


’/'(0,f) = !('(?,+ '») = 0 


Pirn = -T^'’'(f,-i)- 

This is a classical problem Avhose solution is 


(3.9) p = ~ erfc (f/2 y/S - S') dS'. 

A similar boundary layer must penetrate downward from the upper sur- 
face and, in fact, is represented by Eq. (3.9) when f is interpreted as 
(1 — z)e~^^. The temperature distribution is given in Fig. 4 for fixed 
? (i.e., ? = ^i). 

An important comment is now pertinent. First, with regard to the 
physical problem, it is clear that the cooling will “penetrate” to only a 

‘ Note that the meaning of in Eq. (3.4) was the derivative of V" with fixed z, 
not fixed ij. 
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distance of order and more important this is evident as soon as 
Eq. (3.4) is dedueed and e is found to be small! That is to say, the dimen- 
sional analysis and boundary layer ideas give us almost all the necessary 
information without solving any dilTcrential equation at all! Only the 
detailed picture is enhanced bj’- carrying out the detailed solution. We 
shall encounter this advantage again in a case where the detailed solution 
is very difficult. It is certainly one of the very valuable aspects of 
boundary’’ layer ideas that such information can be gleaned at such a small 
expenditure of effort. 

The engineering consequences of our problem were as follows. It 
became clear that for the speeds envisaged at. that time a prohibitively 
low surface temperature was required to obtain interior peak tempera- 
tures consistent with satisfactory'- cohesive properties of the materials 
then in use. 


IV. A Convection Problem 

An interesting boundary layer problem arises when we consider the 
following situation. Suppose, as depicted in Fig. 5, a cylindrical con- 
tainer is filled with a gas and that the container surface is lield at a given 



Fio. 5. Geometry of convection problem. 


temperature distribution say^ T = To(l + A cos 0), with T the absolute 
temperature. Such problems arise when we consider heat transfer across 
cellular materials. It is of interest to determine the gas motion and the 
heat transfer rate. We will assume here that the radiation transfer docs 
not interact with the gas to an appreciable extent. The laws governing 
the behavior of the gas are the familiar conservation of mass, momentum, 
and energy , an equation of state, and the usual thermodynamic informa- 
tion. We write then (for steady state phenomena) 

(pw.-),-. = 0 
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For maximum algebraic simplicity without loss of reasonable generality, 
we shall adopt the postulates that Cp, C*, CpP-IV^, R, are constants and 
thatX = — -Im- We can then immediately refer all dimensional quantities 
to appropriate reference quantities in order to obtain the requisite dimen- 
sionless problem. We define then p = po<p, T = Tqt, p = po + PogLcr, 
= Xi/L, Ui = Cvi, p = /xo/3, X = -2/io|8/3, k = ko0. Here po and po 
are the density and pressure which would prevail at the cylinder center 
when T = To, = 0. po, U are the viscosity and conductivity at this 
reference thermodynamic state. The reference velocity C is not yet 
known, but we can conveniently choose it to be such that the number 
C^jgL becomes unity. As we shall see the boundary layer stretching 
will involve the size of the velocities so this choice is by no means a 
critical matter. With these substitutions, Eqs. (4.1) become 


= 0 

VOjVi,j cr,i "t" = 2e[(j8A',7),i — (/JAmO.i'/S] 

(4.2) y~^pVjT,j -H [(y - l)/y]prvj,j = Peifir,,).] 

+ SK-v R)/y]^o(^\EiiVi,j — EkkVi.i/‘S\ 

1 -j- yaa = tpr. 

In these equations e = po/poCL, a = C^/yRTo, y = Cp/Cv, Ea is the 
dimensionless e,-, as implied by our reference quantities, P = ko/ CpPo and 
is usually of order unity. The differentiations are now performed with 
regard to the $y. We are interested here in that situation where e 1. 
This occurs, for example, when L is a few centimeters or more, and To, 
Po, Po correspond to sea-level atmospheric conditions. Under these con- 
ditions a <3C 1 also. We are once more faced with the familiar situation 
where e multiplies the highly differentiated term. Since many terms 
enter the equations, it is not at all clear yet that this is not occasioned 
by a poor choice for C. We may ascertain whether this is the case how- 
ever by using the usual stretching technique, not only on the coordinates 
but on the magnitudes of a and Vi. This is necessary because we do not 
know yet how they may be affected by the size of e (or a). However, the 
boundary conditions fix the size of the variations in r, and hence in p, 
so that 

T = 1 -b €'’X 
^ = 1 — e'’x + ■ ■ • . 

This will be consistent with r(0,l) = 1 -f- A cos 0 if e*" = A. It is also 
implied here that A 1 and hence & > 0. Before performing the 
stretching of our other functions, however, we may anticipate that if we 
do have a boundary layer problem (in both temperature and velocity), 
the behavior in the interior consistent Avith all the equations is a rigid 
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bodj'' rotation, 
must write 


(4.3) 


If we now introduce the stretching mentioned above, we 


V = c”[nr -j- ^(r,0)] 
XI — e^w{r,0) 
z = e'(l - r) 

0- = €</,-} — r sill 0. 


Here, of cour.se, r and 0 are the polar coordinates a.s.'^ociatcd with the 
The numbers xi, m, v, q, must be chosen so that: (1) the most highly 
differentiated terms in each cquatioii arc retained when c^ilt > 0) is 
neglected compared to unity, (2) the gravitational (or body force) term 
is also retained. These requirements lead to the choices r = — .1 + 6/4, 
n = 6/2, m = 4 4" 6/4, 5=1+ 6/2. Xotc that unle.ss 6 < 2 there is 
no stretching of the radial coordinate .so only for 6 < 2 is the boundary 
lajmr approach appropriate. Tims for 0 < 6 < 2, hhjs. (4.2) become 


XV. — i/'o = 0 

(4.4) (n + ^)'p 0 — V'4'. + X cos 0 — 4':: 

(9. + \p)xo - WX: ~ Px::- 


It is required that xv, ip, and x, he periodic in 0, that x(0,6) = cos 0, 
ia(0,0) =0, and i/'(0,0) — —9.. Furthermore, each of the.se functions 
must vanish as 2 — » «> . Since the .system is only of fifth order in z, these 
conditions determine 9 as well as le, 4', mid x- 

Although this boundary value problem has not. been solved with the 
appropriate accuracy,*' certain conclusions can be drawn immediately. 
For example, the heat transfer (except for radiation transfer which can 
be studied separately) across tlie cell is given by 






X.-d6. 


That is, for the given geometry, gas, etc., the heat transfer per unit 
length (of cylinders) is proportional to AATe" where AT i.s the maximum 
temperature difference. That is 


Q 

kAT 


{ixyrcjiP)-y ^ . 





Thus, for example, the effect of changing the cell size in given cellular 
materials can easily be estimated witliout solving this complicated 
boundary value problem. We should note in passing that the situation 
where /c > 2 has been dealt with in (G). 


' To the author’s knowledge the only (preliminary) res\ilts are to be found in (7). 
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V. The Relaxation Oscillations of the Van der Pol 

Oscillator 

A fourth exemplarj’’ ph^'^sical problem in which the boundary layer 
ideas are invoked is that of the relaxation oscillation phenomenon. This 
problem does not fall strictly into the classification we gave earlj”^ in this 
paper, as we shall see, but the ideas will still provide a useful result. 
Specificall}’', we want the periodic solution of the nonlinear equation" 

(5.1) €?/" - (1 - y-)y' + 2 / = 0, 

for small values of e. In particular, we want to know the period. This 
problem arises in analysis of certain electrical circuit problems [see, e.g. 
(8)]. The as 5 ’’mptotic development with regard to e of y{t,6) has been 
given rigorousb'^ bj’’ Haag (9) and Dorodnits 3 m (10). The solution we 
will find is essentiall 3 ’^ equivalent to the first two terms of this develop- 
ment. A comparison of our work^ and that of Haag will indicate force- 
full 3 '’ the power of the boundaiy la 3 '^er ideas as a labor-saving device 
(whose operating expense is onl 3 ’- a lack of rigor). 

Our boundaiy value problem differs from those specified earlier in 
that the size of the domain (i.e., the period) is not specified. However, 
the differential equation is of the proper form and it has long been known 
that the period is of order unit 3 ’- and that 2 /( 2 , e) has the general appearance 
shovTi in Fig. 1. Thus, we shall attempt to appl 3 ’- the boundary layer 
ideas in this anal 3 ’'sis. 

We note first that an “interior” solution of (5.1) can be found b 3 ’^ 
omitting the term with coefficient e. This leads to the result® 

(5.2) In 2/1 - (2/i‘ - l)/2 = t. 

The only available constant of integration has been utilized to fix the 
(intrinsically arbitrary) origin of the time scale. This solution however 
is such that yi" behaves like 2“?- near t = 0, i.e., near y = 1. Thus, in 
the neighborhood of 2 = 0,2/i is not a valid representation of y. In fact, 
we must anticipate that ey" wiU produce a contribution of the same order 
as the other terms in this neighborhood. In our premous terminolog 3 ’- 

(5.2) is valid only when y, as defined by (5.2), is “smooth” and hence 
when eyi" is negligible. This fact implies that we must use the stretching 
technique in the neighborhood of 2 = 0. In fact, we define 

(5.3) y = 1 + e“a(?), 2 — 2o = 

’’y' = a[yfi,t)]/aL 

^ The material in this section is taken from an unpublished work b3’^ J. A. Lewis 
and the writer. 

® j/i merely denotes the approximation to y which is valid in this “interior region” 
whose location is to be determined. 
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We must choose a, /S, so that aj” is of the same order in « as the other two 
terms. The only such choice is a = ^ = t? and (5.3) becomes 

(5.4) y" + 2t>a' + 1 = 0(6‘'^). 

We may integrate once explicitlj’^ (omitting the term) to obtain 

a' + a- -b ^ = 0. 

Since this is a Ricatti equation, its solution appears in the form 

a = 2'($)A-($) 

where z = ( — ^)--[/m 4 (s) + BK-yii—s)], s — (#)( — $)^S and /v, is the 
modified Hankel function. In order to evaluate /o and B we must match 
this portion of the boundary layer solution to the function y defined in 
(5.2). We note that there is a region in which $ )$> 1 and f « 1, for 
e.xample i of order ^ of order In this region, the asymptotic 

behavior of z is appropriate whereas t/i c:=: 1 -f ( — 0'^ However, the 
asj-mptotic behavior of a, i.c., its behavior for large ( — $), is a ~ — ( — $)'^ 
if R 0, whereas its behavior is a ~ ( — $)•■ if B is zero. Thus, a and yi 
as approximated above are identical provided to and B each vanish. 
Hence 

(5.5) 2 = ^ + J-iiW)] 

with 

= (5)s^'. 

We must note that this repre.sentation of y, i.c., the function a, also is 
singular, in particular at the point $i, which is associated with the smallest 
zero of the bracket in (5.5). Thus again our approximations must be 
invalid in this neighborhood. 

In order to continue our solution we must anticipate the behavior of 
2/(0 for y < 1. In this neighborhood, the damping is negative, and 
furthermore as t becomes > 0 and approaclies both y' and ey" become 
large compared to y [as implied by (5.5)]. Thus, we must look for 
another streching which is appropriate as y proceeds through the origin. 
We define, y = g{y), y = {t — /;)/€, and obtain 

g" - (1 - g^-)g' = 0(e), 

and one integration provides 

(5-6) g' -g + f/V3 = c. 

In order to determine C, we note that when g is near unity and ^ near ^i, 
(^ - 1)' + ((7 - 1)— t + C + 0[({7 - ly]. 
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However, this form for g must be consistent with f in this same 

neighborhood. For this to be true we must choose C = — f — + 0(e). 

It may seem inconsistent to retain terms of order e^'^ here (since previously 
we have not retained terms of order greater than zero in e), but we shall 
see that it will produce a major effect in the answer. A careful study 
will show that other, superficially similar, retentions would produce less 
important effects. To see this one need merely follow the foregoing 
procedure keeping an extra contribution at each step where such a term 
has been dropped. 

Equation (5.6) may now be integrated to give 

(5.7) (1 - g)-^ + (i) In [{g + 2 + 6?^fi/3)/(l - g)] = -r,. 

Now, near y = I (with y large) we have y g + 6(i{ — 1 ( 2 ) "S 
w ~ (I — |i)~k These are consistent when t 2 = 

We must now observe that g goes to an asymptote at — (2 + 
However, the (neglected) effect of the third term of (5.1) would be to 
pull y down from the neighborhood of this as 3 ’^mptote into that portion 
defined by yiQ). Thus, we must add one more contribution to the 
boundary layer. This time we define 

— t/ = 2 + — €^u((t), t — U = €’’0’. 

Equation (5.1) becomes (with k = \, v = 1, and a = 2 + e^^$i/3) 

a"(a2 — \)u' — a = 0 

and hence 

u = acr/ (a^ — 1) + 

Matching u io g requires that J5 = 3/e and h = h — (e In e)/3. For 
positive large <r, u, and yi will agree except that y is now on the negative 
half of the cycle and there is a time lapse of 

(5.8) T = (I - In 2) + 

Note that any intrinsically different choice for U leads to a value of B of 
order e"k This would invalidate our choice of the stretching parameter 
and hence is not permissible. In the equation for the half-period (5.8), 
we have not included this time lapse contribution of order e In e. This is 
only consistent because the earlier approximations can lead to errors of 
this order in the period. .In particular, u{ff) could include another con- 
stant term of order In e, but a determination of its magnitude requires a 
more careful analysis. For a result of that order of accuracy one can 
refer to (9). Thus, T is the half-period of the cycle to order e In e and 
the functions yi, v, g, and u define the motion. 

It is convenient here to note that the contributions of order are 
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Fig. G. The wave form n.'^.-'Oeiatod witli the periodic .‘'oliilioii of J’iq. (5.1) for 
€« 1 . 



Fig. 7. Half-period a.ssocialcd with the jioriodic solution of ICq. (5.0) [or (5.1)]. 
The Solid ciirv'o is the numcricallj'’ obtained “exact” .solution. 


associated with the time required to turn the coruer near ?/ = 1, and the 
fact that the slow part of the cj'^cle proceeds, not from y = — 2 (the 
limit 6-^0 value) but rather from — i/mnx ==; 2 + The limes 

required for the steepest part of the cycle and for the final corner are of 
higher order as we have seen. 

In Fig. 7 Ave present a comparison between the values for the period 
as given by the boundary layer technique and those found by a careful 
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numerical integration. A more commonly presented form of (5.1) is 
(5.9) y" - m(i - y^)y' + y = ^ 

where and the argument of y is t = fit. In Fig. 7 the function 

plotted is rifi) vs ■ fi. The values given by the asymptotic formula of 
Dorodnitsyn are not appreciably different from ours in the range where 
each representation is a good approximation. 

VI. Other Boundary Layer Problems 

There are, in particular, two groups of problems which we have 
deliberately not discussed in the foregoing work. One of these is that 
group of elasticity problems which falls into the boundary layer category. 
An excellent summary of that work has been given by Friedrichs (11), 
and in the individual contributions (12) to (16) one can find presenta- 
tions of a more careful mathematical point of view in discussing these 
problems. The other very extensive group is that concerned with the 
flow of a viscous fluid past an obstacle. Most of the work on this impor- 
tant problem has been associated with the solution of the boundar}’’ layer 
equations rather than the formulation and recognition of the problem 
as a boundary layer problem in the foregoing sense. Compilations of 
this material can be found in (17) and (18). 

VII. General Remarks 

In closing this article, it seems desirable to stress the important 
features of the boundary layer analysis which we have attempted to 
exemplify. In a problem which can be recognized as a boundary la 3 '’er 
problem, the solution can be subdivided into parts which are individually 
appropriate in different domains. The difficulties met in obtaining the 
solution for the individual domains are usually far smaller than those 
of obtaining a rigorous result (valid in the entire domain). Finally, it 
has been the writer’s experience that, in many problems, the desired 
information (but not the detailed solution) may be obtained without 
proceeding beyond the point where the problem is recognized as a bound- 
ary layer problem. The process of recognition (as implied in the fore- 
going sections) usually consists of the following. One writes down the 
basic laws (differential equations) governing the behavior of the system 
under consideration. He then chooses dimensional reference parameters 
(a reference length, a reference temperature, etc.) in such a manner that 
the domain size, the magnitude of the nonhomogeneous terms, and as 
many of the dimensionless parameters entering the resulting differential 
equation as possible, are of order unitj'’. Generallj’’ speaking, the para- 
meters chosen as unity should be those associated with the terms which 
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contain lowest order derivatives. Then the characterization of boundary 
layer problem results when the coefficient of the highest derivative is 
small. 

The solution of the boundaiy laAmr problem usuallj' takes place in 
two steps. One first finds an interior solution bj’’ inlcgrating the system 
of equations with the “c terms” omitted. Then one changes the scale 
of the normal coordinate to the boundaiy and the scale of any other 
functions whose size is not known in such a manner that a system of 
equations of the appropriate order is retained. It must be emphasized 
again that one can onl}' hope that the solution defined by this “scaled” 
system of equations and the associated boundary conditions is confined 
to a neighborhood of the boundary. Onhv when this has been verified, 
can one conclude that the problem is trulj' of the boundary layer variety. 
From this point on, one need only solve the equations appropriate to the 
subdivisions of the domain. In tho.^^e cases where the simplifications 
achieved by the foregoing arc .sufficiently great, the'^e final integrations 
can be carried out and the techni(juc has been succc.^sful. 

Vni. Appendix 

Here we shall indicate the considerations leading to the boundary 
value problem defined by (2.1) and (2.2). We arc concerned with a 
problem which involves the motion on a rotating .sphere of a fluid. This 
motion is known to be of a turbulent nature, but with our limited under- 
standing of such motions we adopt a simple model in which we introduce 
an eddy visco.sity far greater than the usual “molecular viscosity.” ^Yc 
then postulate that, using this eddy viscosity, the usual conservation of 
mass and momentum laws are applicable. In view (again) of our lack of 
understanding of the manner in which .strc.ss is transmitted to the surface 
of the (wavy) ocean by the wind, we adopt the empirical rule that, the 
stress transmitted is proportional to t.he wind intensity. With this model 
we may further as.sumc that the motion is c.ssentially two-dimensional, 
that is, that the velocitj^ vector lies always in a surface t — constant, 
where r is the radial spherical coordinate. Such an assumption implies 
that 

V = curl k^'{r,0,<p — Ul) -f jnr cos 0 

where k is the unit vector in the radial direction, 0 and cp arc the angular 
coordinates in a fixed reference sj'stem, and V is independent of the time 
in a system rotatii^ at speed fl, the angular velocity of the earth. This 
representation of V may be put in the equation 

curl [ft + (F • grad)F] = n curl AF, 
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i.e., the curl of the momentum equation, and two results emerge. A 
differential equation for \p which is the radial component of the above 
equation is the usable result. The other is the observation that the 
other components of this equation do not vanish. This implies that our 
representation for V cannot be rigorously appropriate even within the 
framework of our simplified model. Kevertheless, the approximation 
seems appropriate. The differential equation for 4' should now be 
integrated with regard to r, term by term, from a depth ro to the surface. 
The depth ro is sufficiently great that ■^(ro,6,y') = 0. This integration 
will yield two contributions. One of these is the radial component of the 
curl of the surface traction, i.e., the wind force; this is associated with the 
nonhomogeneous term of Eq. (2.1). The other contribution is a differen- 
tial operator, operating on % = '^dr. We must now choose a refer- 

ence length L which (convenientl 30 is such that the ocean height (in units 
of (p) divided by h is t. We then define \p = Cx. C is chosen so that 
when we replace cos <p by unity, Eq. (2.1) results with x = <p'/L- « is 

a dimensionless combination of the physical parameters (2). One 
should note that the model is crude (after all, anj’- “equivalent viscosity” 
tensor associated with the turbulence is certainly not homogeneous and 
probably not isotropic), and the subsequent approximations are some- 
what rough. Thus the favorable comparison of the results obtained from 
this model and the actual observed behavior lend credence to this con- 
ception of the basic nature of the ocean current phenomenon. 
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I. I.NTHODUCTION 

The field of research in nonlinear wave mot ion was inanguralcd about a 
hundred and fiftj’’ j^ars tigo when Poiss*on (2) determined a .simple wave 
solution of the differential equations for a one-dimensional flow of an 
isothermal perfect gas. The study of the rectilinear motion of an 
inviscid fluid was later S3'stematically undertaken, but after a period of 
important discoveries, marked bj’’ Riemann’s complete integration of the 
continuous flow problem, the investigations were mainlj'- concentrated 
on the shock problems and the numerical and approximate treatments of 
interactions. Recently, few original papers have dealt again with the 
continuous motion, but definite advances have been made in this problem, 
and the following purports to show the present stage of the results 
achieved. 

We are concerned -with an inviscid fluid whose particles describe 
parallel straight lines and are in the same state over a plane perpen- 
dicular to the flow lines. We suppose further that the changes are 
adiabatic and that the resulting relation between the pressure, p, and 

21 
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the density, p, holds throughout the fluid. In particular, special forms 
of this relation, which jdeld explicit solutions, are considered. The 
medium and the motion being thus defined, the goAmming equations 
form a system of two nonlinear first order partial differential equations. 

The first attempt in the analysis of these equations was undertaken 
by Poisson (2) who, under the assumption of Bojde’s law p = a^p, 
with a = constant, described a waAm propagation by the relation 

u = f[x — {a + u)t], 

in which u denotes a particle Amlocit}^ x its single space coordinate, t the 
time, and / an arbitrary function. The discussion of this solution was 
given by Stokes (4), who pointed out the formation of a discontinuity 
which ultimately arises from the motion. Airy (5) gave explicitly the 
relation connecting the A^elocity and the densitj'- in Poisson’s solution, 
and this law became the basis of the inA'^estigations of Earnshaw (6) AA'ho 
determined all the properties of the compression and rarefaction waAms 
of a polytropic fluid. ^ 

The fundamental result was soon after reached by Riemann Avhen he 
linearized the problem by interchanging the role of dependent and inde- 
pendent variables and gaAm a solution of the initial Amlue problem. 

Other AA'ays of investigating the problem were considered by Bechert 
(18), Guderlej’' (21), SedoA^ (27), and StaniukoAdtch (28). They consist 
of the search for particular solutions without the use of a contact trans- 
formation. Such integrals were found directly through the search for 
symmetric solutions and the method of separation of variables, and 
indirectly through inverse methods, see (36). Howermr, the results so 
far obtained seem to be of limitad interest. 

In this survey only analjdical solutions of the continuous motion are 
considered. They are obtained through two different approaches. Once 
the sj’^stem of equations is linearized through the Legendre transforma- 
tion and reduced to a second order differential equation, one can use 
either general integrals depending on tAVo arbitrary functions or Rie- 
mann’s procedure. Both methods haAm been recently simplified and 
successfully used in applications. For polytropic fluids, and a more 
general case suggested by Sauer (39), the results can be expressed in 
closed forms. Thej’- enable one to determine analyticall}^ sufficient 
conditions for the occurrence of singularities AAothin a continuous flow and 
to present a complete discussion of the motion in a closed tube. 

1 The geometrical interpretation of these simple integrals were given by Hugoniot 
(8) and Hadamard (9). A complete summary and discussion of all these classical 
results can be found in Rayleigh (10) and in Courant and Friedrichs (30). 
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II. The Basic Equations 
1. Choice of VarinhlcH 

We make use of the Eulerian representation and denote by .t the 
abscissa of a particle and by I the time. A 7 ).p-rclation being assumed 
throughout the flow, the number of unknowns is reduced to two. One is 
the velocity, n] the other can be chosen n.s a function of the density p, 
defined bj’’ the integral 



where po is an arbitrary lower limit of integration and a the velocity of 
sound, whose square is dp/dp. For later reference we introduce also the 
characteristic variables 

X a + » p V — u 


To each couple (.r,/) corresponds n single value for u and v. 'fhe 
physical plane, can therefore be map])ed jioint by point into a plane 
(u,v) which may be called the speed plane inasmuch as i’ has, also, the 
dimension of a velocity. It is clwir that the inverse corresiiondence will 
not be nece.ssarily one-valued. This transformation, introduced by 
Schultz-Grunow (20,25) and von IMiscs, will be used below. 

A similar corre.spondence exists obviously between the .r,/-i)lane and 
the r,s-plane. In both cases the transformation will be denoted as the 
hodogi’aph transformation, see (30), pp. 38— 10. 

For a polytropic fluid we have ji/p' = const.. = C, therefore 


a"- = = k(7p*->. 

p 

Hence, with po = 0, 

(2.2) V = — r "v/kC p~r = — - a. 

K — i K — 1 

In particular, in the case of a diatomic perfect gas k = I and therefore 
(2-3) V = 5a. 

2. The Differ cniial Equations 

The equations of continuity and motion expressing Newton’s second 
law are respectively 
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(2.4) pt 

(2.5) p(^t uu^ = Pxj 

the subscripts indicating partial differentiation. 

In terms of the specific enthalpy i, which, in isentropic flow, satisfies 
the relation di = dp/p, Eq. (2.5) takes the form 



Equations (2.4) and (2.6) imply the existence of a stream function, 
\}/ = and a potential function, <p = tp{x,t), such as 


(2.7) ypx = p, vf'i = — pM 

and 



It can be seen easily that xj/ and ^ will fulfil nonlinear second order differ- 
ential equations. 

The problem may be reduced, however, to a linear one by the hodograph 
transformation. We can use u and v as new independent variables and 
achieve this transformation simply by introducing the Legendre trans- 
forms U and V of the stream and potential functions 

(2.9) U ^ xxf^x + Ih - xf' 

and 

V = X<Px -f- t(pi — xp. 


In view of (2.7) and (2.8) we obtain 

(2.10) Uu = —pi, Up = X — ut, 
and 

(2.11) V„ = x-ut, Vp= --L 

P 

These relations yield, by elimination of x and t, two equations between 
U and V, 

(2.12) = Up, Fp = ^ Uu, 

which take a form similar to the Cauchy-Riemann equations. 


(2.13) 


F„ = - Up, Vu=- Uu, 
P P 
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by the use of the variable v. This system, together with (2.1), provides 
then by elimination of U ov Fthe linear second order differential equations 


(2.14) 
and 

(2.15) 


F — F 

» TV » 




Once U or F is known x and / can be found by (2.10) or (2.11). 

In the speed plane, ip = <piu,v) and satisfy also linear 

differential equations. We can, for instance, solve Eq. (2.9) for xp, 

xp — {x — ut)p — U = pUf. — U = al\ — U, 

and get its partial derivatives, 

vf'. = (^ - l) l\ + aU„ = aUuu, 
xpu = oUi-u — U„, 

which in view of the first equation of (2.10) become 

(2.16) 4'xi = — flpfr, fr = — npfg. 

These relations enable one, b}^ elimination of i or \p, to get the linear 
equations 

(2.17) ' ' ^ 

(2.18) 




Equation (2.17) is particularly noteworth}' since it gives the particle 
lines in the speed plane. Once the function \p = \p{ii,v) is known, its 
transfer to the physical plane can be made anal 3 'tically as follows. Along 
a particle line the relations 


(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 


Xpu dll + 'Pr dv = 0 
tn dll i„dv — dl 
dx = 11 dl 


hold. Using now (2.16) and (2.19) Eq. (2.20) becomes 


1 


- Mdu 


or 

( 2 . 22 ) 


apxpv 

'Pnu~ — ypvv' 


=/ 


ap\p„ 


du, 
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and from (2.21) we get 
(2.23) X 


u(^ du, 

ap^v 


V being obtained from the given relation ^{u,v) = constant. Equations 
(2.22) and (2.23) furnish a parametric representation of the particle lines 
in the rc,i-plane. 

Equation (2.18), on the other hand, is most suitable for the discussion 
of the initial value problem. It will be used in Section IV,3 with r and s 
taken as independent variables. 

The above transformation, which linearizes the problem and goes 
back to Riemann’s original work, is possible, provided that the Jacobian 


i 


d(u,v) 

dix,t) 


= Mxl’l — UiVx 


does not vanish. Solutions for which j — 0 cannot be obtained by this 
method; however, such a condition implies a relation between u and v 
and thus leads to the simple wave solutions introduced by Poisson. 

For the general case the problem has therefore been reduced to solving 
a second order linear partial differential equation of the type 


(2.24) 


Zvv Zuu — 6{v)Zv} 


where Bijv) is a function of v depending on the assumed p,p-relation. 

It is of interest here to determine the p,p-relations which convert 
(2.24) into Darboux’s equation 


(2.25) 


2m 


Z. 


where m is a constant. They are given, in view of (2.14), (2.15), (2.17), 
(2.18), and (2.25) by the equation 

(2.26) + 

a \ dv/ V 

noth e = +1. Its general solution is 




“ = r+ 2 »>' 

with C = constant. The use of (2.1) determines p, 


(2.28) 


-c(c + r 


\ 2m+l 
,il+e2m J2m + e 

+ 2m ) 


with C any constant, and thereby p through the relation dp = ap dv. 
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For e = -}- 1 we obtain easil}’’ after integration, 


(2.29) p = po + C 


V 


2m+3 


(1 -1- 2m)-{2m -h 3) 

+ 


^ — V- 4- . 


1 -f 2>n " ' 1 - 2m 

with po = constant; the elimination of v between (2.2S) and (2.29) yields 
then 

- r P *” ^ 

V = Po + C [(1 + 2?»)=(2;/( + 3) 

with 

(2.30) K = P* = (1 + 2»0 


C- 


n=(-<-I A- o*«-: 

p I ^ <1... p 


' 1 - 2/n 


(s - ")■ 


This p,p-relation was recentlj' determined by Sauer (30). The case of 
e = — 1 provides a somewhat similar relation. It is clear that both 
cases contain the particular condilion for poly tropic fluids, obtained by 
setting (7 = 0. 

All results presented in the following for polytropic fluids and based 
on the solutions of Darboux’.s eejuation will bo valid for these new 
p,p-relations. 


III. Genehal Integrals of the Equation Zr,. — Z,,,, — 0(i’)Zv 

A general method of integrating linear second order partial differen- 
tial equations of hyperbolic type is provided bj’ the classical Hicmann 
approach to the initial problem. It can be ajiplicd to equations of the 
type (2.24) and the procedure .supplies a general solution without the 
knowledge of the general integral. 

General integrals of Eq. (2.24), leading to interesting applications, 
can also be obtained. In particular, we can make use of various integral 
operators given by Bergman in connection with his stud}’ of the two- 
dimensional steady supersonic flows, .see (31,32). The results are much 
simplified when Eq. (2.24) has the form of the Darboux equation. 


7. Inlccjral Operators Jor Ihc General Case 
AVe first transform Eq. (2.24) by introducing 

(3.1) exp i- p 0{v)dv. 

Upon substituting into (2.24) we obtain 
( 3 - 2 ) = N{v)Z^\ 


in which N {v) 


02 - 20 ' 


4 
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A solution of (3.2) is sought in the form 

n= « 

(3.3) X = /o + ^ hnfn, 

n = l 

where /o, fi, ■ ' ' are functions of 

X = V + M 

and hi, h^, • • ■ functions of v. After inserting (3.3) in (3.2) a formal 
computation yields 

71 = » 

(3.4) ^ {hr," - Nhr,)U + 2/ln'/n' = N U 

7Z = 1 

We now choose the functions /„(X) so that 

(3.5) U = JVodX, /2 = 

and the functions hr,{v) so that 

(3.6) hn+i' = -^{hr," - Nhn) or An = -khn-i' + i f” Nhn-idv. 

The n partial sum of (3.4) is then reduced to 

— 2An+l(fn + 2hifo = X/o. 

Since the sum in (3.3) must be supposed to be convergent, h„f„ must go 
toward zero with n — ^ oo . Let us assume that hr,% or hn+ifn has also 
the limit zero for infinite n. Consequently the simple condition 

(3.7) 2Ai7o = Nfo or Ai - i f^Ndv 
holds for 71 — > 00 . 

The functions h„{v) are thus completely determined by (3.6) and 

(3.7) , or by (3.6) alone, if we introduce Ao = 1 ; they only depend onN{v), 
which is given by the p,p-relation. 

The functions /„(X) depend on /o only and can be expressed in terms 
of /o by various integrals. 

We can use 

(3-8) /n(X) = ~ (X - 0”fo'{^)d^, 

which yields 
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A' = O' - 8" ''f- 


If we introduce the function of tliree variables 


n « 


and write TV’iC^) for/o'($), the solution can be put in the form 

X= Er{n,v,m'ra)cn. 

In a quite similar waj' a solution ]' can be constructed with a function of 


H = V — V. 


We have 


1 - = j‘ 


and the general solution Z of (2.24) reads finally 


Z = (X + 10 exp ^ J" 0{v)(lv. 

The recurrence formula (3.5) is also .satisfied by the expression 


-i: 




in which K is an arbitrary function. Making use of a new variable, s, 
defined by 

^ = X(1 - S-), 

we can write after a short computation, 

A(X) - /_r (X»')’A',1X(1 - .=)] 

where Ki is an arbitrary function. Consequently X is expressed in the 
form 


■X" = J ^ F i{u,v,s)Ki[\{l - sO] 


ds 

(1 - 
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with 

n— 1 

A similar expression can be found for F, 

r+i (^g 

(3.10) F == F2(it,j;,s)7i:2[M(l - s^)] q-IT^ 

with 

n = «o 

= 1 + V j-^_fe£2^ 

71 — 1 


It remains to be shown that the infinite series included in these 
formulas are convergent. The reader is referred for this question to 
Bergman’s work. 

2. Darbotix’s Equation 

It was shown that for the p,p-relations considered in Section 11,2 
Eq. (2.24) is reduced to the Darboux equation 

(3.11) Z,. - Z,.„ = ^ F.. 

V 

This equation was first studied by Euler (1) and was later investigated 
by Poisson (3), Riemann (7), and Darboux (13). 

We can apply the results presented in Section III,1 with the condition 
6(v) = 2m/v. We have 

(3.12) Z = v^Z* 
and 

(3.13) Niv) = + . ^) . 

Equation (3.6), defining the functions hn{v), can then be satisfied by the 
relation 

(3.14) ]i„{v) = 

in which the coefficients a„ are given by the recurrence formula 

n{n — 1) — m{m + 1) 

«n - 2^ a„_i 

withao = 1. Writing 7i(re - 1) - m{m + 1) = (^ + m)(— m — I — n) 
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we get 


(m + 1) 
a„ = 


(m -}- n)(—m) 


(~m — 1 /j) 


2"n! 


TJie generating function Fi{ii,v,s) becomes 

^ (w-bJ) • • • (»i-f-w)(— 7«) 


Fi{u,v,s) = 1 -f 


(-m — l-j-n) 


n “ 1 




71!1 • i • • • (71 — i) \2(7 / 

and is therefore the hj'pcrgcometric function F ^7n — 1,— 771 ,^!^^ In 
view of (3.9), (3.10), and (3.12) the general solution may be written n.s 

(3.15) Z =v"' F ^777 -f /(^(l - s=)] 

+ p _ ,7)] j 

in which / and g are arbitraiy functions. This formula is jvn extension of 
the one given in (37), established for the .special (uisc of a diatomic 
perfect gas. 

Other results can be reached in terms of dcrii’ativc.s of two arhitrarv 
functions rather than integrals. 

We attempt to find a solution in the form 

n « w 

(3-16) A' = 2 fnWKiv). 

n ^ \ 

Upon substitution in (3.11) we find 

n *» 00 

X ^ /n 4- 2 67„' - — h^f„' = 0. 

This relation can be satisfied b}^ taking 

UW — /n-i'(X) and h„{v) — 
with 7 a constant, provided «„ is chosen so that 


and 


an[(7i + 7 ) - my+y-%' -4 0 for n 
“ 07(7 — 2771 — 1) = 0 


00 , 


(3.18) a„(u + j){n + y - %n - 1) -f 2a„_a(77 d- 7 - 771 - 1) = 0. 

may be assumed inasmuch as a,.ar/^ must go toward 
zero to have the senes (3.16) convergent. The second requires (a) 
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7 = 0 or (b) T = 2m + 1, to avoid ao = 0, and thereby all coefficients 
vanishing. Taking ao = 1, the recurrence formula (3.18) enables one to 
compute successively all the coefficients. 

(a) 7 = 0. 

Relation (3.18) becomes 
' 2 m — n + 1 

a„ = 7—7 Oln-l 

It 2m — n + 1 

or with ao = 1 


_ ( n" (m — 1) • • • (m — w + 1) 
w! (2m — 1) • • • (2m — « + 1) 

^ ( .^. 2"-^r(m)r(2m-n+ 1) 

^ n\ r(2m)r(m — n + 1) 

It is seen here that if m is a positive integer this series is reduced to a 
polynomial since = 0 for n > m. 

(b) 7 = 2m + 1 

Hence 

2 m n 

0^71 j j 7 dn — 1 

n 2m + w + 1 
or 

„ - ( (m + n) • • • (m + 2) 

" ^ ’ n! (2m + w + 1) • • • (2m + 3) 

_ . 2"-ir(-m + l)r(-2m - n - 1) 

^ ^ n\ r(-?n - n)r(-2n - 2) 

This time, this series reduces to a polynomial for m a negative integer 
since now a„ = 0 for n > — m — 1. 

The same procedure can be followed to determine a solution of the 
type 

n— « 

^ gn{tJt)hn(v). 

n = 0 

It follows that the general solution takes the form 


(3.19) Z — X Y Zo "k 
in the case (a), and 


71= CO 


n =s 1 


2"-^r(m)r(2m - w + 1) 
n\ r(2m)r(?n — n + 1) 


v”Zo^"^ 


n= w 

(3.20) Z = v^+^Az,+ y {~IY~ r(-m+l)r(-2m -n- 1) 
L Z/ ’ n\ V{-m-n)T{-2m-2) 

n = l 
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in the case (b), in which denotes the expression 

d"/n(X) I d''gn{fj) 
dX" d/i" 


which could be expressed by Cauchy’s integral formula, sec (15). 

The study of the convergence of these series would be similar to the 
one given by Bergman for the general c;ise. 

Formula (3.19) can be given in clo.scd form by an integral operator 
if it is noticed that the X term represents actually a Taylor development 
of the function 


where 


F = f’ ^o(X - - O"'''’* 

Jo 


r(-»')l’(-»0 r MS 

^o(X) p(T--2;;0 


The general term of the development reads 

_ (- 1 )'> 2 '’ „ r(« - a!)r(- 2 m) f//o’’(X) 

«! r(« - 2»or(-nO “(/X’“ 

or 

r-nn 2;!l! (-?» + !)••’ {-m d- n - 1) d/o'^X) 

^ ^ n! {-2m 1) • • • (-2m -b a - 1) "f7X" ' 


which is seen to be the general term of the .series A'. Since similar con- 
siderations applj’- to Y, the general solution is finally given by the formula 


(3.21) Z = 1^’ [^5(X - 2c0 4- i/'(a - 2/-/)]r(’’'+»(l - 

where (p and ^ are arbitrary functions. The infinite series (3.20) would 
also lead to a simple integral formula. 


IV. The Initial Value Puoiilem 

The velocity and the density, i.c., v and v or r and s, being given over 
a certain range of x at time t = 0, the problem is to determine the subse- 
quent motion of the fluid. 

This problem can be transposed into the speed plane or the 7 -,s-planc 
and the application of Riemann’s method gives then a continuous solu- 
tion, if some restrictive conditions are imposed t,o the initial values. In 
the general case, a continuous solution can still be constructed, after 
von Mises (38), by a proper patching of integrals. The introduction by 
Ludford (40) of an unfolding procedure extends the validity of Riemann’s 
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formula to the general case and thereby provides a means to discuss the 
occurrence of singularities. 

1. Riemann’s Method: Martin’s Solution 
Taking r and s as independent variables, Eq. (2.14) reads 

(4.1) Era + a{Vr + Fa) = 0 
in which 

(4.2) a = „(r + a) = ^ (l - 

and the relations (2.11) take the form 

(4.3) Vr = X — (u + a)t, — Fs — x — {u — a)t. 

The initial conditions determine a curve C in the r,s-plane along 
which, according to (4.3), the values of Fr and Fa are prescribed. Under 
the condition that C is a smooth curve nowhere tangent to a characteris- 
tic line of (4.1) one may obtain, see (33), the value of F at a point P(r = 
s = fj) by the Riemann formula 

(4.4) F(P) = [Z cos (n,r) -f- Y cos (n,s)]da- + i[(TFF)p, -1- (TFF)p,], 

and determine x and t through (4.3). The points Pi and P 2 denote here, 
respectively, the intersection of C with the lines r — s — rj, and (n,d(r) 



Fig. 1 


is taken as a right-hand system, see Fig. 1 ; X and 7 stand for 

X = — FTFs) -{- cxFlF, 

Y = i(TFFr - VWr) - aVW; 

and IF is the Riemann function defined as a solution of the adjoint 
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equation, 

ir„ - a(Wr - ir*) - (ar - «.)ir = o, 

satisfying the additional conditions 

= 1 , 

Wr — « 11 '' for s = V, 

11 ', = aW for r = $. 

Rieraann’s procedure was recently simplified by Martin (26) by 
introducing a function similar to the Ricmann function but subject to 
simpler boundaiy conditions. 

We consider, this time, together with (4.1) the conjugate equation 

(4.5) Ur, — a{Ur U ,) = 0, 

It is easily verified that 

iVrUr). = -(I'.bMr 
and therefore that the integral 

(4.6) /(b'rf/r (h - V.U, (h) 

taken around any closed path is equal to zero. Using for a clo.sed path 
the contour P, Pi, Pj of Fig. 1, (4.0) reads 

(4.7) - P V.U, ds + VrUr dr - V.U. ds 4 - dr = 0. 

If a solution U — U(r,s) of (4.5) sjitisfics furthermore the conditions 

U = r — ^ for s = 77 , 

U - s — 1 ] for r = 

the relation (4.7) becomes 

(4.8) V{P) = i[F(P0 -f F(P 2 )] - ^ H',' {VrUr dr - V.U. ds) 

and hence gives the value of V at P in terms of its values at Pi and P; 
and its partial derivatives along the monotone arc C. The problem is 
therefore reduced to the determination of the "resolvent” U = U(r,s]^,7j) 
which, like the Iliemann function, depends on four variables r,s,^,T]. 

It can be proved, see (26), that the relations 

(4.9) Ur-VUi = 0, U.-VU, = 0 

hold respectively along the lines r = $ and s = 77. We can also establish, • 
by differentiating (4.8) partially with respect to ^ and 77, the formulas 
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V^(P) = iF.(Pl)[l + UriPi)] - i fp' (VrUr^dr - VMsids), 

7,(P) = iF.(P2)[l + U.{P2)] - i {VrUrA - VAsA)- 

We insert now in (4.10) the initial values 

(4.11) Vr == X, -Ve = a: 

obtained from (4.3) by setting i = 0. The result is 

Fj(P) = ■|a:(Pi)[l + UriPi)] - I CxdiUi) 

(4.12) 'rp, 

T^(P) = -i.r(P 2 )[l + 17.(P2)] - h xd(U,). 

After integrating by parts and using relations (4.9) and the fact that 
AiPi) = -1, Ui(P 2 ) = - 1 , we get 

F^P) = i[a:(Pi) + a:(P2)] + i UA 
(4-13) rx(P.) 

V,{P) = -Ma;(Pi) + a:(P 2 )] + i UA- 

The prescribed initial conditions which determine the curve C can be 
expressed in the form 

(4.14) r = <p{x), s = \(>{x) 

where, according to our restrictions, the functions (p'{x) and rl^'ix) are 
continuous and different from zero. In Eq. (4.13) x{Pi) and x(P 2 ) are, 
respectively, the inverse functions of ^ = <p{x) and 77 = ip{x). 

In view of (4.3) the initial problem is finally resolved by the relations 


X - {u + a)t = i[Air) + f~Hs)] -f v U4x, 

(4-15) 7:-,?^ 

X - {u - a)t = + AKs)] - i ' Usdx, 

Jv^Kr) 

in which ^ and t) are now denoted by r and s and U = 17[^s>(x),\J'(x);r,s]. 

The function U can be explicitly computed for polytropic fluids. Its 
determination leads to the generalized integral equation of Abel whose 
solution yields a formula for U involving Appell’s hypergeometric func- 
tion of two variables, see (26). 

2. von Mises’ Solution: Case of a Diatomic Perfect Gas 

The fluid motion being governed by differential equations of hyper- 
bolic type, the method of characteristics furnishes a step-by-step pro- 
cedure for solving the general case. This method, initiated by Kobes 
( 11 ), was developed by Sauer (22,23,24), Schultz-Grunow (20,25) and 
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von Mises (38). von Mises’ approach slrcsse.s, in particular, the integra- 
tion problems involved in tlie analytical treatment of the problem and 
leads to the construction of a continuous analytical solution. 

We note first that, once v,v are taken as variablc.s, E(is. (2.-1) and 
(2.5) become 

axu xtxK -b Vt = 0, 

xxxxi -f- avr -b xit = 0, 


and jdeld, after addition and .subtraction, 

(?/ -b a)(a + »)x + 

(a — a){v — xi)t + (v — xi)t = 0. 

These relations show that the curves, dx/dt = it ± o, in the physical 
plane, are mapped, in the speed plane, into the lines: a -b a = constant. 



i.e., straight lines of slope T-to®. Thej’ arc the characteristic curves in 
both planes. 

The values of xi and v being given for / = 0 over a certain range of x, 
a segment AB of the a:-axis can be mapped, ])oint by point, into a line 
A'B' of the speed plane. We start with the assumption that at no points 
along A'B' do the tangents have the directions ±-15° and rcjidily obtain 
the network of characteristics in the speed ])lanc by choosing a sequence 
of points Ai',A 2 ', • • • on A'B' and drawing through them the ±*15° 
lines, see Fig. 2. To the points /ij', /1 2 ', • • • correspond definite points 
A\,A2, ' • • on the .T-axis in the physical plane between A and B. For 
each such point, A„, we have, by the use of the relation dx/d/ — xt ± a, 
the two characteristic directions passing t.hrough it. The successive 
intersections of the characteristic elements through A„ and supply 
a sequence of points B„ which arc mapped into the intersections B„' of 
the characteristics in the speed plane. The procedure can be repeated by 
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deriving, from the position the characteristic directions through B„ 
and thus getting a new sequence C„, etc. The process ends obviously 
after a number of steps equal to the number of intermediate points 
Ai'.As', ■ • • originally assumed. The result is a network whose nodal 
points are mapped into the cross points of the characteristic network in 
the speed plane from which we started. To each of these points Bn,Cn, 
• • • in the x,i-plane corresponding values of u and v are given by 
Bn',Cn', ' ' ' a-nd this gives the solution of the initial value problem. 




We now consider the general case where the tangents along A'B' take 
any direction; A'B' consists then of a certain number of arcs along which 
the tangents have a slope different from + 45°. Let us take the case of 
Fig. 3 Avhere the curve A'B' has tangents in the characteristic directions 
at Qi and Q2'. The former procedure supplies the solution in the 
triangular regions AQiRi, Q1Q2R2, and Q2BR3. The network of charac- 
teristics in the speed plane rectangle QiRi'Si'R2' is also known and once 
it is transferred into the physical plane, the solution in the region Q\Rv 
SiRo is obtained. The same holds for the rectangle Q2'R2B2'Rz in the 
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t/,t;-plaue and the curvilinear quadrangle in the ;r, /-plane. 

Finally the speed plane rectangle Jii'SzT'Si has to he considered and 
mapped into the quadrangle of tlic physical plane. 

From these considerations it is clear that, a complete analyficnl solu- 
tion involves two initial value problems defined by the following condi- 
tions: (a) w and v are given for / = 0 along a .segment of the .r-nxis such 
that at no point within the segment, dv/dii lakes one of the values ± 1 ; 
(b) two characteristic curves are given in the ,t, /-plane with compatible 
values of n and v prescribed along them. Integrals of the.se two problems 
allow to construct, as shown al)ovc, a continuous solution which ma\', 
of course, be multiple valued in the speed phuic. 

It can happen that in the general case a solution docs not exist . 1 his 

will be the case, for instance, if the two characteristics QiRi and QiHz in 
the physical plane (which arc independently determined, one by the 
data along AQ\, the other by tho.‘'‘c along QyQz) intersect somewhere. 
Such occurrences will be discu.'^.'^ed in Section IV, 3. 

The solution of problems (a) and (b) are now given for a diatomic 
perfect gas. For this special case we have, after (2.3) v = on and Eqs. 
(2.11) and (2.14) become then 

(4.16) = X - ut, - p /, 

%) 

and 

(4.17) F., - r,„ = 


Instead of the Ricmann method we shall make use in this example of a 
general integral of Eq. (4.17) and apply formula (3.20) with m = — 2. 
The result is 


(4.18) 


V{v,v) 


/(X) d- (7(a) f'W H- o'M 

V- 


7 


where /(X) and g(fi) denote arbitraiy functions." 

Solution of Prohlcin {a). Two functions v = »(.x), v — v{x) arc given 
on a segment AB of the .x-axis at t = 0. They map AB into an arc 
A'B' in the speed plane which has at no point a tangent of slope ±4o°. 
To each point P' inside the characteristic triangle A'B'C, sec Fig. 4, 
correspond in this case two distinct points Pf and Pf, on A'B', the first 
having the same X value as P', the second the same n value. The abscis- 
sas of the corresponding points Pj and 7^ on yl7i may be called .x(X) and 
x{u). For points P' on A'B', and only for those, x(X) coincides wnth 

'Similar general integrals were also considered by lleclierl (15) and Pfriem (19) 
who restricted, however, their applications almost exclusively to the trivial case of 
m = 0. 
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It is to be noted that rc(X) is a known function of X, namely the 
inverse of v(x) + u(x) and x{fi) a known function of fi, the inverse of 
v{x) — u{x). 





Pi 


Pi 

Fig. 4 


The problem is to find an expression for V{%i,v) such that for u,v 
lying on A'B', i.e., for a:(X) = z{ii) = x, 

(4.19) = a;, F. = 0, 

according to (4.16). In view of (4.18) the conditions (4.19) become 

(4.20) 

We assume /(X) and in the follovdng form: 

(4.21) 


f'-g'- vif” - g") = vH, 
3(/ + g) - ZvW + g’) + v\r' + g") = 0 . 


/(X) = A[x(X)] + XB[.x(X)] + X2C[x(X)], 
gill) = -.4[x(m)] + - m2C[x(m)], 


where A{x), B{x), C{x) are three functions of one variable. 65 ^ differen- 
tiation we find, with x{\) = x{fi) = x, 

f = B + 2XC + Fi, g' = B -2fiC+ Yi, 


f" = 2C + Zi 


g" = -2C -1- Z 2 


(4.22) 



ONE-DIMENSIONAL ISENTROPIC FLUID FLOW 


41 


where the Y and Z are determined b}' 


(4.23) 


Y, ^ = A' 4- W + X-C', ~ 

ax a^ 


Z,^ = F.' + B' + 2XC’, Z, = !•=' + B'- 2^C'. 


du 


dx 


dx 


If (4.21) and (4.22) are introduced in (4.20) Ihc.sc condition.s liecomc 
(4.24) 


l"i - 

3(}'i + )':) - tiZx -}- Z,) = 0. 

Equations (4.23) and (4.24) arc .six linear equations for the seven 
variables A', B', C, I'l, Z,, Z;. (Since we used three funetion.s to 
represent/ and g, we have one extra variable.) If we decide to inakc 
Ei = I’d a formal eomjnitation yields, .‘?ee (3S). 


(4.25) 


..1' = i lx(,.’ - ,r) + 2M ^; + t 0- - 3,,^) Iji'. 
V dv 3rf/» 


Here, the right-hand sides arc functions of x, entirely determined by the 
two given functions v{x), v{x). Their indennitc integrals are A{x), 
B{x), C{x). If we introduce for x first the value .t(X) exjircsscd in terms 
of X and second .T(g) in terms of g, wo find /(X), g{ti) according to (4.21). 
F(w,e) is then obtained bj' (4. IS) and .Mipplics x and t as functions of 
■a and v through (4.1G). 

Solution of Problem (5). If a characteristic in the .T,/-i)lnnc is repre- 
sented in the form x = <p{t), there hold two relations between the functions 
<p{i), v{t) (t<(/) and v{l) representing the u- and e-values along the 
characteristic cui've). These relations arc 


(4.20) either 


e -f a = const 
dx 


[ dt 


= <P 


u 4- a, 


or < 


V — V 

dx 
It 


const.. 


= <p' = rt 


Consequently, only one of the three functions can be chosen arbitrarih'. 
We may also use the inverse of one of the function, say t{v), assuming 
that both t and v are given as continuous functions of one monotonically 
changing parameter, e.g., of the arc length on tlic characteristic curve. 
This leads to the following formulation of the problem. 

Two functions t = cx(v) and i = /3(i;) are given, the first holding along 
a (m — a)-characteristic, the latter along a {u 4- a)-charactcristic. Botli 
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curves pass through a point C for which u = Ui, v = Vi, v + u = \ = Xi 
and j; — u = M = Ml. Without loss of generality we may assume i = 0 at 
this point, that is, oc{vi) = ^(mi) = 0. The problem is to find the solu- 
tion of (4.17) that fulfils the conditions 

t = a(v) for V — u = Vi — «i, v = |■(X -f mi), 

■ ( = /3(v) for V + u = Vi Ui, V = ^(\i + m )) X = Xi. 

Taking the derivatives of V expressed in terms of / and g by (4.18) and 
introducing them in (4.16), we find the general relation between t and 
the two functions /(X), g(fi) as follows 

ivH = 3/ - 3vf' + vY" + 3g - 3vg' -f vY'. 

It is clear that conditions (4.27) provide then one linear second order 
ordinary differential equation for /(X) and another for gCfi). They 
furnish the following particular integrals, see (38) ; 

(4.28) /(X) = -^(X -b Ml)* (X -|- Ml “ 2z)a(z)dz, 

and 

S'(m) = ^V(Xi + m)* (Xi + m “ 2z)^(z)dz, 

which determine x and t through (4.18) and (4.16). 

S. Occurrence of Singularities in the Motion of a Polytropic Fluid: 

Ludford's Theorem 

It has been noted above that formula (4.4) was only valid if the curve 
C (Fig. 1) had nowhere a tangent parallel to the r- or s-axis. In most 
cases, however, the initial conditions do not meet this requirement and an 
analytical investigation of the subsequent motion can only be achieved by 
successive integrations of problems of type (a) and (b). This approach, 
although leading to the construction of a complete solution, does not 
provide any explicit analytical connection between the various integrals 
and the initial conditions. A new representation of the solution intro- 
duced by Ludford (40) allows such a relation to be found. 

We consider the case where the curve C is tangent to a characteristic 
at some point, say at the point 0 of Fig. 5. We know from the considera- 
tions developed in Section 1X^,2 that the initial conditions along AB will 
determine a continuous solution composed of three integrals patched 
along the characteristics OD and OE. The first integral is defined in the 
triangular region AOD, the second in the rectangle DOEB', and the third 
in the triangular region OBE. This solution which is multiple valued in 
the region OBE of the r,s-plane becomes one-valued if one unfolds 
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Fig. 5 so as to form Fig. 6. In Ihls diagram the region QBE has been 
turned about the line OE and B and B' fall then on distinct points. 
Further, the value of s varies according to the graph at the right of the 
figure v'hereas the value of r varies as before. 

Formula (4.4) can be applied in the u.sual way in the region ADD and 
maj’’ be used also in the region QBE provided the normal along OB has 
been reflected in OE. A slight modification of this formula yields an 



Kin. 


B 



I-'in. (■» 

expression valid throughout the entire region AOBB' of the unfolded 
diagram. We express the curve C i)arametrically in the form 

r = .s = rpix); 

X and Y become functions of x and (4.4) can be written 

(4.29) F(P) = IJ- [AV' - V<p']dx + ^[(inO;., + OVV)..,], 

where Xi and X 2 are the values of the parameter x at the points Pi and 
respectively. It can be easily seen, .see (40), that this new relation holds 
throughout the region AOBB' if Pj and Pn are respectively the intersec- 
tions of the curve AOB with the r = and s = t] characteristics going 
through P, see Fig. 6. 
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The case in which either <p'{x) or has a discontinuity at 0 may 
be treated similarly. 

This procedure can be applied to discuss the occurrence of singulari- 
ties in the motion of a polytropic fluid. We mentioned above the possi- 
bility of obtaining from given initial conditions solutions which at some 
time may become multiple valued in the physical plane. Such is the 
case if the Jacobian of the transformation J = d{x,t)/d{r,s) vanishes 
along some curve in the speed plane. If we make use of the characteristic 
equations, see (30) p. 89, 

(4.30) Xr = {u — a)ir, x^ = {u + a)ts, 

which may be obtained through (2.4) and (2.5) by interchanging the role 
of variables, J takes the form 

J “ Xftg Xgtj* — 

The breakdown of the solution will happen therefore when either tr or t, 
is zero along some curve in the speed plane. 

In the following we assume that the initial values are such that (1) 
the functions r = ipix), s = \t(a:) converge to finite limits as re — > + <» ; 
(2) (p'{x), exist and are piecewise continuous; (3) <p'{x), \p'{x) are 
zero at a finite number of points x, at most. 



For the convenience of the discussion we choose /c > 1 and consider 
the initial curve C of Fig. 7 and the corresponding unfolded diagram 
given in Fig. 8. The results can be easily extended to other cases. 
Along C we have t = 0 and therefore 

dt = (tr^' -b t^\f/')dx. 

From relations (4.30) we get 

dx = (u a)tr<p'dx + (w -f- a)ts\p'dx. 
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B 



Hence Ihc initial values of K and t. are 


(4.31) 

(4.32) 


/r = - 

I, = 


1 

{k- \T<p'l<r' -f 

I 


{k - I)\£''(v + 


since a = r for poiylro])ic ftuid.'^. The dirferentia! eiiuation for / 

is given by (2.18) or can also be obtained by elimination of x in (4.30). 
In the case of a polytropic fluid and with the r,.s'-coordiuatc.s, it. become.s 

(4.33) (b + t.) = 0, 

r -{■ •'> 

K + 1 

where vi = — The Pvieniann function of ICrp (4.33) is, see (33). 

z(k i ) 

(4.34) w{r,s-,^,rt) = +ni,-7»,l;c) 

where F denotes a hypergeometric function and c = — — -^-. 

(r + .s)(j; -b 7;) 

In view of the initial values (4.31) and (4.32), formula (4.29) becomes 
then 


(4.35) 


m 


r 

« - 1 A, 




dx 


>T, {<P + Ip) 

and according to the previous paragraph is valid throughout the region 
ABT of Fig. 8. From this relation we can get by diflcrcntintion 


(4.36) 


1 


- 1 




Ijxi <P + ^ 


(^ + v)-”' d^ 
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where is obtained from (4.34), 




+ 


— 7?i(l + m) (s — 7?)(r + v)(t + s)~ 

(I + 


F{2 + m,l — m,2;z), 


see (40). 

We note that for points Q on C close to A the Riemann function, w, 
takes positive values since z is then small and F close to unity. It fol- 
lows then from (4.35) that t = -f «> at all points P oi AT since X 2 = + «> 



Fio. 9 



Fig. 10 


and xi is finite. The same result applies to the points on BT and there- 
fore the region ABT corresponds to the region f > 0 in the physical plane. 
By a similar argument it may be shown that if = — oo at every point of 
AT except Li (with the relation 4.36), and that i, = — «> at every point 
of BT except K 2 and ilf 2 . On LL\, if — » -j- «> from the left and — from 
the right, on KK 2 , i, ^ from below and + from above; finally on 
MM 2 ,t^ — > -j- 00 from below and — 00 from above. 

It can be seen from (4.36) that if is a continuous function of ^, 7 / in the 
region ALLi. If we assume therefore that (p'{x) < 0, the relation (4.31) 
shows that if is positive on AL which, in view of the results given above, 
implies that it must vanish along some curve passing through A and Li, 
see Fig. 9. Similarly it can be shown that if xl^'{x) > 0, i, must vanish 
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along some curve in the region KLMMJjJi': passing through and A';, 
see Fig. 10. 

These results lead easily to a theorem cstabli.shcd by Ludford (40) 
which states that, under the rest ric( ions impo-^cd on the initial valuc.s, it 
is sufficient to have ^'(x) < 0 or \p'{x) > 0 for some range of x to insure 
that a discontinuit}'- will arise in the .sub.‘'‘c(tucnt motion. 

V. Ari>Lir.\TioX.s 

Although a complete analytical solution of the one-dimensional flow 
has been available since Riemann, few problems related to this motion 
have been solved analyticalh*. As llugoniot (S) pointed out, the quc.s- 
tion consists always in building up a group of integrals eomj)atible with 
each other and with the initial and boundary conditions. Considering 
onlj'^ continuous solutions, the compatibility condition recpiircs the 
integral surfaces to be tangent to each other along the characteristic 
lines. Incidently this implies, as shown above, Section IV. 2, that the 
initial A'aluc problem reduces to problems (a) and (b). 

The simplest cjiscs, solutions compatible with re-st (which arc the 
simple waves) and those compatible with two simple wavc.s, received 
an extensive study. The first problem vvis treated, with different 
approaches, by Earnshaw (0), llugoniot (8), Kobes (II), Pfriorn (1(5,17). 
The second was encountered by Go.‘^sot and Liouville (12) and later by 
Love and Pidduck (14) in their attempt to solve Lagrange’.s ballistic 
problem. The original Riemann’s method was used throughout, and 
the analy.sis required an exce.'j.sivc number of calculations, von Mises’ 
method provides a simple solution which i.s given below. ^ 

1. Jntcraclions of Simple ir«(T.S' 

As an application to the method outlined in .Section IY,2 wc consider 
the interaction of two centered simple waves for k = 1.4. At / = 0 the 
fluid may be at rest in the interval (— c,c) and its prc.ssure and density 
be represented by v = vi. The waves centered in .r = ±r, f = 0 meet 
at the point C, sec Fig. 11, with coordinates 


Along the two cross characteristics starting at this point, f changes 
inversely proportional to the third power of v, according to the formulas 
for simple waves, see (30). To^bc in agreement with our assumptions 

® The use iu this problem of a general solution in terms of two arbitrary functions 
was also considered by Taub (29). 
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A B X 

Fig. 11 

we have to count the time as beginning in C. Thus we introduce 

t' = t - ti = t 

Vl 

The functions a{v) and 0(v) are then 



Since in our case w = 0 at the point C, we have Xi = from 

(4.28) 

/(X) = il;; - X), 

If these expressions are introduced in (4.18) and X,ju replaced by (a + u) 
we find 

V(ti,v) = g ^3 [(ai^ - v)(vi - v)(vi^ + ViV + 4v^) 

— 2u^(vi^ + 3viv^ — 10a*) + 

The derivatives F„ and — F„ give x — ut' and vt'/5, respectively, and the 
result in terms of t, finally becomes 

a: - wi = 1^3 (u2 - 3a2 - vi^), 

i = [3a^ + 2vW H- 3ai^ - + Vi^) + Zu% 

2. The Expansion of a Monatomic Perfect Gas into a Vacuum 

The special case of k = 4 is considered and the motion is subject to 
the following initial conditions. At time t — 0 the medium is at rest, 
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11 = 0, and the distribution of r and s along the .r-axis is given as follows, 

( 5 . 1 ) 0 < .T < /i r = s = ro(.T), 

(5.2) a; < 0 r = s = ro(0) = h, 

(5.3) X > 0 r = s - rn{h) = 0. 

It is assumed in addition (hat ro'{x) < 0 so (hat carh particle of the non- 

homogeneous la 3 'er starts to move to the right. At time I the po.sition 
of the face of the fluid will be x = Xi(l) and on thi.s face (he dcn.sit.y 
vanishes, i.c., r + s = 0. 

This prolilem was formulated bv MeVittie (35) and C’op.son (31) in 
connection with the expan.sion of an intcr.stcllar ga.s cloud into a vaccum. 

If we consider the initial conditions in (he .r. /-plane it is seen that in 
the vicinity’ of / = 0 a continuous solution can be constructed with four 
integrals, sec Fig. 12. A state of rest is delinefl l\v (5.2) in the region 



P O h X 

Fin. 12 


I limited by the negative side of the .r-axis and the characteristic r = h. 
The condition (5.1) determine a solution in the triangular region III 
bounded by the portion of the r-axis 0 < .r < h and the two cliaracter- 
istics X ~ xoQ) (s = b) and r = 0 passing respectivelj-- through 0 and h. 
A simple wave solution will be valid in region II since it must be com- 
patible with a state of rest. The difficulty consists in finding an integral 
in region Ilia which is compatible with the solution in region III and also 
satisfies the condition r -b s = 0 along the unknown boundaiy .r = .ri(/). 

We start by looking for the anal 5 '^tical solution in region III. For 
K = Eqs. (4.1) and (4.3) become 
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(5.4) V„ + (F, + F.) = 0 

and 

(5.5) Vr = X - (u + a)t, -Vs = X - (u - a)t. 

The general solution 

V = + sis) 

r + s 

of (5.4) can easily be obtained through formula (3.20) and we can rewrite 


(5.5) 

(5.6) 


{u + a)t = 


f 


(u — a)t = — 


r + s 

g' 


/ + g 

(r + s)2’ 

+ f + s 


r + s (?■ + s)^ 


J 

Equating the two values of x, at time t = 0, obtained from (5.6) we get 
the relation 


f'(ro) + g'jro) f(ro) + g(ro) 
ro ro^ 


which implies /(ro) + g(ro) = 2Aro, where ^4 is a constant. We may 
therefore write 



m 

= Ar -t- <f)(r), g{r) 

= Ar ■ 

- <^>{'1') 

and the relations (5.6) become 




(5.7) 

X — 

(u -4- a)( 

r + s 

4>{r) - 4>{s) 
(r + s)2 ’ 

(5.8) 

X — 

(u — a)i 

= + 
r d- s 

<t>(r) - 
(r A 

- <t>(.s) 

-sr 

Hence at t 

= 0. 






= 


By hypothesis ro{x) is a monotone function and has therefore a one-valued 
inverse function x(ro) defined in the range 0 < ro < 5. It follows that 


<fi(ro) = 2 jj" rx{r) dr. 

Thus <f)(r) is defined by the initial conditions in the range 0 < r < b, and 
this completes the determination of the solution in region III. 

We try now to extend the domain of definition of <f>(r) in order to 
obtain from (5.7) a solution containing as a particle line the boundary 
line X = Xi(t). Along this curve we have r = ri(f), s = Si{t) and the 
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relation ri{i) + si(0 = 0. Subtracting (5.7) from (5.8) avc get, with 
r — s 
a - 3 > 

2 / _ 9 «^o-) - 

3 “ (r + s)® (r + s)' 


The e.xprcssion on the right hand must remain finite as r— > r,, .s-— ' .^'l, 
which is only true if 4 >{r) = qf>(-r). Tlcnee (;b(r) has to he continued into 
negative values of r as an even function of r. Eriuation (5.7) becomes 
then 


(„ + „), = 


and the limiting form of this relation as r — ‘ ri, s— * — rj, is found to be 


(5.9) .T, - 'h-xt = k>”(n). 
Similarly from (5.8) we have 

(5.10) / - l<^'"(n). 





Relations (5.9) and (5.10) determine the curve x = .r,(/). 

It is clear that this method described by (aipson (3-}) furnishes a 
solution in region Ilia, whieli is obviou.sly compalil)le with the irdegral.s 
in region III and II. If the curves .r = and .r = .ri(/) do not meet, 
these four integrals conslitufe the complete solution; if they have a com- 
mon point S for f = T the subsefpient motion is reduced to the simple 
Avave of region II. We have then the .solution of the expansion into a 
vacuum of a homogeneous gas originally at rest, Avhich Avas determined 
alreadj’^ by Hugoniot (S). 


S. Motion in a (tlnsrd Tuhv 

When in addition to the initial data .some relations hold for .r = .tj 
and X = .Te through an intei’A'al of time (0,/), boundary value problems 
arise Avhich in general cannot be solved b.v finite expressions. 

In some cases, hoAveA’'cr, they can be reduced to initial value problems. 
If, for instance, the boundary conditions consist of having u = 0 at 
X = X 2 the reflected initial data can be introduced along the segment 
X 1 X 3 , such that X 3 — .To = .To — Ti, and by reason of symmetry v = Q 
for X = To. The same procedure can be used if in addition u should 
vanish at t = ti. 

In the foregoing, the motion in a closed tube is considered for the case 
of K = 1.4. The purpose of this investigation being essentially the 
study of the general trend of the gas behavior, no initial data are pre- 
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conditions is chosen from a "general” integral. The analytical approach 
does not lead therefore to the two problems of integration mentioned in 
Section IY,2, but requires the construction of a solution by patching 
along characteristics a series of particular solutions. The results stress 
the formation of singularities and raise the question of their occurrence 
when the motion is subject to arbitrary initial conditions. 

We make use of the relations 

(5.11) —vH = U-a, 5v‘^(x — nt) = Uv, 
and 

(5.12) - C/„u = ^ Ur, 

which can easily be derived from (2.10) and (2.15), and we apply the 
procedure outlined in Section III,1 to obtain a general integral of (5.12). 
We choose here, however, for /„ the expression 

= PTFiyi /' 

with an arbitrary lower limit of integration, and a similar one for g„. 
The solution of (5.12) will then read according to (3.3) 

[/ = ,2 f 0 ^- 

+ (i^ - ^)9im - 1 1 /' (m - J ^ ■ 

If we take the derivatives of U with respect to u and v and introduce the 
resulting expressions in (5.11) we get 

I 2vH = - 2u^Ka - a') + Gu{P + P') - S{y - y'), 

15!;®(.'C — Ut) = 13 + 13' — u{a — a.'), 

where a, p, y, a', /3', y' are defined by the following integrals 

« = Km, ^ m)d^, y = p mm, 

«' = /" gm^, P' = /" m)d^, y' = y mm- 

Incidentally we note that if = -/(?), the second relation of 

(5.13) shows that we have, at any time, for it = 0, x = 0. Any such 
solution mil thus give rise to a reflection at x = 0. 

We also find easily the necessary and sufficient conditions to have 
u = 0 at any time at two fixed points. Substituting li = 0 in the second 
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equation of (5.13) we get witli \ = fi = v 
(5.14) 5i>lr= /' Cf(?) + t;($)]f/^ 

which should be an iclcnii{\' in v for two valuc.s of .t. ^^’c write (5.14) 

for two dilTerent valuc.s .r,, f = 1, 2, 


(5.15) 




-f .T,-. 


This relation i.s satisfied hv taking for -zr-:: 


.some branchc.s of the 


inverse of a periodic function and for 



other l>ranchc.s of 


the same function. 

As an example this .‘Solution is eomplelely .studied below when a 
trigonometric function is cho.seu for the periodic function. 

Let / and g be defined l)y 


(5.1G) ~ j ^f(I^ = cos"’ (r — b) 

and 

j ^gd^ = - cos-' (c - h) 

where h i.s a constant. To each branch of co.s"' (r — h) corre.spnnd one- 
valued functions for /and g which generate through (5.13) a branch solu- 
tion. X, is here equal to 2n- {u being an integer) but we .shall restrict 
our stud.y to 0 < x < 2- and look in this interval for a continuous func- 
tion a of X and I which vani.shes at x — 0 and .r = ‘Ztt. Our rcciuirements 
can be fulfilled if three determinations of co.s"' (c — h) are considered, 
namely 

— co.s“' {v — h), CO.S"' (r — b), — co.s"' {v — b) -}- 2-, 

where cos"' (v — b) denotes the principal determination. They provide 
respectively through (5.13) the following expressions for /and g, 


fi = -5^ 


3 co.s"' (f — 5) 




/a = — /i 
/a = /i + 3077$, 


V 1 - (? - by-j 


and the opposite ones for gi, go, gs. To each pair/,-, g, (?,/ = 1,2,3) there 
corresponds, according to (5.13), a .system of two equations which deter- 
mines a as a function of x at a given time. The re’ations being implicit, 
the difficulty lies in the patching of the branches in order to construct a 
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continuous solution satisfying our boundary conditions. It can be seen 
that the functions / and g are only defined in the interval, 

&-!<?<& + 1, 

which limits the values of u and v to the domain bounded by the limiting 
lines. 

X = b + 1, X = b-1, n = h + l, M = b — 1; 

the transition of a branch solution to another occurs obviously along 
those lines which are the characteristic lines in the speed plane. 

A first group of solutions can be constructed by taking for g a one- 
valued function equal to g^ and for / the continuous function composed 
by /i, /2, /a. It is clear that if they lead to branch solutions Ui, Ui, Uz 
for u which are continuous, all the requirements will be satisfied. For 
this, two conditions must be fulfilled. (1) The lower limit of integration 
of the integrals ai, /3i, 71; 0:2, ^ 1 , ji] ccz, /Jj, 73 corresponding to /i, /2, /a 
should be chosen so as to maintain continuity at the transition points 
^ — b + 1, between /i and fz, and ^ = b — 1, between /2 and /s. (2) 

These transition points should occur in the solution for X = b -f- 1, 
X = b — 1, and not for /i = b -f- 1, m = b — 1. 

It is clear that the first condition can always be satisfied and still 
leave indeterminate the lower limit of integration of the integrals 0:2', 
02 , 72', corresponding to gz and those corresponding to one of the func- 
tions /. The second condition, as will be seen, limits the time i to a 
certain interval beyond which other determinations of g will have to be 
considered. 

Finally, if the required solution has been determined, it remains to 
investigate whether such a solution represents a physically acceptable 
motion; such is the case if, for some range of t, u is obtained as a one- 
valued function of x. This last requirement can be fulfilled by giving 
convenient values to the remaining arbitrary constants. 

For the numerical computation the lower limit of the integrals 0:2, 02, 
72; “2', 02' were all chosen equal to 3, b = 2 and 72' was taken as 

72' = + 

By a quadrature we get the expressions 

^2 = izdi = ^(2X2 - 3) cos-1 (X - 2) - f(X -f 6)[1 - (X - 2)2]W, 
02 = ki 2 d^ = 5X^ cos-1 (X - 2), 

72 = ef2d^ = f (3X1 227) _ 2) 

+ -b ii^X -f- 85)[1 - (X - 2)2]«, 
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a,- = ¥(2m= - 3) cos-> (m - 2) - + G)[1 


(m - 2m 


and the similar ones 
/ = ¥( 

^2' = 5fji^ cos~' (fi ~ 2), 

72 ' ~ t(3m^ "h "^f^) cos~^ (m — 2) 

+ -f + sr>)[i - (m - 2)=j» -f -Y- 

Noiv to maintain continuity at X = 6 + 1 = 3 we must take 

(5.17) ai = -ai, /3i = Ti = 

Likewise, a simple computation gives 

(5.18) 03= -02 4- loffX= - fij ^ -(^2 4- 10, tX’, 

j n \ 4 JL_ 1 1 n 
73 = -“7: i* -{ 


in order to have continuit}' at X = 5 — 1 =2. In view of (5.17), (3.18) 
the system of Eqs. (5.13) becomes (Si), (S2), (S3), respectively, for/,,/;, 
fi- 


2v^l = ~(v- — 3H*)(a2 4* o;') — G?/(d: — ftz') 

4- 3(72 4- 7:')» 

5i)®(x — nl) = —^2 4- ^ 2 ' 4- n(«i 4- 02'); 

2 vH = (a- - 3n"-)(o2 - o;') 4' G»(.d2 4* /?:') 

- 3(72 - 7:'), 

5v^{x — v() = /?2 4 " / 32 ' — n(cc 2 — 02 '); 

2ir'i = -(u2 - 3!r)(o2 4* o;') - Qu{0z “ ^ 2 ') 

(5.21) \ +3(7; 4- 72') 4- (15rX- - -V-7r)(i’- - 3?r) 

(S3) j - i„^X< 4- (iO-X4/ - 

l5r®(x - Id) = -/32 4- ^2' 4- »(a2 4- o;') -f IOfX* - (15fX= - ^/^)it. 

The speed plane is useful for discussing this solution, sec Fig. 13. 
The straight lines X = 1, X = 3, m = 1, M = 3 are the limiting lines of the 
transformation and therefore the branches C\, (7;, C'3 corresponding to 
Si, S2, S3 are tangent to them at their limiting points. Since the solution 
was’constructed with the assumption that the transition points occurred on 
the limiting lines X = 3 and X = I , the arc C 2 must span between these 
lines and therefore must contain a point ivith vclocit}’’ zero. This last 
requirement determines a certain interval for {. Upon substitution of 
w = 0 in S2 we get vH — 0 or, as 1 < t; < 3, 0.082 < ^ < 20. It is clear 
that the solution obtained is defined in an interval within this time range. 
Beyond the interval the construction fails and determinations of g other 
than g 2 must then be considered. 

The propagation of the point where 7/ = 0 (the nodal point of the 
velocity wave in Fig. 14), which is a characteristic feature of nonlinear 
phenomena, and other properties, can be easily studied, see (37). They 


(5.19) 

(51) 

(5.20) , 

(52) 
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help to plot Cl, Cl, Cz for various values of t, see Fig. 13. In Fig. 14 
corresponding curves in the Wj-T-plane are dravui. These curves show a 
time t — to = 1-7 beyond which u becomes multiple valued, for which, 
therefore, the Jacobian J of the transformation vanishes. We obtain 
thus a time range, 0.082 < t < 1.7, w'here a real flow exists. 



For t < 0.082 the introduction of the function gi leads to the sys- 
tem S 4 

(5 22) I ^ ~ + “ 2 ') + 6u(^ 2 + /Sz') 

/o 1 ■) ~ 3(72 + 72')) 

i5y®(x — ut) = P 2 — 02 — u{a 2 -f az'), 

which takes the place of (Si) and enables one to obtain again a continuous 
curve composed in the speed plane of the branches C2, C3, C4. The study 
of this new solution is particularly interesting for it describes the case of a 
reflection at x = 0. It may be seen in the R,y-plane that for t < 0.082 
the moving nodal becomes imaginary and that the velocity is then everj-^- 
where negative, which indicates that the entire flow is moving to the left 


ONE-DIMKKSIONAL ISENTKOriC FLUID FLOW 


01 


in the ?/,.'c-plane. Tlie reflection occurs for / = 0.0S2, and thereafter the 
solution describes interaction between the incoming and the reflected 
flow. 

Investigations of the solution for more negative /-values led to tlio 
discovery of a new zero of the Jacobian. Thus a complete interval 
— 2.5 ^ ^ 1.7 is determined where tlic motion is real and continuous. 



The family of curves, shown on Fig. M, which gives the state of flow 
for various values of /, show.s how an initial discontinuity is smoothed out 
and how a discontinuity may dcvclo]i from continuous initial conditions. 

In fact, it can be establislied in the case of a ])olytroiiic fluid that., 
whatever the initial conditions are, singularities will necc.s.sarily occur in 
the motion. The proof was given by ljudford (-10) using his unfolding 
procedure, outlined in Section IV, 3, and formula (‘J.35). When the 
variations of the initial values r = <p(.r) and s = tp(x) arc small, this 
approach yields an interesting estimate of the time, /o, of first occurrence 
of a singularity. The result is 

/ 2 
" (k + l)j\f 

where M is the maximum value of — or on the initial curve. 
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Turbulent Diffusion: Mean Concentration Distribution in a 
Flow Field of Homogeneous Turbulence^ 

Bv F. N. FKEXKIEL 

Applied Phy.sics Laboratory, The John.i llophinf VniversHy, Silver Spriay. Marylawi 

In the scientific literature of recent years one (intis a larRC miinher of papers on 
theoretical and experimental investipations of tnrlnilence phenomena. The theory 
of turbulence, and especially the statistical theorj’, is in full development and has 
already led to a better understanding of several nsi)ects of the sidjject. l’os.«ible 
applications of the laiowlcdgc already acquired, to various fields of science and 
engineering, appear obvious although not always simple. In this paper we shall 
discuss one aspect of turbulent jihenomena, ttirlnilent tliffusion. which has a par- 
ticularly wide field of application in fluid dynamics, chemical engineering, heat trans- 
fer, meteorology, etc. It is possible that some readers interested in turbulent diffusion 
are not sufficicntlj- familiar with the papers on the statistical theory of turbulence to 
determine easily the relation between turbulent diffusion and the genend theory of 
turbulence. For such readers a discussion of the statistical descrii)tion of a turbulent 
field is given. The main part of the paper is concerned with diffusion in a field of 
homogeneous and isotropic turbulence in which the decay of turbulence is neglected. 
In an Appendix, a brief summary i.s given of .some further problems, including ati 
extension of the results to a case of nonisotropic turbulence. The author plans to 
continue the discu.=sion of this subject elsewhere, and also to extend it to more general 
cases of turbulent diffusion. 
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I. Introduction 

When smoke puffs out of a chimney, solid particles of smoke, con- 
densed water droplets and hot gases spread out in the atmosphere. In 
a smooth wind the spread of the dispersion wake is small and large 
smoke concentrations are observed far downstream of the chimney. 
But generally the wind blows in irregular gusts carrying puffs of smoke 
to and fro throughout a wide wake. At one moment the wind carries 
the aerosols speedily away and in the next throws them against the 
ground. The dispersion of smoke is clearly dependent on the character 
of the wind fluctuations, or the wind turbulence. 

Less dramatic, but as important, is the influence of turbulence on an 
artificial flow such as in a ivind tunnel, in a pipe, or in a precombustion 
chamber. While most instruments measure a constant velocity under 
these conditions, the effects of^the existing turbulence can be, neverthe- 
less, very appreciable. 

As an example, let us consider the dispersion of a foreign gas emitted 
continuously from a point source placed in a laminar air stream. The 
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dispersion is, in this case, produced bj’’ molecular difTusion alone, ^^■c 
shall assume the pressure and temperature of the air to be normal and 
the constant stream velocitj^ equal to, sa}’-, 20 meters per second. Figure 
la then shows the size of the wake in which 90.9 per cent of tlie emitted 
gas is collected. When the experiment is repeated in a turbulent air 
flow, the dispersion wake is broadened by the turbulent diffusion. As 
sho\\m in Figs, lb and Ic, the influence of turbulence on dispersion in 

o. Lominor Flow 

b. Wind Tunnel Stream 



Fia. 1. >Si7.cs of dispersion wakc.s for molecular tuul turbulent diffusion. 

gases is quite important and varies with the character of the furbuhnit 
fluctuations. 

1. Turbulence and Molecular Agilnlton 

A characteristic feature of turbulent motion is that the turbulent 
fluctuations are, or at least can be regarded as, nindom. To describe 
completely a turbulent field, as well as to solve various turbulent prob- 
lems, it is therefore nccc.ssary t o apply statistical met, hods. At first glance 
there would appear to be a similarity between turbulence and the kinetic 
theory of gases; but such an analogy is only partly justified and may lead 
to incorrect conclusions. Let us try to examine how turbulent fluctua- 
tions differ in their nature from molecular agitation. 

The fluid dynamicid’ s vicwpoinl is to consider the fluid as a con- 
tinuum; the molecular physicisl’s viewpoint is to consider it as constituted 
of discrete particles. For the fluid dynamicist there exist instantaneous 
fluid velocities at each point of the fluid field; for the molecular physicist, 
at a geometrical point of the fluid field, a velocity exists only when a 
molecule is present at this point. In one case the velocity and its 
derivatives are assumed to be continuous in time and sjiace; in the other 
the velocity is essentially discontinuous. Let us now try to establish a 
heuristic relation between the molecular velocil.ics and the instantaneous 
velocity at a point of the fluid. 
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We consider first the case of a nonturbulent, homogeneous fluid at 
rest. At a certain instant t, we observe the simultaneous velocities of 
the n molecules which are present in an element of volume v surrounding 
a point P. An average velocity can be computed from these velocities. 
When the size of u increases, the value of the average varies irregularly 
but tends to a limit. In a fluid at rest this limit is equal to zero. For a 
certain volume Vj, containing a sufficiently large number of molecules, 
this limit can be assumed to be reached. At any other point P' of the 
fluid field, we find the same average for a volume v/ surrounding the 
point (Fig. 2). We have, therefore, a physical relation between the 
instantaneous fluid velocity at a point and the space average of molecular 
velocities in a nonturbulent fluid at rest. The same description can also 

be used for a fluid flow having a uniformly 
distributed velocity.^ 

The situation is, however, quite different 
when the fluid field becomes turbulent. 
The fluid velocity varies from point to point 
and from time to time. Let us again take 
the space average of velocities of the mole- 
cules contained in continuously increasing 
volumes surrounding a point P. The space 
average will no longer reach a limit when the volume reaches v, and 
the simultaneous fluid velocities at the points P and P' may be 
different If a limit exists at all, before it is reached it may be necessary 
to ncrease the size of the averaging volume to magnitudes which can no 
longer be neglected by the fluid dynamicist, unless he decides to ignore 
the existence of turbulence altogether. Whether or not a limit is reached, 
we again define the instantaneous fluid velocity at a point P as the 
average velocity of the molecules in a volume about P of the order of 
magnitude of Vj. The fluid velocity fluctuations are thus considered to 
be turbulent ones and molecular agitation is, by this definition, excluded 
from what we consider to be turbulence. 


V 


2 This definition of an instantaneous fluid velocity at a point is acceptable as long 
as the number of molecules contained in a volume element v, is large enough to give 
a well-defined space average, and as long as the magnitude of u, is small compared to 
any dimensions with v hich the fluid dynamicist may be concerned 

The smallest probe of a hot-wire anemometer used m the investigation of the 
microstructure of fluid flow is made of a wire nith a diameter of about 1.25 microns 
and a length of about 350 microns. The number of molecules of a gas at normal 
pressure and temperature contained in a volume of 1 micron of length of such a wire 
IS of the order of 35,000,000 Obviously a much smaller number of molecules is 
sufficient to determine a well-defined average. 
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2. Fluid Continuum 

defining an instantaneous fluid velocity at a given point the 
molecular velocities have been eliminated and the fluid is regarded as a 
continuum. In regarding the fluid as a continuum, however, consider- 
ation must be given to the phy.sical cfTccts of its molecular nature. To 
account for these eflccts, we consider, in addition to the vector field of 
fluid velocities, certain scalar fields which account for these physical 
effects at each instant and at each point. Some of the.se effects arc 
represented bj' assigning to each point of the fluid a temperature, a 
pressure, and a density. These three .scalar (luantifies are related by an 
equation of state. When a fluid in motion is con.sidered, we include such 
conditions as the conservation of ma.‘'-.‘^, which will be impo.sed by the equa- 
tion of continuity. For each particular problem we can try to see whether 
some of the effects of the molecular nature of the fluid can be neglected. 
When fluid motion is studied, we can a.ssume, in some cases, that the fluid 
is inviscid and use Euler’s c(iuation; in other cases the visco.'jity cannot 
be neglected, and the Xavicr-Stokes equations have to be applied. In 
problems of turbulent diffusion we must c.xamine what property is 
diffused and how the molecular agitation will act on this property. In 
what follows, we arc concerned with the diffusion of mass represented by 
the molecules themselves. 


3. Fluid Element 

Let us return to the (lucstion of the similarity between molecular 
agitation and turbulence. We can now visualize an instantaneous 
velocity referring to a point of a continuous fluid 
instead of the velocity of a molecule in a discontin- 
uous fluid. But what about the analogues of the 
molecule itself and the molecular free path? What 
shall we mean by a particle of the fluid? 

In our continuous fluid field a volume clement Vj 
surrounding a point P contains at a given moment 
t a group of molecules. Tiiis group of molecules 
moves with a general velocity equal to the fluid 
velocity at the point P, dispersing, at the same 
time, by molecular agitation. After a small interval 
of time the center of gravitj’- of the group of mole- 
cules will be, sajq at a point Q (Fig. 3). Dui'ing 
the wandering through the fluid field, molecules 
leave and enter the volume element v, and several of those included in 
the original group of molecules will now be outside of the volume element 



Fio. 3. 
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vj surrounding the point Q. After a sufficiently long time, the fluid ele- 
ment exchanges practically all its molecules with the surrounding fluid. 
The average value of this interval of time can be called a mixing time. 
In the same way, we can represent a mixing length which in certain 
respects is similar to the Prandtl “mischungsweg” (1). In making 
analogies with the kinetic theory of gases the mixing length corresponds 
to the molecular free path. 

While a molecule conserves its identity along its trajectory and while 
a molecular free path is unequivocally limited by two collisions, fluid 
elements penetrate and mix with one another, and the mixing length is 
not clearly defined by the character of the turbulent field. 

4- Turbulent Diffusion and Dispersion of Particles 

The size of a fluid element is a function of the number of molecules 
sufficient to average out the molecular agitation. This size depends, 
therefore, on the density of the fluid; it is independent of the character 
of the turbulent field. The trajectory of the fluid element will, on the 
contrary, be a function of the character of the turbulent fluctuations and 
will not depend on the molecular agitation. 

The theory of turbulent diffusion investigates the motion of fluid 
elements that do not preserve an individual identity. Dispersion in fluids 
is concerned with the motion of material particles, which depends on the 
character of the turbulent field and on the nature of the particles them- 
selves. We shall, however, neglect here the effects of gravity. 

An essential factor in the behavior of a particle is its size as compared 
with the size of the fluid element. When we are concerned with diffusion 
of one gas in another, the particle is of molecular dimensions. The dis- 
persion is, in this case, influenced by molecular agitation and by tur- 
bulence. Consider now the dispersion of particles such as colloids of a 
size larger than a gas molecule, but smaller than the magnitude of a fluid 
element. Since the size of a colloid is not large enough to average out 
the molecular agitation, we shall observe in a nonturbulent fluid at rest 
the Brownian motion. In a turbulent fluid, the effects of turbulent and 
mean fluid motions will be added to the Brownian motion. For a particle 
of the size of a fluid element the molecular agitation is averaged out. In 
a nonturbulent fluid at rest such particles will have no motion whatso- 
ever. In a turbulent flow the dispersion of these particles will be deter- 
mined exclusively by the character of the turbulence. When finally a 
particle is larger than a fluid element, the effect of high-frequency tur- 
bulent fluctuations is in part eliminated. The dispersion of particles is 
then a function not only of the character of the turbulence, but also of the 
size and shape of the particle. 



TURBULENT DIFFUSION 


G7 


II. Statistical Description of a Turrulent Field 


1. Averaging Processes 

Since turbulent velocities var.v both in time and space and since this 
variation is considered to be random, one may be concerned with several 
kinds of average velocities. From the mathematical point of view a 
turbulent velocity field can be considered as a set of vector fields in space- 
time. Each vector field is a function of a paramelor w cho.scn at random 
in a measure space whose measure is equal to 1. If v{x,g,z,t,u) is a 
component of the instantaneous vector velocity at a point of the fluid 
field, for any specific w, we can consider the following four major typos of 
averages [cf. (2)]: 

Ensemble average: ■u{.r,y,z,l) = n{x,g,z,f,o})(ho; 

Space average: 

<u>, = lim e-vVv / / / u(x,!i,z,f,ui)(lx (Itj (Iz; 

.v.v.Ji- « oA ) /j J -X J -Y J ~y. 

1 

Time average: <u>t = lim / u(x,i/,z,t,o3)(l{; 

T~, ^ 2.1 J -T 

Space-time, average: 


<v>,,t = lim 

X.Y.Z.T- 


1 /*■'" r*' 

/ / / u{x,i/,z,i,cS)(Jx ehj dz ell. 

1()A 1 AJ J -x J -Y J- 7 . J -T 


The relations between these various averages arc not known. In a 
theoretical discu.ssion it is most proper to use the ensemble average, which 
gives the mathematical expectation of the random function.-^ However, 
from experiments other averages arc determined. We assume that for 
any random function 'I'(.r,?/,z,/,w), we have 


(2.1) = <'!'>, = <'k>, = 

This assumption is not nccc.ssarily equivalent to and may be stronger than 
the assumption that the turbulence is a homogeneous and stationary 
stochastic process. In fact., it is not always necessary to make such a 
strong assumption to apjdy the theoretical results. In what follows, a 
bar (such as in u or 'k) will be u.scd to represent any of the averages. 
Whenever the bar refers to an average other than a statistical a^•oragc, 
this will be mentioned explicitly in the text. 


2. Mean ami Tvrbulcnt Velocities 

Figure 4 represents two examples of turbulent fluctuation recordings; 

the first was obtained in a wind tunnel with a hot-wire anemometer, the 

^ In the theory of mathematical probability the notation E{n) would corrcsimnd 
to tl. 
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second in the natural wind with a pressure tube anemometer. Both 
represent fluctuations of instantaneous velocity as a function of the time. 
Let us consider the quantity 

1 

~ / 'UA{a)da, 

Jt-T 

where UA{t) is the instantaneous value of the fluctuating fluid velocity at 
a point A and at an instant t, and where 27 is an interval of time. For 
the case of wind tunnel turbulence (Fig. 4a), STlr becomes practically 




b. 


1 



Fig. 4. Two typical turbulent velocity recordings; (a) in a wind tunnel stream, 
(b) in the natural wind. 

constant when T reaches a certain interval of time Ti and remains con- 
stant for T > Ti. We can then define 

(2-2) Ua = <UA>t = lira / UA{a)da 

r-> «. Jt-T 

as a mean velocity of the fluid at the point A . The instantaneous velocity 
UA{f) can be divided into two parts, the mean velocity it a and the turbulent 
velocity UA(t), such that 

UaQ,) = Ua + UA'{t) 

for all t. 

Let us now consider the natural wind recording represented in Fig. 4b 
and assume that the length of the first part of the recording is sufficient 
to determine a practically constant value EflTr ^ Ua = Ui. We may 
then consider t/i as a mean velocity for this part of the recording, and 
define as a turbulent velocity the difference UA{t) - Ui. In a similar 
way, it may be possible to find a different mean velocity U 2 corresponding 
to the second part of the same recording. The definition of a mean 
velocity for the whole length of the recording would, however, be mean- 
ingless. If a much longer recording is used, it is possible that mean 
velocities such as Ui,U 2 can in their turn be regarded as “instantaneous” 
velocities and a new “mean ” value 17 defined. Obviously the scale on 
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which the turbulent field is considered is of mujor importance in such 
cases. To define a turbulent velocity one musi., however, be able to 
assume that a limit such as the one defined by Eq. (2.2) does exist. 

S. Iiifcnsily of 'J'urbulcncc 

Consider in a turbulent field a set of orthogonal axc.s Oxyz with the 
axis Ox parallel to the direction of a constant mean velocity (Fig. 5). 
Let V(xi,?/i,si,0 be the instanfaneous vectorial velocity at a given point 
P{xi,yi,zi) and at a given instant t. Let us denote by v,v,w the projec- 
tions of V on the three axes. I3uc to the choice of the direction of the 
axis Ox, we have u = constant, v = 0, w = 0, and the components of the 
turbulent velocity arc u' = it - ii, i^= r, = a’._For the averagc.s of 
the turbulent components, we have n' = 0, r' = 0, to' = 0, by definition. 


y 



Fio. 5. ^'oc(or volocify .nt n point in a fluid flow Imvini: mean veloeily i7 in the 
direction of (he j-axis. 

The spread of the fluctuating turbulent velocities can be 

measured b}’^ the values of the varinncr.s n'- 0 , o'" 0 , ic'- ^ 0 or their 

square roots, the standard deviations v'-, Vc'*, Vw’~, Tito ratio of 
such a standard deviation to the moan velocity (when i7 0) is called the 
intensit 3 ’' of^turbulcnce. We shtill have a lonrjitudina} intensity of tur- 
bulence u'-fil and transverse intensities of turbulence y.'' v'-fu and 
■\/ w'-fil. 

/f. Eulerian Correlation Coefficients 

Let us consider now in the same fichl of turbulence (Fig. fia) a second 
point Q{xi,yi,zi). The points P and Q are placed on a line parallel to the 
direction of tlie mean velocity and separated l)y a dist ance x = .T; — .iq. 
At an instant /, the simultaneous longitudinal components of the tur- 
bulent velocities at the two points are Ui>'{t) and Uo'{t). The ratio’ 


R.(x) = 


%lp^tQ 


■* In the symbol liaQ)), the subscript a refers to the direction of the line .seginent 
joining the two points, while h is the length of the lino segment mensured in this 
direction. The use of correlation cocfTicienls was introduced by Taylor (3). 
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is called the longitudinal correlation coefficient. This coefficient is a func- 
tion of the distance x. When a: = 0, the two points coincide and there is 
complete correlation, hence 72^(0) = 1. When x is very large, there is 
practically no correlation between the components of the velocity at the 
two points, and 7?*( oo ) = 0. Between these two limit values of x the 
correlation varies with the character of the turbulent fluctuations and 
determines a correlation curve Rx{x). 



Fig. 6a. Fig. 6b. 

Fig. 6. Diagram illustrating the orientation of the point velocities correlated by 
Eulerian correlation coefficients. 


Consider now a third point S(xi,yz,Zi) placed on the line through P 
in the y-direction (Fig. 6a) and at a distance y = — yi from P. The 

ratio 


^y{y) 


Up'Us' 


is called a transverse correlation coefficient. 

In a similar way an Eulerian time correlation coefficient Rt(h) can be 
defined, describing the correlation between the turbulent velocities at the 
same point, but at two instants separated by an interval of time h. 

There is another notation frequently used in the literature. Let us 
consider (Fig. 6b) two points M and N, such that the line segment MN 
is a vector r in the direction d and of length r. The correlation coefficient 
between the simultaneous turbulent velocity components in the direction 
d at points M and N is now represented by the symbol f{r,t). A correla- 
tion coefficient y(r,t) is similarly defined in terms of components of the 
two velocities in a direction n normal to d. When d is parallel to the 
x-axis, we have obviously /(x) = Rx{x) and when n is parallel to the 
y-axis, we have g(y) = Ryiy). 


5. Homogeneous, Isotropic, and Stationary Turbulence 

Most of the theoretical work in turbulence concerns homogeneous and 
isotropic turbulence in an incompressible fluid at rest. In a homogeneous 
turbulent field the statistical characteristics are not changed by a transla- 
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tion of axes. Lot us consider as an example (Fig. 7), the correlation 
between components of the simultaneous velocities at two points M and 
N taken in directions a and h respect ivclj'. If the configuration aMM) 
is subjected to a translation in a field of liomogeneous turbulence and 



Fig. 7. Sclicnintic (linprnm of the invarianco of tlip HUnistical cliaraetcri-sfic.** in 
homogcncotis aiul in i.sotropic tiirbiilcnrc. 

moves to aiM\Nxhi, the correlation between the components of the 
simultaneous velocities at 1 and A’l projected respectively on a\ and b\ 
will be equal to tlie correlation at the initial location of the configuration. 
If the turbulence is, in addition, inotropic, the statistical characteristics 



Fig. 8. T 3 ’’picnl longitiidinnl nnrl fran.svorso correlation curvo.s mea.snretl in a 
wind tunnel flow’ /?i(a)da j. 

w’ill also be invariant under a rotation or a reflection of the axes and the 
same correlation will be found for tlie configuration 

In a field of homogeneous turbulence == and 

if the turbulence is also isotropic u^(i) = v^(i) = ^(t). AVhen the 
turbulence is homogeneous and isotropic /(r,t) = f(r,i) and = ff(r,i), 
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and the longitudinal and transverse correlation coefficients are related 
by the equations (4,5) ; 

(2.3) RM =RM+ly^^> 

(2.4) Rxix) = \ f (xRy(a)da. 

X Jo 

Figure 8 represents a longitudinal and a transverse correlation curve, 
measured in a wind tunnel, which satisfy these two relations (6). 

We have a stationary field of turbulence when the statistical charac- 
teristics of turbulence are independent of the time. 

6. Spectra of Tw'bidence 

Another way of describing the turbulent flow is to determine the 
spectrum which measures the relative contribution of various frequencies 
of velocit}^ fluctuations to the turbulent energj’^ (6). To the two spatial 
correlation curves discussed above will correspond two one-dimensional 
spectra of turbulence (5) ; the longitudinal spectrum of turbulence F^Qo') 
and the transverse spectrum of turbulence Fy{h"). Each of these functions 
represents the contribution to u'^ (proportional to the component of the 
turbulent energ}^ ^pw'^) at the wave number k' or h" . The longitudinal 
spectrum Fx{k') can be determined by a harmonic analysis of the simul- 
taneous ■w'-components along a line in the .r-direction and is expressed 
as a function of the wavelength 2ir/k’ measured along this line. The 
transverse spectrum Fy{k") is derived similarly from the simultaneous 
w'-components along a line parallel to the ^/-direction, and the wavelength 
2-Kfk" is measured along this transverse line. 

The correlation coefficients and the one-dimensional spectra can be 
determined (6) from one another by Fourier transforms: 


(2.5) 


Fx{k') =~u'^- f 

■x Jo 

Fyik") f 

TT Jo 


u'~R^{x) = 


Rx{s) cos {k's)ds, 
Ry{s) COS (k"s)ds, 
Fx(s) cos {xs)ds, 


( 2 . 6 ) 


u'-Ry{y) 



Fy{s) cos {ys)ds. 


In the special case of homogeneous and isotropic turbulence, the 
longitudinal and transverse spectra at a given instant i are related by the 
equations (5): 
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(2.7) F,W) = i F.(.k") - i k" 

(2.8) F,(k') = 2k' j (Is. 

J k' S 

When the idea of a spectrum of turbulence was inlroduccd by G. I. 
Tajdor, reference was made to a spectrum at a fixed jioint of tlio fluid 
flow and not to a one-dimensional spectrum. Taylor’s spectrum and the 



u 


Fig. 9. Typical spectrum of turbulence at a fixed point in a wind tunnel stro.arn 
40 mesh lengths downstream of a grid. 

Eulerian time correlation curve arc related by ctiuations similar to (2.5) 
and (2.6). Figure 9 represents such a spectrum as measured in a wind 
tunnel stream (7). 

The three-dimensional spectrum of turbulence which is discussed in 
the preceding volume of tlie Advances in Applied MccJionics (S) can be 
expressed as a function of one-dimensional spectra by (9,10): 
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7. Decay of Turbulence 

A fluid in a turbulent state, left to itself, quiets down after a certain 
time, its turbulence decays, and the turbulent energy is transformed into 
heat. Most of the experimental investigations concern the decay of 
turbulence in wind tunnels downstream of a grid. Immediately behind 
the grid, vortices are shed at a frequency which depends on the dimensions 
of the grid. In the spectrum of turbulence the largest part of the tur- 
bulent energy will correspond to this frequency. At a small distance 
downstream of the grid the vortices which originate at the individual 
meshes mix in a more and more irregular pattern. The regular frequency 
of these vortices is slowly smeared out for increasing distances from the 
grid. A trace of this frequency may, however, appear in the form of a 
bump (cf. Fig. 9) in the spectrum of turbulence. At large distances 
downstream, say of more than 40 mesh lengths, the turbulence becomes 
nearly isotropic. Following the mean flow direction, one finds the charac- 
ter of the turbulence changing. Large eddies (low-frequency fluctua- 
tions) produce small ones, and turbulent energy is dissipated by viscosity. 
The viscous dissipation for large eddies is small compared with the rate of 
transformation of these eddies into small ones. The rate of dissipation 
by viscosity increases with decreasing eddy size. 

Various assumptions are made about the mechanism of decay and 
lead to relations which give the variation of turbulent energy and of 
correlation curves as functions of the time of decay. Some of these 
solutions are treated extensively by several authors and are discussed in 
the preceding volume of this book series (8). 

8. Local Isotropy 

Kolmogoroff's theory of local isotropy (11) assumes that when a 
sufficiently small domain of a turbulent field is considered, the turbulence 
in this domain is homogeneous, isotropic, and stationary, irrespective 
of the source of the turbulent fluctuations, and even if the turbulence 
does not have these characteristics on a much larger scale. 

In order to emphasize the contribution of small eddies, the statistical 
description of turbulence can be made in terms of differences between 
turbulent velocity components rather than in terms of the components 
themselves. Let us return, for instance, to Fig. 6a and consider point P 
as a reference point. One would now be concerned with differences such 
as {uq — Up) and («/ — Up'). The turbulence is said to be locally iso- 
tropic in a certain domain of space-time, when in this domain the statis- 
tical functions of such velocity differences are invariant under a transla- 
tion, rotation or reflection of the coordinate axes. In this domain we 
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shall find, for instance, that the functions 

Bdd = (Rq^ — — Rq^* 2uciUr 4* vp 

and = (Ms - vpT = - 2m7m7 + m 7- are related to the cor- 

relation coefficients Ji,: and /?„ in the following way: 

(2.10) Bdd = 2m^( 1 - /fx) and 7^nn = 2?/"-’(l - R,j). 

When a turbulent field is not isotropic, and one assumo.s (hat (here 
exists local isotrop}’- in a small domain of (his field, one implies (hat the 
scale of the existing turbulence is much larger (han the magnitude of (he 
domain of local isotropy. 'J’ho Iheory of local isotropy, which has been 
discussed by several authors, and more particularly by Ibitchclor (12), 
always refers to very large Hcynolds numbers of (urbulcncc. 


9. Lagraiujiau Correlation Coefficient 

Let us consider a point Pi{xi,yi,zi) in a turbulent field. At an instant 
i, we find (Fig. 10) at this point a fluid element A. After an interval 


instant t 




Fig. 10. Diagram illustrating the position of a fluid element at two difTerent 
instants at which its velocities are correlated by a Lagrangian correlation coeflicient. 

of time h, A will have moved to a point Pi{Xi,y’i,Z 2 ). The components 
of the turbulent velocities of A at the two instants i and i + h are, 
respectively, uA{i), v/H), w/it), and vAit + h), tu'{t h), + h). 

We call Lagranejian correlation coeffiicienis ratios such as 
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( 2 . 11 ) 


RiL^h) 


UA'jt) u/jt + h) 

V [ u/m [ u/ii + hW 
VAji) VA{i + h) 

-vww-^Ww+W 


To these two correlation coefficients correspond two Lagrangian time- 
scales of turbulence 


(2.12) RtL'^{a)da and Lu'’ = RtL"(a)da. 

These scales of turbulence are measured in units of time. Lagrangian 
spectra of turbulence can be defined (13) as functions of the Lagrangian 
correlation coefficients by equations similar to (2.5) and (2.6). 

In a field of turbulence which is homogeneous, isotropic, and sta- 
tionary, Rtu'^Qi) — RiL^Qi). To simplify the notation, we shall use in 
the following chapters, which refer to such a field of turbulence, the 
symbols 


(2.13) Rh = RtL'^Qi) = RtL'’(h) = Rtd^ih) and L% = L(i,“ = Ul'’ = Ujy’. 


When a turbulent field at rest is considered, we shall use for the turbulent 
components instead of u' , v' , w' . In fact, in this case u = u' , 

V = v', and w = w', since u = v = w = 0. When turbulent diffusion 
in a fluid flow is discussed, where u = constant, v = 0, and to = 0, we 
shall represent the mean velocity u by the symbol U. 


III. Fundamental Equation op Turbulent Diffusion 

1 . Derivation of the Fundamental Equation 

Let us consider, within an incompressible turbulent fluid at rest, a 
fluid element A which at time 0 is placed at the origin of the coordinate 
axes (Fig. 11). We shall follow this fluid element as it wanders in a 
field of homogeneous, isotropic, and stationary turbulence. Let u, v, 
and w be the x-, y-, and 2 -coraponents of the instantaneous velocity of 
the fluid element. Each of these components varies irregularly and shall 
be considered a random variable. The fluid element which at an initial 
time was at the origin will be found after a dispersion time t at a point 
P{x,y,z), whose coordinates are equal to 

(3.1) ® ~ jo ^ ~ fo ^ jo ^(“)^“- 

We shall investigate the variances of x, y, and 2 as functions of the 
dispersion time t. As in the case of the velocity components, we have 
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for the meati values of these coordinates x = y = z = 0. Their vari- 
ances are functions of the dispersion time, a^^d since the turbulence is 
homogeneous, isotropic, and stationary, x~ = y- = z- = T(/). 

The function depends on the nature of the turbulent nuctua- 
tions. We sliall determine here 'I'(0 as a function of the (urindcncc 
characteristics described in t.lie preceding section, ^^c shall write the 
equations for the transverse diffusion in the y-dircction. Since the turbu- 
lence is homogeneous and isotropic, the statistical characteristics will be 



the samc_for the diffiision in the .r- and c-dircclion.‘<. Computing the 
variance y- with the value of y given in E(|. (3.1), we find 

(3.2) y- = v{a)(}a^' = /'(ai)r(n 2 )f/air/tt;. 

Introducing the Lagrangian correlation coelhcient which ha.s been 

defined in the preceding section, we find 

y' = <'■ ^ Jg Jhicxz — ai)dQif/nc. 

Writing a = an — and taking into account the fact that Rh0‘) hs 
an even function, we get 

if- = v~ (lai R,,{a)(Ia = v" ^ r/ai j"' 7?/,(a)da 

lo Jo 

After inverting the order of integratrion and determining the new limits 
of integration, we find 

7/2 = i ;2 [ Eh{a)dai -1- da " J?/,(a)(/ai j, 

which gives finally the fundamental e(iuation of turbulent diffusion, 

(3-3) f = 27^ (i - a)Rn{cc)da. 
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This simple relation was first found by a different method by Kamp4 de 
Feriet (13). It seems easier to use this equation in applications than the 
equation 

(3.4) F = da^ Jj' Rh(ai)dai, 

originally derived by Taylor (3). _ 

Equation (3.3) or (3.4) gives the variance y^(t), the expected value of 
the square of the ^-coordinate of a fluid element, at the instant i as a 
function of the variance P of turbulent velocities and of the Lagrangian 
correlation curve RhQi). 

Before discussing the general case, we shall consider two special 
cases; when the interval of time t is large, and when it is small, compared 

to the Lagrangian scale of turbulence Lh = Rhi(x)da. 

2. Asymptotic Forms of the Fundamental Equation for Large Dispersion 

Time 

When the dispersion time is large compared to the Lagrangian scale 
of turbulence La, we can write Eq. (3.3) as 

(3.5) W « 2)^LAt - 2v^ “ aRn{a)da (f » La). 

In a turbulent field with a given variance and a given Lagrangian 
correlation curve, the second term on the right is a constant. For very 
large dispersion times t, this constant becomes small as compared with 
the first term, and we then find (3) 

(3.6) y'^^2v^Lht (t»LA). 

The variance y^ is, therefore, proportional to the dispersion time 
t when this time is very large compared to the Lagrangian scale of 
turbulence. 


S. Asymptotic Forms for Small Dispersion Time 

Consider now the case when the interval of time t is small compared 
to the Lagrangian scale of turbulence. The correlation coefficient Rh{h) 
is then nearly equal to one in the integration interval of Eq. (3.3). 
Expanding the correlation function in a power series and taking into 
account its evenness, we find (3) 


RM = 1 


IF l_ _L ]}l ^ /d^«^Y 
2 ^\dtj '^24 ) 
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If we neglect the terms in h of an order liigher than tlie second, we liavc 


(3.7) 

where 


(3.8) 


R,(h) « 1 - 

J 1 Tdry ld-/?A(0) 

2 d/r 


is called the Lagra/igian microscale of iurhulcncc. 

We can now substitute Eq. (3.7) in Eq. (3.3), and we find at small 
dispersion times i the relation 


(3.9) 








When i is not onlj- small in comparison with L;., hut- also in comparison 
^vith 'Kh, the second term in the brackets becomes negligible compared to 
unity and (3) 

(3.10) (/«Xa). 

The variance y- is, therefore, proportional to the square of the dis- 
persion time I when this time is very small as compared with the Lagran- 
giau scale of turbulence. 


/i. General Case 

In the general case, when the dispersion time ( cannot be considered 
small or large as compared with the Lagrangian scale of turbulence, the 
variance y- as a function of i depends on the .shape of the correlation 
curve. We consider in this section some examples of correlation functions. 

To simplify the notation, wo introduce the nondimcnsional factor t, 
which is defined by the relation 

(3.11) 

and is called the disp^sion factor. This factor is proportional to the 
standard deviation V y-. The ratio 

(3.12) r = i- 

J->h 

is called the relative dispersion time. 

In this nondimensional form, Eq, (3.3) becomes 

L- = 2 (t — a)6i/,(a)da, 



(3.13) 
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where the correlation coefficient RhQi) is represented as a function of the 
ratio h/Lh by (Rh{h/Lh) = Rh(h). 

In the preceding two sections we have shown that independently of 
the shape of the correlation curve the variance (and, therefore, the 
dispersion factor i) is given for large t by Eq. (3.5) or (3.6), and for small t 
by Eq. (3.9) or (3.10). To investigate the variation of t as a function of 
T when T is not very large or very small compared to 1, we can try to 
represent the Lagrangian correlation curve by known functions, as is 
done in Fig. 12. The use of representative correlation functions is often 
convenient in the statistical analysis of random data, even if these func- 
tions do not satisfy all the theoretical requirements of a correlation 



Fig. 12. Examples of representative correlation functions. 

function of a continuous random variable (14). For instance, for some 
of the functions used here, the condition that the derivative at the origin 
be equal to zero (which follows from the differentiability and evenness of 
the correlation function) is not satisfied. We assume, in such a case, 
that the correlation function represents approximately the correct correla- 
tion curve for very small values of h/Lh. 

We shall now determine, for two examples of correlation functions, 
analytical expressions approximating the dependence of the dispersion 
factor on t and the limits of validity for the approximations. These 
limits are based on the assumption that the difference between the 
approximate value of l- and the exact value obtained with the complete 
correlation function [using Eq. (3.3) or (3.13)] should be no more than 
1 per cent of the correct value of t^. 

When the correlation function is 


(3.14) 
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we have the following solutions: 


(3.15a) 

0 < r < 0.2S 1= = tS 

/ 

- \ 

(3.15b) 

0.28 < r < 0.84 i- = \\ - 

TT o 1 o 

(3.15c) 

0.84 < r < 1.7 F- - 2rcrf ^^2 ") 

(3.15d) 

1.7 <r<G4.4 F = 2(^r 

-i> 

(3.15e) 1 

64.4 < T F = 2r. 


The second correlation function we 

want to t 




(3.16) 

6\h = exp 1 

ur 

for which 

we have the solutions 


(3.17a) 

0 < T < 0.030 

n A 

l* = T-, 

(3.17c) 

0.030 < r < 3.63 

F = 2[exi 

(3.17d) 

3.03 < r < 101 

F = 2(t • 

(3.17e) 

101 < T 

1 = = 2r. 

FiguiN 

2 S 13 and 14 represent the dispcr.sion fin 



Fig. 13. Variation of the dispersion factor i with the relative dispersion time 
T for the correlation functions of Fig. 12. 

tions as well as for the other correlation functions illustrated in Fig. 12. 
On the two figures, asymptotic values are traced witli light lines. These 
asymptotes illustrate the fact that for r small t is linear in r, as shown by 
Eq. (3.10), and for r large t- is linear in t, as shown bj” Eq. (3.5). 
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Fig. 14. Variation of with the relative dispersion time t for the correlation 
functions of Fig. 12. 

5. Measurement of Turbulence Characteristics Using Turbulent Diffusion 

In the preceding paragraphs we have determined the equations of 
turbulent diffusion when the characteristics of the turbulent field are, or 
can be assumed, known. Often we have the inverse problem: to deter- 
mine the characteristics of the turbulent field from measurements of 
turbulent diffusion. We shall show here how this problem can be 
treated using the above equations. We are still concerned with homo- 
geneous and isotropic turbulence, and we limit this problem here to the 
case of a stationary (nondecaying) turbulence in a fluid at rest. Since 
we refer to experimental measurements, we shall have to assume that the 
measured averages are equal to the ensemble averages used in the theory 
(cf. Section 11,1). 

The value of which is proportional to the turbulent energy, can be 
determined from the measurements at very small dispersion times by the 
use of Eq. (3.10). We have (3) 

(3.18) t;^=lim^ (t«\f). 

i->o t 

which sho\TO that the standard deviation 'V'v^ can be measured by the 
slope of V 7/2 (/) at small values of t. 

From the measurements made at very large dispersion times, we find 
(3) with Eq. (3.6) 
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( 3 . 19 ) Lh = l|ni ^ 

in which ^ can be replaced by its value given by (3. IS). 

Both Eqs. (3.5) and (3.6) give (3) 

(3.20) Lh = Hm ^ H » U) 

which shows that the Lagrangian scale of turbulence can be delerniincd 
from the slope of ip(/) at large values of /. 'i'hc two equations (3.19) and 

(3.20) are valid only for t » Lh\ however, the second one can lie used for 
smaller dispersion times than the first. We also notice that if we trace 
the line asymptotic to the curve p(/) at large (, its /-ititercopt will be the 

quantity — 2y- o!lh{a)da. 

If we differentiate Eq. (3.3) twice, we find (3) 

(3.21) Ih{i) = — 

The correlation curve can, therefore, be determined by double differ- 
entiation of the y-(i) curve after a* has been found from Eq. (3. IS). 

In practical applications the value of r- can lie found without too 
much difficulty by Eq. (3.18). The application of Eq. (3.21) is, however, 
much more difficult since calculating the second derivative from a graph 
is not as easy as reading off the slope. 

When the correlation function is known or is assumed in advance, 
graphic methods can be used to find v- and Lh by applying Eq. (3.13). 
One can represent sets of curves giving the rat io y-/v^ — l-Lk- as a func- 
tion of t for various values of Lh. After is comjnitcd with Eq. (3.18), 
the experimental curve for y-/i^ can be suiicrimposcd on these sets of 
curves and Lh can be evaluated. Another graphic method would bo to 
represent the curves t(T) in logarithmic coordinates and superimpose on 

these curves the experirnental Vp(0. A comparison of these curves 
would give the values of v- and Lh. 

IV. Mean Concentration Distribution Produced by a Point 

Source op Diffusion 

1. Turbulent Fluid at Rest 

Let us consider a turbulent fluid at rest, the turbulence being homo- 
geneous, isotropic and stationary, and let us assume that a large number 
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of fluid elements are concentrated at time t = 0 at the origin of a set of 
rectangular axes. After an interval of time t these fluid elements are 
dispersed in a cloud by the influence of the turbulent fluctuations. If the 
turbulence is homogeneous and isotropic, the cloud is spherically sym- 
metrical. In the preceding sections we have given the variance of the 
y-coordinates at time t, y^(t), for such a cloud of fluid elements as a func- 
tion of the characteristics of turbulence. The size of the cloud at any 
time t is described just by the value of this variance, or rather of its 
square root, the standard deviation V y^. We shall now investigate the 
distribution of fluid elements within the cloud. 

This distribution, assumed to be continuous, can be characterized at 
any given instant t by the probability of finding a fluid element at some 
point a,|S ,7 inside the small parallelepiped dx, dy, dz with one corner 
at the point x,y,z. Then the relative number of fluid elements in the 
volume dx dy dz at time t is Prob [x < a < x dx, y < ^ < y dy, 
z < 'i < z + dz\ = ^{x,y,z,t)dx dy dz. The function '^{x,y,z,t), called 
the probability density function, completely determines the distribution 


+ “ 

at time t. Obviously, jjj '^{x,y,z,t)dx dy dz — 1 for all t. 

— 00 


We assume 


at all times a three-dimensional Gaussian distribution and, therefore, 
a probability density function of the form '^{x,y,z,t) = exp 

{ — + z^)], where k depends on t. 

In order to determine k, we compute the variance y^ for this distribu- 
tion. We find 


and therefore 


y1 


+ “ 

/// 


— flO 


y'^'^{x,y,z,t)dx dy dz 



'^{x,y,z,t)dx dy dz 


_ 1 _ 

2k^’ 


(4.1) ■<i{x,y,z,t) = [l/(27ry2)?^] exp [-(x^ + y^ + z^)/(2y^)]. 


The last equation presents the assumed probability density function at 
time t in terms of the coordinates x,y,z, and the variance ^(t). 

The number (or mass) of fluid elements emitted at the initial moment 
is denoted by Qo- Sa{x,y,z,t) is the density or mean concentration of such 
elements at the point x,y,z and time t, measured in number (or mass) of 
fluid elements per unit of volume. Apparently when t = 0, so(x,y,z,0) = 0 
for any point x,y,z other than the origin, and 5o(0, 0,0,0) = oo. The 
number of fluid elements to be found in a volume element dx dy dz, after 



TURBULENT DIFFUSION 


So 


dispersion time i, is so{x, y,z,i)dx dy dz. Using Eq. (4.1), we have 


(4:.2) 


so{x,y,z,t) 

Qo 


dx dy dz 


dx dy dz 


exp 


-L(.r= + r + r=) • 
2y- J 


In this equation ?/" is to be regarded as a function of v-, Ihih) and / as 
given Eq. (3.3). 

2. Instantaneous Point Source of Dispersion in a Fluid Flow 

We shall now examine the case of di.spcrsion of fluid elements from a 
point source in a turbulent flow. If the axis Ox is taken jiarallcl to the 
direction of the mean velocity U of the flow, f.he coordinate .r in E'q. (4.2) 
should be replaced by (.r - Ut). 



Fio. to. Skolcli of the (nsi)cr.'<ioii wake of u conlimioas point scnirce showinp the 
svipcrposition of the diff\isin}; si))>ericai clo\ul8. 


To facilitate the treatment of the continuous point, source of di.sper- 
sion, in the next section, Ictus now assume that instead of an in.slanttineous 
point source, tve have one which emits Q fluid elements per unit of time. 
Then S{x,y,z,i\ — io)dtu, the mean concentration distribution at time /i 
duetotheemi.ssion of fluid elements during the interval of time (to, to d- dfo), 
is given by 


(4.3) 




— tn)dto 

_ Qdig 

(27rp)5i 


exp 


{[.r - U(ly - to)]- + y- + z"-\ 
2y- 


S. Conlinuous Point Source of Dispersion in a Fluid Flow 

Consider now the dispersion from a continuous source emitting 
steadily Q fluid elements per unit of time (IG). fl’lie dispersion wake of 
the continuous source can be considered the result of the superposition of 
an infinite number of diffusing spherical clouds which move with the mean 
velocity U (Fig. 15). The mean concentration at a point xpj,z and time 
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h is equal to the sum of the effects of the emission from — <» till ti, or 


(4.4) 


/. 


h _ 

S{x,y,z,ti — a)da 


=/: 


^ exp I - {[a; - U(h - a)V + I da. 


(27ry^)^i 


2y 


After introducing the variable dispersion time 13 = h — a, one finds 


(4.5) 


where 



B{x,y,z,ti — a)da 


/■“ ^ exD 

r (x - + y^ + ZH 

Jo 

1 

I 


y-i = 2v^ (jS - y)Rhiy)dy. 


d/?, 


Since the right-hand member of (4.5) does not contain ti, the mean 
concentration 

(4.6) six,y,z) = S{x,y,z,h - a)da 


is independent of the time U. 

Let us consider a plane perpendicular to the direction of the mean 
velocity U and placed at a distance x downstream of the point source. 
The average number of fluid elements which pass through an element of 
area dy dz of this plane during a unit of time is given by s{x,y,z) U dy dz. 
During this unit of time the source emits Q fluid elements. The quantity 


(4.7) 


s{x,y,z)U 

Q 



1 

(pyA 


exp 


(x — Uay + 4" 

2p _ 


da 


is the (relative) mean concentration flux distribution at the point x,y,z in 
the plane x. 


4. N ondimensional Distribution Function 


We shall now represent Eq. (4.7) in a nondimensional form. With this . 
representation it will be easier to examine the dependence of the mean 
concentration flux on the various parameters. We introduce new 
coordinates 


S = x/ULa, y = y/ULh, f = z/ULh, 


in which Lh is the Lagrangian scale of turbulence. The Lagrangian cor- 
relation function is again represented as a function of h/Lh by 

Sihih/Lh) = Rh(h), 

and the intensity of turbulence is given by 
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The distribution function is represented ns a function of tlic above 
coordinates by 

= V^‘UrW,y,z)U/Q]. 

With the nondimensional notation, Eff. (4.7) becomes 

(4.8) cv{k,-n,i) 


1 


(27r)5i7’' 


exp - 


where 


T" 1 

Jo t‘Xd) 

t=(i3) = 2 (0 - y)6\h(y)dy. 


2Th-{0) 


((^ - 0)- -}- V- + r-U d0, 


We see immediately that the mean concentration distribution, besides 
depending on the coordinates, is a function of 

(a) the shape of the Lagrangian correlation curve determined by the 
function (Ra(/i/L;.), 

(b) the intensity of turbidcnce T, and 

(c) the product ULi, of the mean velocity by the Lagrangian scale of 
turbulence. 

The mean concentration is independent of the time at which it is 
observed. 

In Eq. (4.8) ^ represents the distance downstream from the continuous 
source. We shall consider two cases: when the distance is large and when 
it is small, i.e., when ^ is respectively large and small compared to unity.^ 
In the first case the time availalile for the dispersion is large; in the second 
case the dispersion time is small. The relative magnitudes of these times 
depend on the shape of the Lagrangian correlation curve, as we lun’c 
shovm in Section III, 4. 


5. Large Distances from a Continuous Point Source 
When the dispersion time is large 

(4.9) Pir) = 2r 

and c^(0) = 2/3. Replacing P(0) in Eq. (4.8) by 20, we find after 
integration 

(4.10) MUn = exp 
where p = 

The validity of the small distance approximation (3.10) scorns more limited than 
that of the large distance one (3.0) because fferudvdi:, over any plane £ = const., 
diverges in the small distance case, but not in tl\c large distance case. 
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The dispersion factor t was determined neglecting the diffusion in the 
direction of the mean flow. The value of t corresponds to a one-dimen- 
sional case of diffusion. We now recompute i taking into account the 
three-dimensionality of the dispersion wake. The new dispersion factor 
la corresponds to the standard deviation for the mean concentration 
flux measured in a plane perpendicular to the direction of the mean 
velocity along a diameter passing through the dispersion axis OX. We 
have 

1 L°° n^Mlv,0)dv 

(4.11) ^ 

T2 <riiU,v,0)dv 

We now replace iru in the above equation by its value given in Eq. 
(4.10). Replacing the ratio v/^ in the two integrals by a hyperbolic sine 
and using the Schlafli transformation for the modified Bessel functions 

of the second kind, Kn{a) = /o“ exp ( — a cosh a) cosh (na)da, we find 


(4.12) 



Figure 16 represents 1 / as a function of ^/T^. Since the ratio of the first 
order Bessel function Ki to the zero order Bessel function Ko tends to one 



Fig. 16. Variation of the square of the dispersion factor (in units of 0 with 
for an instantaneous point source (t^), a continuous point source (la^), and for a con- 
tinuous line source (u^). 

'\ 

when their common argument tends to infinity, we have 
(4.13) lim ^ 2^ 

00 
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In the limit, therefore, we have a relation corresponding to the equation 
which Taylor has given (cf. Eq. 3.G) for the one-dimensional case. 

It should be noted tliat Eq. (1.12) is valid only wlien t is much larger 
than unity. On the other hand, when ^IT- is very large Eq. (1.12) is 
well represented by its asymptotic form (4.13). Equation (4.12) will, 
therefore be most useful when both $ and T arc large. 

An approximate formula can be given for case when 

7 ] and f are small compared with Developing (^ — r) in a scries and 
neglecting the high order terms, wc find from (4.10) Ihc approximate 
relation of Roberts [cf. (17)] 



which m any plane ^ = constant represents a Ctaussian mean concentra- 
tion distribution. 

6. Sv^all Distances Jro7n a Continuous Point Source 
When the distance from the source is sullicicntly small, 

(4.15) i(r) = r. 

After replacing t(/3) by /3 in Eq. (4.8) and performing the integration, 
we find 

(4.16) o'(;(^,7j,f) Yn pu ~o 7 fi exp 

p-i 



where + tj- -f f = and erfc(a) = 1 — (2/ \ r) exp ( — a-)(ia. 

Equation (4.16) can be simplified in some special cases. For instance, 
when the intensity of turbulence is small, the first term in the brackets 
may be neglected in comparison with the second term. If, in addition, 
T is small compared to the ratio $/p (the cosine of the angle between the 
dispersion axis and the line joining the point ($,ij,i:) to the source), we can 
simplify further by noting that erfc(fl) approaches 2 for positive 
Finally, for small values of 77 and f as compared to $ (and for small T), we 
find the simple relation 

( 4 - 17 ) ~ ~ 

which gives an approximate solution for positive 

A numerical application of Eq. (4.16) is shown in Fig. 17 for the case 
when the turbulent intensity is T = 0.5. Mean concentrations in the 
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planes containing the dispersion axis are given b 3 '- representing several 
iso-concentration curves {a-u = const.) using as coordinates ^ and 
§ = -x/tj- -h It should be noticed that with Eq. (4.16), we find 
upstream of the dispersion origin finite mean concentrations. 



Fig. 17. Mean concentration distribution in a plane containing the dispersion 
axis for small distances from a continuous point source and for an intensity of tur- 
bulence T = 0.5. 



Fig. 18. Mean concentration distributions in planes perpendicular to the mean 
velocity direction at small distances from a continuous point source. Compari- 
son between an approximate Gaussian distribution (for T <iC 1) and the distributions 
obtained with Eq. (4.16). 

While the approximate equation (4.17) yields a Gaussian distribution 
of mean concentrations in any plane ^ = constant, the Eq. (4.16) gives 
a non-Gaussian distribution. 

A comparison is made in Fig. 18 between the Gaussian mean concen- 
tration distribution in planes f = constant corresponding to the approxi- 
mate Eq. (4.17) and the distributions found using Eq. (4.16). The 
product is presented as a function of S/T^ for both equations. 
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These distributions arc represented for several values of the intcnsit.j' of 
turbulence for positive As we sec, llie difference between the rcsult-s 
obtained using the two equations become very large wlien the intensity of 
turbulence or the transverse distance 6 is large. 

7. A'pproximaic Soluiion for the Coiitinvous Point Source 

When the turbulent velocities arc small compared with the mean 
velocitjq it may be possible to neglect the diffusion in tlie mean velocitj' 
direction. We shall use this assumption, for a continuous point source 
emitting Q fluid elements per unit of time in a fluid flow with mean 
velocity U, to find approximate expressions for the mean concentration 



wake formed by disk cleincats assuming no difTiiaion in Ibo mean velocity direction 
(forr«l). 


distribution. All the fluid elements emitted during an interval of time 
{to, to + dio) will be found witliin a disk limited l)y two planes perpendicu- 
lar to the mean velocity direction and placed at any moment ti at dis- 
tances U(ti — to) and U{ti — to) + Udto downstream of the source. 
The dispersion wake of the continuous source is now assumed to bo 
formed by an infinite number of such disk elements placed one against 
another downstream of the source (Fig. 19). In Section IV, 3 the disper- 
sion wake was found as a result of the .superposition of an infinite number 
of spherical clouds. The mean concentration distribution in a disk cle- 
ment can be found using Eq. (4.2), which corresponds to one such spheri- 
cal cloud, by performing an integration from — oo to -foo with respect 
to X. We find as a result of this integration 


(4.18) 


~ 2Tn-{^)T- 


r + r 
2r{^yr- 


— 2 — a)6\h(,a)da. 


where 
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This approximate equation is useful for the whole range of positive ^ 
and represents a Gaussian mean concentration distribution in any plane 
f = constant. For the two cases of large and small distances from the 
source Eq. (4.18) leads to (4.14) and (4.17), respectively. For inter- 
mediate distances, the mean concentration distribution is a function of 



Fig. 20. Mean concentration distribution for a continuous point source in a plane 
containing the dispersion axis. Approximate solution for the case when the Lagran- 
gian correlation function is (Sa = exp [—irh'^/iiLh^)]. 



E 


Fig. 21. Mean concentration distribution for a continuous point source in a 
plane containing the dispersion axis. Approximate solutions for the case when 
(Ra = cos}[m/(m^ + l)](h/LA)}exp { + 1)]} with m = 4. 

the shape of the Lagrangian correlation curve. Figures 20 and 21 repre- 
sent mean concentration distributions for two particular correlation 
functions. Iso-concentration curves {uv — const.) are given for the 
plane containing the dispersion axis. Some of the curves traced on 
Fig. 21 present humps. This particular kind of iso-concentration curve 
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is obtained because this figure corresponds to the case when the correla- 
tion curve (Rhih) presents large negative values (cf. Fig. 12). 

S. Mean Concentration Dutribntion along the Dispersion Axis 

Expressions for the mean concentration distribution along the f-axis 
can be found by setting 17 = f = 0 in the expression for cro- given in the 
preceding sections. At large distances from the source 1 ) Etp (d.lO) 
can be used. For small distances from the source (^ « 1) Eq.s. (‘I.IO) 
and (4.17) may be applied, the latter being an approximate solution for 



-0.2 -0.1 0 0.1 0,2 0,3 04 0.5 0.6 


Fig. 22. ^fean concentration lU.'^tritiution nlonp the tli.'^pcrf'inn axis at .■’inall dis- 
tances from a continuous point .‘jourcc. Comparison of tlir .'ipproxitnalc and the 
e.xact solutions. 

small intensities of turbulence T. Figure 22 represents 'y’Vt;(^,0,0) as a 
funct’.on of ^ for the case of small The correct solution (-hlG) is 
represented by several curves, corrcs])onding to ditferent values of T, 
while the approximate Eq. (-I.]?) is represented by the single light curve. 

An approximate solution for the whole range of positive values is 
obtained from (4.18) with 7; = = 0. Tlie mean concentrat ion distribu- 

tion along the dispersion axis corresponding to this approximate equation 
is shown on Fig. 23. Curves representing 7’V[/($,0,0) for several shapes 
of the Lagrangian correlation curve arc traced as functions of It may 
be interesting to remark that for several experimental measurements 
made in the natural wind (17) the mean concentration along the disjicr- 
sion axis of a continuous point source is proportional to the distance from 
the source raised to the power —1.76. Some of the curves represented 
on Fig. 23 have, for small a slope corresponding closely’’ to such an 
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Fig. 23. Mean concentration distribution along the dispersion axis as a function 
of the distance from a continuous point source. Approximate solutions for several 
Lagrangian correlation functions. 

experimental result. We shall not, however, at this time try to attach 
any particular significance to this result. 


9. Mean Opacity 


In many experimental investigations one is concerned with the 
measurement of the outline of a dispersing cloud by a distant observer. 
We shall define as the mean opacity (18) the mean concentration 
integrated along the line of sight of the observer. For the case of an 
instantaneous point source, if one looks along a line in the z-direction, 
the mean opacity is just 


— /* + * 

N(,{x,y,t) = so{x,y,z,t)dz. 

Using Eq. (4.3), we find 


(4.19) 


No{x,y,t) =-^~exp 
2wy^ 


- -L (a;" + 7/2) 
2?/2 ^ \ 


For the same line of sight, the mean opacit}'’ of the turbulent wake of a 
continuous point source placed in a fluid flow is 


s{x,y,z)dz. 

It can easily be seen that the calculation of the mean opacity for a con- 
tinuous point' source is the same as the calculation of the mean concen- 
tration for an infinite linear source. We can, therefore, apply the results 
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for the infinite linear source, Avhich will be found in the next chapter, to 
obtain the mean opacity for a continuous point source. To .simplify tlic 
application of these results, we rewrite the last equation as follows: 

(4.20) ULh 

referring to the next section for the expressions reprc-scntcd by avj- 


V. Mean Concentration Distribution Produced ry an Infinite 

Line Source of Diffusion 


1. Nondimcnsional Dislnbufion Function 

Let us now consider the turbulent diffusion from a continuous linear 
source of infinite length emitting Qi fluid elements per unit of time and 
unit of length of the source. 7'he .T-axis is chosen parallel to the direction 
of the mean velocitj'- U, and the r-axis is aligned with the linear .source. 
We shall first consider the diffusion of tho.se elements which arc emitted 
during an interval of time (fa, to + dlo) from an element of length of the 
source (zo,Zq + dzo)- Tlien Bi(x.,ij,z — zo,ti — tn)dto'!zo, the mean concen- 
tration distribution at a point (;r,i/, 2 ) and at the time fj duo to these fluid 
elements, is given by (cf. Section 1V,2) 

(5.1) Bi{x,y,z - Zo,t\ “ io)dtodzo = exp 

~~ if’’’’ ~ ■“ + !/■ 

2y- 

The mean concentration distribution due to the continuous cmi.ssion of 
the infinitely long line source is obtained by integrating from — cc to /j 
for to and from — « to + w for zg. After performing this double integra- 
tion (cf. Section IV,3), we find that 



h{x,y) 


r + ” ri\ 

I / Si{x,y,z — 2(1, fi — (o)dtDdzo 

J — a, J — m 

(n~ — 4 - 

da 


Qi 


r« 1 

/ = exp 

(x — Ua)- -f ?/-' 

Jo y- 

L 2^2 


is independent of z and of h. Let us consider a plane perpendicular to 
the mean velocity direction placed at a distance x downstream, of the 
linear source. The average number of fluid elements per unit of time 
which pass through a rectangular element of area of unit length in the 
2 -direction, and of length dy in the ^-direction, is given by si{x,y)Udy. 
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The mean concentration distribution function, represented bj’' 
OU,l a,r,) = UU[h(x,y)U/Qi], 

is found to be 

(5.2) av,i{^,v) = 2^2 {- 2fh^) ~ 


where t^((8) ~ ^ ~ y)^h{‘y)dy. 

We note that (tv.i is directly related to the au given in Eq. (4,8) : 

(5.3) 


2. Large Distances from a Continuous Linear Source 

When the distance from the source is very large, we find, using Eqs. 
(4.10) and (5.3), 


dt. 


If exp (g - VC + V + D 

Changing the variables by introducing sinh^ <P = -h v^), and 

using the Schlafii transformation, we find after integration 

(5.4) <ruM,ri) = exp lU • 

We shall now determine the dispersion factor h, defined by 


- 

jp n'^<^u,ii^,v)dv 

Lhf 



just as the dispersion factor id was given in Eq. (4.11). n represents the 
standard deviation a / yr for the mean concentration measured along a 
line in the y-direction. 

After replacing cv.i in the last equation by the use of (5.4) and chang- 
ing the variables in the two integrals by setting i?/^ = sinh tp, we apply a 
Sonine transformation for Bessel functions of the second kind which can 
be written as 

JC„+i(ob) = {a"+V[2"b’'+W(w -1- 1)]} " IU{a v «' + b‘^)a^"+^da 

and we find 
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The last relation can be easily reduced to 

/ 2T-\ 

(5.5) iz- = 2^ (^1 + 

The dispersion factor t, for the linear source can non* be compared to 
the dispersion factor td for the point source as well as to t corresponding 
to the one-dimensional case of Taylor. These three dispersion factors 
are represented in Fig. 16 as functions of (he ratio ^/7'*. It sliould be 
again noted that the results given on this figure arc valid only at large 
distances from the source. 

When rj/^ and T are both small, then Eq. (5.-0 can be zipproximaled by 

*> “1 

■n- 

:ftr- ’ 

. I 

which is a Gaussian distribution in -q. 


(5.6) 




1 


2 Vxt T 


exp 


S. Siiiall Distances from a Continuous Linear , Source 

When the distance from a continuous linear source is sufficiently 
small, the mean concentration distribution is found with Eqs. (-l.S), 
(4.15), and (5.3), which give, after introduction of polar coordinates, 


( 2T-) jo ( TP ) 


f” 1 

_ J_ 1 

+ V' , 

t \ 

S 1 

/ exp 

Jo «- 

2 T~ 


2 - CSC If 1 

« /J 


When the integration is performed, we fincF 

exp 


(5.7) (ru,ii^,q) = L= — ^ 

2 V 27r T 


V e + V- 

1 v"- 


27’- -f 7?' 


ei 


fc( — L — J=Y 

V V 2 7’ % r- + v-J 


If V? and T are small, tliis equation can be simplified for positive $, 
to give 

(5.8) 


a,,ia,v) ^ - Jr—- exp f- -4ro 


V 27r 


27’- ^- 


® The restricted validity of this formula, and of otlicr.s referring to small distances 
was mentioned in a footnote on page 87. Successive integrations of a-i;(S,v,t) iir 
(4.8) first with respect to f, and then v, seem to aggravate the difficulty, because 
numerical calculations of o’u,i(b’j) = are less satisfactory than those of 

and, as noted on page 87, fftr[;(5,7?,r)ffrdr} is infinite. This point will ho dis- 
cussed further in a forthcoming paper by the author and B. A. Fleishman. 
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4 . Approximate Solution for the Whole Range of Distances from a 
Continuous Linear Source 

An approximate solution found for the mean concentration distribu- 
tion with Eqs. (4.18) and (5.3) is given by 

1 

This relation can be used for the whole range of positive values of ^ when 
both 7?/l and T are small compared to unity. For the two cases of large 
and small ^ (5.9) leads to (5.6) and (5.8), which have been already given. 

VI. Differential Equations of Diffusion and Statistical 
Theory of Turbulence 


(5.9) 


<rv,i{^,rD 


V27rdf)T 


exp 


1. Molecular Diffusion 

The law of molecular diffusion was first stated in 1855 by Fick (19). 
For the three-dimensional case of molecular diffusion this law is given as 
a partial differential equation 

(6.1) ^ = DV% 

( Q2 Q2 32 \ 

-h ^ j’ in which so is the mean concentration for the 

diffusing molecules at a point {x,y,z) and time t and D is the coefficient 
of molecular diffusion. 

In the case of an instantaneous point source of diffusion placed at the 
origin of the coordinates, the solution of (6.1) is given by 


( 6 . 2 ) 


§0 = const. 


1 

iDtff^ 


exp 


ADt 


The numerical value of the coefficient D depends on the nature of the 
diffusing fluid and on the nature of the fluid in which the process of 
diffusion takes place. When the differences between the two fluids can 
be neglected, the coefficient of molecular diffusion D can be related to 
the coefficient of kinematic viscosity v by the relation [cf. (20)] 

(6.3) D = ev, 

where € is a numerical coefficient. A simplified relation 


(6.4) 


D 


is also often used. The variance (cf. Section IV, 1) for the molecular 

diffusion is readily found from Eq. (6.2) to be 

(6.5) = 2Dt. 
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This variance is proportional to the dispersion time t. (In the above 
discussion the scale on whicli tlie dilTusion process takes place is much 
larger than the molecular magnitudes.) 

In the preceding chapters ivc have neglected the eflects of the molecu- 
lar agitation in comparison with the effects of turbulence. AVe sliall now 
compare these effects for the ca.se of an instantaneous point source. Wc 
call the variance of the dispersing cloud produced by both turbulence 



Fig. 24. Coinparlsoii of Uic vari.ancc.'! produced Iiy: inoleeular npit.'itiou 
alone, turbulence alone, and by molecular agitation and turbulence, 8imultaneou.«ly. 
This c.\amplc corresponds to the ca.se of small disjjersion time (t « Jjt,) nnd ^vhen 
■'/ijs = 5 cm. /see. 

and molecular agitation. A.ssuming that there is no correlation between 
the molecular agitation and the turbulent fluctuations, one finds (21,22) 

(6.6) y (q, //“lurli “b y'‘mo\* 

While y^moi is proportional to /, //-tuti, i-s expressed jis a function of. I by 
Eq. (3.3). When the di.spcrsion time is very snuill compared to the 
Lagrangian scale of_ turbulence (but large as compared to molecular 
magnitu^s) then y'\u,h ~ v’Hr and, therefore, 7/=„oi > y'\a,h as long as 
t < 2Dfv'\ A numerical comparison between 2/"moi and is made in 
Fig. 24. In this figure a coefficient of molecular diffusion 

!)«»' = 0.15 cm.Vsec. 

is used and a standard deviation of turbulent velocities V v- = 5 cm. /sec. 
As we see, the effects of molecular agit.ation on t.he dispersion arc not 
always negligible as compared to the eflects of turbulence; indeed, ivlien 
the dispersion process starts, the former eflect. is greater than the latter. 

Similar relations can be written for the dispersion of Brownian par- 
ticles in a turbulent fluid. The variance for the Brownian movement is 
expressed by Einstein’s equation (23), which is analogous to Eq. (6.5) 
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except that the coefficient of molecular diffusion is replaced by an appro- 
priate coefficient for the Browian diffusion. 


2. Fickian Law of Turbulent Diffusion and the Coefficient of Eddy Diffusion 

Extensive use is made, especially in the scientific literature on atmos- 
pheric turbulence, of differential equations to describe the process of 
turbulent diffusion. Let us, for instance, consider the instantaneous 
point source in a field of homogeneous and isotropic turbulence in a fluid 
at rest. It is rather widely believed that in this case the turbulent 
diffusion obe 5 ’'s the Fickian law of diffusion 


(6.7) 


dso(x,y,z,t) 

dt 


KV-so{x,y,z,t), 


in which S(i(x,y,z,t) is again the mean concentration at a point {x,y,z) and 
at an instant t, and K is a coefficient of eddy diffusion independent of the 
dispersion time. The character of the turbulent flow is often desci'ibed 
in the literature by the value of the coefficient K. Since (cf. Section 
IV,1) at i = 0, sq(0,0,0,0) = <» and so(x,y,z,0) = 0, and since 


40 r ^ 00 r eo 

/_ « i- « So(x,y, 2 ,Od.T dy dz = Qo, 
one finds for the solution of (6.7) 


( 6 . 8 ) so{x,y,2,t) 


x^ + y^ + z^ 


4Kt 


A similar equation was obtained using the statistical theory of turbulent 
diffusion [cf. (4.2)] and is rewritten here for comparison: 

(6.9) so{x,y,z,t) = — — exp 

(27ry2)’/6 

In this equation y"^ is a function of i expressed by 

t = 27^ (< - a)Eu{a)da. 

The two expressions on the right in (6.8) and (6.9) are identical when 
y^ = 2Kt. This functional relation between ^ and t exists only when 
the dispersion time t is very large compared to the Lagrangian scale of 
turbulence, in which case [cf. (3.6)] 


x~ + y^ + g^' 

27 


( 6 . 10 ) y^^2v% {t»LH) 

with r* = v^Lh. We call v* the turbulent viscosity. The Fickian law 
of diffusion (6.7) and its solution (6.8) are, therefore, valid for turbulent 
diffusion only for very large dispersion times {t Lh). 
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We shall consider the turbulent viscosity v* as a characleristic of llic 
turbulence, while in the value of the coefficient of cddj'' clifTusion K v,c 
shall include the effects of both turbulence and molecular agitation. 
Thus, 

(6.11) K = v* + D, 

which becomes K ~ i>* + v if Eq. (6.4) is applied. 


3. Factor of Tvrhttlcnl Diffusion 
We define as the factor of turbulent diffusion (24) the quant it}* 

( 6 . 12 ) ~ k'W ~ * * Jo 

a function of the dispersion time t. When t becomes very large compared 
to the Lagrangian scale of turbulence 

(6.13) lim n*(t) = V‘Lh = r*. 

« 

Upon differentiation of the equation for the mean concentration di.^Jlribu- 
tion (6.9), we find that it sati.sfic.s the differential equation 


(6.14) 


35 o(.t,?/, 2 ,/) 

dt 


n*mKMx,u,z,t) 


under the conditions that .vo(0,0,0,0) = sr<{x,}/,z,{)) = 0 and 

Qo •4* Qo r *4” w 

I / «o(.r,J/, 2 ,/)f/.r dif dz = Qa 

— 00 y— oo y— ee 

[cf. (2.5)]. IWiile the Fickian law of diffusion (6.7) is valid only for 
ty^Lh, Eq, (6.14), in which the constant K is replaced by the factor of 
turbulent diffusion n*{t), holds for the whole range of t values. 


4- Apparent Coefficient of Eddp Diffusion. 

The Fickian law of diffusion has been, and still is, used to determine 
coefficients of eddy diffusion K from experimental measurements, and 
numerical data for K are often quoted in the literature. In many experi- 
ments, for instance, in some meteorological investigations, the turbulent 
field cannot be considered homogeneous and isotropic and various laws 
are often given fcf. (17)] for the distribution of K in space. However, 
even for a homogeneous and isotropic turbulent field for Avhich the charac- 
teristics of turbulence are stationary in time, the values of K determined 
with Eqs. (6.7) and (6.8) will vary with the dispersion time at which the 
measurement is made, unless t » L,,. This variation has indeed been 
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noticed in some experimental investigations (17). Richardson (26,27) 
attributed this variation to the effects of eddies of increasing sizes when 
the dispersion time increases, using a differential equation which presents 
certain similarities with Eq. (6.14). 

The significance of those experimental values of K, quoted in the 
hterature, which have been obtained assuming the validity of Eq. (6.7), 
can be clarified by comparing again (6.8) with (6.9). An experimental 
determination of in a field of homogeneous, isotropic, and stationary 
turbulence, using Eq. (6.8), will be incorrect unless the dispersion time t 
is much larger than the quantity L*. Such an incorrect value measures, 
in fact, an apparent coefficient of eddy diffusion 

(6.15) Kt = 


We call the apparent turbulent viscosity the quantity 


(6.16) 


Vt 


2/^turb 



(t — a)Rh{a)da, 


which gives, with (6.5) and (6.6), 

(6.17) Kt = Vt* + D, 

or Kt « rj* + j> if the approximate relation (6.4) can be applied. 

RTien the effects of the molecular diffusion are neglected in compari- 
son with the effects of the turbulent diffusion, we shall have 


(6.18) I „ ^ = jLj' (, _ 

which can also be written as 


(6.19) 


K V* 2t' 


The ratio vt*/ v* is a function of the relative dispersion time r = t/Lh and 
of the shape of the Lagrangian correlation curve to which is related 
through Eq. (3.13). Figure 25 represents this ratio as a function of t for 
several correlation functions. 'i^Tien the dispersion time tends to infinity, 
the apparent turbulent viscosity vt* tends to v* = ^Lh- For some 
correlation curves vt* may become larger than v*. In such a case, the 
apparent coefficient of eddy diffusion Kt [as found by applying (6.7) or 
(6.8) under the assumption that K is independent of t] is larger than the 
real coefficient of eddy diffusion K. 
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T 

Fig. 25. Ratio of the apparent tnrhnlcnt viFcosity to tl»e real turliulent viscosity. 
Rlien the kinematic viscosity is neglected, v*/v* = Kt/K with A'l apparent, and K 
real, coefficients of eddj’ diffusion. 


Appendix 

A. The study of mean concentration distributions can i)c extended 
to the case of sources other than a point or line .source. In another paper 
(28) the author discusses the dispension of a .splierical cloud in a field of 
homogeneous and isotropic turbulence. At an initial time the dispensing 
fluid elements are uniformly distributed in the cloud and a time hi.story 
of mean concentration distribution along a radius of the cloud is then 
determined. 

B. We have investigated in this paper the turbulent diffusion in 
relation to coordinates which arc moving witlj a known mean veIoeit.v, 
whether this mean velocity is zero or not. We shall now briefiy discuss 
the turbulent diffusion in relation to coordinates which arc themselves 
carried by the turbulent motion. 

Let us consider at time 0 two fluid elements placed respectively at the 
origin of the coordinate axes and at the end of a vector lo from the origin. 
The vectorial di.stance 1(f) is a function of the dispersion time t. One can 
try to find the variances of the components of 1(0 by a similar method 
as the one used in Section However, instead of a simple Lagran- 

gian correlation coefficient between velocities of the same fluid element., 
one is now concerned with a correlation coefficient between velocities 
of two fluid elements. Tliis problem is investigated by Brier (29) for a 
one-dimensional diffusion problem. Brier studies the relation between 
the Lagrangian correlation for successive velocities of two fluid elements 
and the Eulerian correlation for successive velocities at two points. In a 
discussion of Kolmogoroff’s similarity theory Batchelor (30) uses the 
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diffusion relative to axes moving vdth the turbulent motion to extend the 
similarity theory to turbulent diffusion. The similarity theory for diffu- 
sion processes is also the subject of a paper by Inoue (31). 

C, The results found for mean concentration distributions in fields of 
homogeneous and isotropic turbulence can be extended to cases of homo- 
geneous nonisotropic turbulence. Let us consider the diff^ionjproc^s 
when Ril'’ Ril'", 9-^ w'^ and, therefore, 9 ^ 

Assuming that the probability density function referred to in Section 
IV, 1 .is at all times of the form 

\(/(x,y,z,t) — exp [ — -{- ki^y'^ -b 

we find easily that the function of x,y,z in Eq. (4.7) representing the 
mean concentration distribution due to a continuous point source should 
now be 


(A.1) 


s(x,y,z)U 

Q 


where 


U AB 
(2x)?^ jo 

- i {(a: - UaY -f AV -b BV] 
2x^ 


da 


A^ 



J_ 

52 


!!. 

x'^ 


Recalling the relation x^{a) = 2u^ (a — y)RtL'^iy)dy and the 

corresponding ones for and [cf. Eq. (3.3)], we see that, in general, 
A and B depend on a, and the integration with respect to a in Eq. (A.l) 
can be quite complicated, depending on how the corx’elation functions 
Ril' (t), i — u,v,w, depend on t. In the two cases of very large and very 
small distances from the dispersion source, however, A and B are con- 
stants and the integrand in (A.l) can be considerably simplified. One 
can, in fact, use for each of these cases the distribution functions, in terms 
of dimensionless variables, already given for the corresponding isotropic 
case, as well as the figures which represent these functions, provided the 
dimensionless variables are defined somewhat differently. 

For small distances from the source, i.e., when the distance is much 
smaller than each of the three component Lagrangian scales of turbulence 
multiplied by_the mean velocity: x = Ut <^LtL'U, i = u,v,w, we recall 
that x'^it) ~ uH^ and there are similar expressions for "y^ and It 
follows then that 




and ~ = 
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where Tr = V^VC/, i = are the component intensities of 

turbulence, and it is easilj’’ seen, after setting /3 = or/L,//' in Eq. (A.l), 
that Eqs. (4.16) and (4.17), as well as Figs. 17, IS, and 22, are applicable to 
the nonisotropic case if we define t], f as follows: 


t = 
S 


X 


UL 


IJIL 


T,.!/ 

^ " u'j\Lu: 


f = 


T - 

i ti< 


UTM,y 


and we substitute 7’„ for T. 

When we consider large distances from the source, i.e., when 

X — Utyi> ULit', 

i = n,v,w, wo have x-(() « 

^4- = jind B- = = ! 

v-Imu^ xv-Liir 

and Eqs. (4.10) and (4.14) are valid for the nonisotropic case provided 


t 

s 


.T 


V = 


TuU 


i\u VLir:‘Lt,^ 


I Lti. 


T - 


T,rL’ 


and Tu is substituted for 7 
way; i.e 


crudijd^ = ^ (lydz. 


In both cases au is defined in the natural 
This means that the relation between 


(Tu and s varies, depending in each case on the definitions of tj and f in 
terms of ?/ and z. 

D. Numerous theoretical investigations of turbulent difl'usion in a 
nonhomogencous field of flow have been made in connection with appli- 
cations to meteorology and arc summarized in a monograph by 
Sutton (32). These studies arc, in general, based on the Fickian law of 
diffusion with a diffusion coefficient whose value ma}'’ vary in space, but 
is independent of the dispersion time. For this reason the strict applica- 
tion of the results is somewhat limited. In manj’- cases, however, it may 
be possible to find more general solutions for a nonhomogeneous field 
of turbulence. 
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plane shock advances into still air noth a velocity parallel to a plane 
wall and strikes a bend of contour y = f(x') in the wall (Fig. 1). As a 
consequence, the flow behind the shock will be disturbed and, in general, 
rotational, while the air in front remains at rest (vdth respect to the 
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Fig. 1 


wall). To find the general solution of such a nonlinear problem has not 
yet been possible, although many interesting shock tube experiments are 
available. 

It is well known that the shock reflection due to the presence of the 
bend may be either a regular reflection (Fig. 2) or a Mach reflection 
(Fig. 3), with the presence of a three-shock configuration and a discon- 
tinuity surface known as slipstream. 





When the angle of incidence wo is less than a certain “extreme angle” 
regular reflection is possible. If wo > Mach reflection occurs. 
The value of the extreme angle depends on the pressure ratio Po/p 
across the shock (1), as indicated in Fig. 5. 
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To simplify the blast problem, assumptions can be made that permit 
the introduction of a small parameter e and make it possible to form a 
linearized theory. This can be achieved b}'^ making anj’’ one of the follow- 
ing three assumptions : 


1 . 


The shock is very weak, i.e., 



0(6), while the bend may be 


arbitrary. From Fig. 5 it is clear that regular reflection is po.ssiblc for 
anj’" angle of incidence. In first approximation the flow is irrolalional. 

2. The bend (or the protuberance) is very shallow, i.e., (he slope 
f'(x') = 0(6), while the shock strength may be arbitrary. Then, in 
general, Mach reflection will occur, because ojo is nearly 00° (to start 


OJo 




with). A detailed thcoiy shows that the reflected shock is very weak 
and a .slipstream exists, although not in a mathematical, ncvcrthelc.ss in a 
physical sense. 

3. The bend forms an almost vertical wall, i.e., the slope 

/'(.^•') = I - 0(6). 

Again the shock strength may be arbitrary. Then wo is very small, and 
it can be seen that a regular reflection approaching a head-on reflection 
occurs. 

These three cases can be illustrated by Figs. 2, 3, and 4. 

The problem of a weak shock passing over a corner of finite angle has 
been solved by Keller and Blank (2), who applied the principles of optics. 

Case 2 has first been treated by Bargmann (3) ivho used the simplifica- 
tion of irrotational flow which is not valid for strong shocks. 

Cases 2 and 3 have been treated by Lighthill (4,5), and by Ting and 
Ludloll (6). Lighthill’s derivations are restricted to wedges because the 
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conical field transformation is used which is an essential element of his 
method. Furthermore, his procedure leads to final results which are not 
obtained in closed analytic form and are represented in a coordinate 
space Avhose relation to the physical space is quite complicated. There- 
fore, a different approach developed by Gardner, Ludloff, and Ting (6,7) 
will be presented in the following considerations. This approach, in 
which hyperbolic equations are used throughout, is more direct, and the 
results obtained are more general. Shocks passing over fiat surfaces of 
arbitrar}’" shape can be dealt vith in such a manner that closed anal 3 ''tic 
expressions result for the pressure and density fields in the whole domain 
behind the advancing shock front. Comparisons with shock tube 
experiments can be readily carried out, and interesting details about the 
nature of the “slipstream” occurring with the Mach reflection of the 
shock can be determined. 

II. The Diffraction of Vert Weak Shocks around Wedges of 

Arbitrary Angle 

1. Statement of the Problem 

If a weak, plane compression wave advances into still air, the whole 
velocity and pressure field behind the advancing front maj’- be considered 
a small perturbation away from the state of rest. Therefore the velocity 
potential (p, the pressure p and the density p may be written : 

^ == e • p = Po -f e • and p = po -f e • p^^\ 

wherein = — po • follondng from Euler’s equations. 

<P as well as p obej'' the wave equation, which is the linearized approxi- 
mation of the time dependent equation of motion. Thus, for two dimen- 
sional flow: 

(1-1) Px.^» + p„„(» - i p«”^ = 0. 

Assume that a plane front approaches a wedge of arbitrary vertex 
angle 2$ and is parallel to its edge, as indicated in Fig. 6. 

B}"" introducing the polar angle 0 = arg (x -f- iy), the boundary condition 
on the walls of the wedge 6 = +$ is = 0 for all times t: thus: 

(1-2) p„<» = 0. 

since weak waves are being considered, it is implied that the form 
of - fie wave front at any time can be constructed by Huj’’ghens’ principle 
as the envelope of circular wavelets which originate from the configura- 
tion at a prior instant, in particular at the instant of contact with any 
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wall or corner -which may be in the palli of the advancing wave. Hence 
plane fronts move with sound velocity c along their normal (“ray'’) and 
are reflected by infinite plane walls according to the law of reflection. 
At the instant, say t = 0, the front strikes the edge of the wedge, a 
diffracted cylindrical surface is produced, the axis of the c.ylinder being 
the edge. At all later times, the configuration of surfaces is similar to 
that in Fig. G, and the scale is determined b}' the radius of the cjdinder 
r = cl. 

As a supplement to Hu 3 'ghcns’ principle it must be required that the 
total energ}' concentrated in the whole wave front remain constant and 


/-* 



independent of time. Our wave fronts arc pressure pulses with a di.s- 
continuit}’- [p] = e • across the moving surface. Suppose that 
dSo{to) and dS(t) are corresponding small elements of this surface at 
subsequent instants, which arc cut out bj' a set of raj’s pa.ssing through a 
small closed curve forming the boundary of dSo nr dS. Corrcspondinglj', 
let [p(0)] and [p] be the values of the discontinuity on dSo and on dS, 
Then the above stated energj’- requirement stipulates: 



Equation (1.3) permits [/;] to be computed from [p(0)] on the same 
ra}"-, once the motion of the discontinuitj'^ surface is known. From this 
it follows that the discontinuitj'- [p] does not change, so long as the plane 
discontinuity surface moves parallel to itself, [p] also staj’-s the same 
when the discontinuitj’- surface is reflected from a plane wall; it is easily 
seen that the reflected wave must be a compression wave of the same 
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intensity to make the particle velocity behind the reflected front parallel 
to the wall. When a cylindrical surface arises, the magnitude of [p] 
follows again from Eq. (1.3). Since all the rays reaching the cylinder 
come from the axis, where dSo = 0, [p] on the cylinder must be zero. 

Therefore, assuming the pressure discontinuity across the incident 
shock to be [p] = e • 1, the boundary conditions for the domain of diffrac- 
tion are as follows; Behind the incident shock = 1, behind the 
reflected shock, i.e., in the “triangular” regions p^*^ = 2, on the wedge 
surface p„^i^ = 0. From these values, p^^^ inside the circular sector 
can be determined. 


2. The Conical Flow Method 

Consider the configuration of Fig. 6 in an xpi-space. The circle of 
that figure describes a cone, and the lines describe planes. Clearly, the 
boundary values of p on the cone are constant along each generator. 
The boundary condition is also constant on the wedge surface. Since 
the vertex of the cone coincides with the coordinate origin, the desired 
solution of (1.1) can depend only on cr = x/ci and rj = y/ct. 

The conical character of this field suggests a reduction of the number 
of dimensions of the problem. Introducing the conical coordinates c and 
% Eq. (1.1) may be reduced by means of Busemann’s transformation (8) 


( 2 . 1 ) 


(0-2 -f 

1 + (1 - (T^ - 


6 = tan~^ - 
<r 


so that (1.1) becomes Laplace’s equation in the “polar coordinates” p, 6: 



with the solution 


(2.3) pW = Im{f{z)} 

where f(z) is an analytic function of z = p • e’®. 

Thus, the cone (x^ -f- < ct is mapped into the unit circle p < 1. 

The problem is reduced to that of finding a function /, analytic in an 

appropriate sector of the unit circle with prescribed boundary values of 
the imaginary part of / or its derivative. To be more specific, the 
boundary conditions are; 

Pn^^^ = 0 on 0 < p < 1, 6 = ^ and B ~ 2ir — 4'; 

(2.4) p(i> = 2 on p = 1, # < 0 < 2$ and 2ir — 2^ < 6 < 

pd) = 1 on p = 1, 24> < 0 < 27r — 2#. 
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To solve for p, the exterior of the vedge in the z-plane is mapped into 
the upper lialf of the w-plane by the transformation : 

la = f • c’" = (c”’’’' • 2)\ where X = 7r/(27r — 2fl>), 

In this waj’’, the circular sector in which p is to be determined becomes 
a semicircle in the la-plane with p„^’^ = 0 on the diameter (into which tlie 
sides of the wedge transform). By the reflection principle, p may be 
extended into the whole circle so that a boundary value problem defined 
in the unit circle results. 


S. The Solulion 

TliiES, a harmonic function p with piecewise constant Iioundary values 
has to be determined. Tlie solution ma.v be obtained as the sum of 
expressions which take on a sjiccified constant value, 1, on one arc 
of the circle, the value zero on tiie rest of the circumference. The solu- 
tion of this latter problem cati be readily given in geometrical terms, as 
indicated in Fig. 7. 



Suppose the points c’"‘ and c’“’ in the ic-planc correspond to the points 
and in the 2 -plane, at which the prescribed boundary values 


— 


— W] 


of p change discontinuously. Then, the expression - 

. . ^ " j 

satisfies obviously the required boundarj’- conditions, because Avhen 
the field point P moves on the circumference, ur becomes — ■ or 

depending on whether P lies on the upper or lower arc AB 


T -b 


£02 — Oil 
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^espectivel 3 ^ It is not hard to show that 


(3.1) 




u >2 — 1 _ w — exp(iM 2 )l 

2 ~ IT — exp(2a3i) I 



which is clearly the imaginary part of an analytic function of w and z, and 
thus fulfils also the Laplace equation. 



Fig. 8 


By composing two expressions of the type (3.1) in an appropriate 
manner, all the boundarj'- conditions (2.4) can be fulfilled. In the real 
variables p and 9 the final solution may be written: 


(3.2) = 


TV 


(1 — p-^) cos Xtt 

■(1 + p-^) sin Xtt — 2p^ sin X(^ — tt) 


TT 


— (1 — p-^) cos Xtt 

(1 + p~^) sin Xtt — 2p^ • sin X{6 — tt) 


The constant pressure curves in the domain behind the diffracted front, 
which follow from (3.2), are plotted in Fig. 8. Satisfactory agreement 
with shock tube interferograms has been obtained. 
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III. Pressure and Dexsitv Fields behind Bl.\sts Advancing o^ er 
Arbitrary Flat Surfaces (G,7) 

1. Analytic Formvlation of the Problem 

Assume tliai an originally plane shock front of given intensity (strong 
or weak) advances over the surface /(x') of a given flat structure (or a 
given thin airfoil) into still air of density po and pressure I\ (see Fig. 1). 
The velocity of the shock may be L'o, and the .speed of the air behind the 
shock (C/'o - U), its density and prc.ssurc there p and p. Tlic length of 
the wall disturbance (or the chord of the air foil) may be 1. At the time 
t = Q, the shock may strike the leading edge x' = 0. If the inclination 
of the body surface /'(x') with regard to the direction of propagation of 
the shock is small, the shock front will end perpendicularly on the surface 
at any instant so that a curved .shock front results and a .shock configura- 
tion which may be interpreted as i\Iach reflection. Due to the curvature 
of the shock, the flow behind the difi'racted part of the shock will be 
rotational, and, for sufficiently strong blasts, supersonic with regard to 
the body surface. Figures 9(a) and 9(b) repre.scnt conditions behind 
the advancing shock front depending on whether the air flow behind the 
shock is subsonic or supersonic relative to the obstacle. In either case, 
the time history of the difi'raction is depicted in an xi/Z-spacc, so that every 
cro.ss section of the figure rcprc-sents the domain of disturbance at a given 
instant f, after the incident shock hit the leading edge of the obstacle, and 
a disturbance has spread with sound speed throughout domain II up to 
the circular reflected shock. The coordinate system, .v,y,t, is to be fixed in 
the imdistiirbcd flow behind the shock, i.c., in the flow occurring in domain I. 
With regard to this system, the leading edge and the whole body surface 
f{x') is moving to the left,* the shock i.s moving to the right. In the 
subsonic case (a), the leading edge of the disturbance moves more slowly, 
in the supersonic case (b) faster than the perturbation produced by the 
shock diffraction. Therefore, in the latter case, domain III has been 
disturbed by the leading edge only, but 1ms not been reached by the 
shock disturbance. Hence, here Ackcret’s formulas of stationaiy, 
supersonic flow apply. 

The field in domain II is cleaiij'- nonstationary and ma}’ be treated 
as a time dependent perturbation away from the state of (relative) rest 
existing in domain I. The basic .system is the pressure field due to the 
advancing plane shock front (strong or weak). Upon this field a pertur- 
bation produced by the slight inclination of the structure (or of the airfoil) 
and by the changing small shock diffraction is superposed. A linearized 

‘ Note that the system x',y,t is fixed in the wall. 
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theory can be derived, based upon an expansion in terms of a parameter e, 
which can be interpreted as the thickness ratio of the wall disturbance 
(or of the airfoil). 



y 



a. The Linearized Differential Equations. The differential equations 
determining the two-dimensional, unsteady, rotational flow behind the 
shock in domain II are : 

The continuity equation : 

Pi + {pu)x + {pv)y = 0 , 
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the equations of motion : 

Dn 1 Dv 1 

(1-1) M 73i“ “p"' 

and the adiabatic relation ; 



resulting from the assumption ilmt both viscosity and lieat conduction 
are negligible. 

Now expand p, p, v, and v in terms of e: 

P = P -f e • + e- * V^‘K^;y,0 -f ' * ' 

(1.2) p = P + e • p('>(.T,7/,0 + £- • p«->(.r,//,/) -}-••• 

7t = 6 • R<'>(.T,?/,0 +£-• ■!/(=> (.T, 7/,/) + • • • 

1, = c • v^'^(x,y,f) + €- • -}-••• 

If (1.2) is inserted in (1.1) and the coctneients of like powers of e arc 
equated, Eqs. (1.1) become, in first approximation; 

(1.3) + P = 0, 

(1.4) R • = -v/'\ 

(1.5) = -7V'\ 

(l.G) 7'/” = c* • p,<'>. 

Elimination of three out of the four unknown functions yields 

(1.7) = + 

and 

(1.8) I (Dp) = 0 


where g denotes either or p^’h 

It is now nece.ssary to find two initial conditions and one boundaiy 
condition for to single out a unique solution satisfying the wave 
equation (1.7). 

b. The Boundary and Initial Conditions. On the incident shock 
front: Relative to the undisturbed flow behind the shock, the air in 
front of the shock and the Avail are moving with the constant velocity 
— (t/o — U), Avhile the undisturbed shock front moves Avith the veloc- 
ity + t/. 

The disturbed shock front may be expressed by the equation ; 

(1-9) .T = Vt + e- + 0(e=). 
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Then, in order e\ the conservation of mass, momentum, and energy 
across the shock requires 

✓ TTO TtTT^ TyTT (Uo - U\ , 


( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 

(1.13) 


T 

7 — 1 


U2 . p(i) _ = -RU 

C/2 .p(i) _ 2RUu^^^ = 0, 


7-1 


By the use of the equations of motion for eliminating and 

a boundary condition for p alone can be formulated. At x = Ut, 


(1.14) = 


i)./ 2 )|p(i)(^ =m,y>0,t)} = 0, 


where is a linear, second order differential operator in x and t with 

known coefficients in terms of ilf = U/e and y. 

The boundary condition on the wall is, in first approximation. 


(1.15) v(x <m,y = 0, t) = (C/o - U)fix + [Uo - U]t), 


where ' means differentiation with respect to the whole argument. By 
combining Eq. (1.5) with the preceding equation, a boundary condition 
for p’-^'> can be derived 

(1.16) =^ <Ut,y ^ 0, t) = -R{Uo - Uy -/"(x + [Uo - U]t). 

At the point of intersection of the shock front and the wall, i.e., at 
X = Ut, y = 0, both (1.14) and (1.16) hold. , By combining (1.16) with 
the shock relations, there results 

(1.17) =^ lim p,(i)(x =Ut,y>0,t)= RUUo -f'iUot), 

v~*0* 7 "T t 

while (1.16) implies: 

(1.16a)=' lim p^^^ix <Ut,y = 0, /) = -R{Uo - UY ■f'iUot). 

x-^Ut- 

This indicates that in general py-^'> has a singularity at this point; but 
itself turns out to be regular. In the case of a wedge {f" = 0), this 
singularity does not come into play. 

Since the disturbance which spreads, after the shock strikes the lead- 
ing edge, is small, the boundary line separating the disturbed region II 
from the undisturbed region I (or from III, in case this region exists) is, 
except for terms of 0(e), the Mach circle. Hence it must be required 
that on the outer side of the Mach circle, i.e., at r == (c/)+, = 0 along 
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domain II, and along domain III. It can be shown that 

this is equivalent to prescribing ; 

(1.18) * 7^^” 0, as \/x- + ?/-—» <» . 

Then the form of the solution of the wave equation, as a.ssumcd in III, 
2 and III, 3 can be shown automatically to vanish in the whole domain I, 
i.e., to fulfil the original conditions and, moreover, to represent a prc.ssurc 
distribution which is continuous acro.ss the hlach circle, so that the 
reflected shock is of 0(£-). 

Obviously, the two initial conditions are: 

(1.19) * < Ul, y > 0, / > 0) = 0, 

( 1 . 20 ) * !l > 0 , / > 0 ) = 0 . 

The equations with asterisks summarize the analytical formulation 
of the problem. 

2. The Solution Procedure, Explained Jor the Case of ^^cdium Shock 

Strength 

a. Restatement of the Problem. Although the solution of the problem 
stated in the previous section will be given later on for any .shock .strength, 
it is instructive to outline the .solution procedure first for .shocks of 
medium strength, based on an ONR report by Gardner and Ludloff, 
written in 1948 (7). This method, which contains the main idea in a 
simple fashion, was afterwards extended to the case of strong shocks 
in the thesis of Ting (G), and to the case of head-on collision of shocks in 
the thesis of Friedman (9). 

Assume that the incident shock is sufliciently weak so that the velocity 
field downstream of the curved part (i.e., the Mach stem) of the shock 
may be considered irrotational. Then, the time dependent flow in 
domain II can be represented bj’’ a disturbance velocity potential 
which obeys the wave equation. 

( 2 . 1 ) ~ ^ = 0 , 

the derivation being analogous to that of Eq. (1.7). 

Noav the boundary conditions have to be formulated in terms of 
Along the incident shock front, the conservation laws (1.10) to (1.13) 
can be simplified and degenerate. Since for shocks which are not strone 
U — U ' 

— = ?n«l, the right-hand terms of Eqs. (1.10) and (1.13) are, 

obviously, of 0(m ■ e), and can be neglected in comparison with the left- 
hand terms which can be shown to be all of the same 0(e). Similarly, 
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either term in Eq. (1.12) is of 0 (ot • e) and can be disregarded. Thus the 
conservation laws can be written as follows : 

= 0, 

(2.2) (c^ + t/2)p(» - 272?7Mfi> = 0, 

c' • ( -^ = 0. 

\7 - 1 T - 1/ 

If now also on the left-hand sides terms of 0 (ot • e) are neglected, the 
three equations turn out to be identical; hence, after introducing 

(2.3) +K-C- = 0 

where K = 2M /I -j- and M = U/c, the Mach number of the shock. 

The first order Eq. (2.3) corresponds to the second-order Eq. (1.14) 
of the general problem.® 

On the surface of the body the condition prescribing the direction of 
the velocity is, in accordance with (1.15) 

(2.4) < Ut,0,t) = Mw ■ c - fix -f Mw • ct) 

here Mw = — — is the Mach number of the Avail relative to the air 

c 

behind the shock. 

It is convenient to restate the problem, in terms of the function 

(2.5) X = + Kc<px'-^'>. 

Then 

(2.6) D.E: Dx = 0, 

(2.7) B.C.: On x = Ut, y > 0, x = 0, 

On y = 0, X < Ut, 

(2.8) Xj, = Mwc\K + Mw) -fix -f- Mw ■ ct). 

b. The Lorentz Transformation and "Reflection.” The boundary con- 
ditions may be better visualized, if the problem is represented in an 
xyt-space. As shoAvn in Fig. 10(A), condition (2.8) is prescribed on the 
plane y = 0, Avhile condition (2.7) is stipulated on the plane x = Ut which 
is perpendicular to the first plane. 

This situation suggests the application of a Lorentz transformation of 
the coordinates which is known to leave the wave equation invariant 
and amounts to a rotation of the coordinate system about the 7/-axis, as 
in Fig. 10(B). 

“ It will be shown in Section IV, Eq. (2.11) that the boundary condition (1.14) is 
equivalent to two relations of the first order, one of which is (2.3). The other relation 
is disregarded in the present simplified scheme. 



If 

(2.9) 

Then 
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X 


X — M • cl 7 cl — il/ ‘ X _ 

(1 - - (1 _ ,1/2) H- J ■> 


(2.10) D.E‘. Dx = 0. 

(2.11) B.C.: On X = 0, y > Q, X - 0. 

(2.12) On y = Oj ^ 9j Xu == nC-(K + j\f w)f"{o • x b -1), 


■where 

(2.13) 


1 + il/ • il/ir , +■ 

“ (1 ~ (1 - 


R = M. 


The condition x = 0 on x = 0 .suggests a “rcncolion of tlie boundary 
condition” in such a manner that Xu ^>g prescribed in the whole x?-planc, 


y y K 



(Q 


Fig. 10 


i.e., also for x > 0. Sec Fig. 10(C). This extension of the definition of 
Xu into the domain of positive x must be chosen in a way tliat guarantees 
the fulfillment of B.C. (2.11). This is achieved by rerjuiring for x > 0 

(2-14) x{x,y~t) = ~x{-x,y,i) 

■which contains (2.11) as a special ca.se. 

Needless to say, the extension of x into the domain of positive x has as 
little physical meaning as any image method, but. serves merely the 
purpose that both B.C.’s are prescribed in one plane, which is a pre- 
requisite for the solution procedure outlined in the next section (2,c), 
Thus: 


(2.15) For y = 0, X < 0: Xu = M,yc”-{K -f fi/,r)/”(ox + hi), 

(2.16) for jl = 0, X > 0: Xu = -}- M,y)f"i-ax -f ht). 

Note that the singularity of Xu nt x = 0, y = 0 corresponds to the 
singularity of expressed in Eqs. (1.16a) and (1.17). 
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c. The Possio Integral} A solution of the wave equation fulfilling 
(2.15) and (2.16) can be expressed as the potential of what have been 
called “temporary sources,” distributed over the Xjf-plane. Since the 
potential at x,y,l of a “source” of intensity g located at ($,o,t) is 

g{^,r)/{{t - tY - (x - ay - 

the potential of a “source distribution” becomes: 

(2.17) xi.x,y,t) = --f ^)2 _ y^]W 

It has been shown by many authors that if x is represented in this man- 
ner, then 

(2.17a) lim Xyix,y,t) = -rr ■ g(x,l). 

The domain of integration H is that region of the ?,T-plane, in which the 
denominator is real. This is the hyperbolic area {t — t) > [(x — 

+ y'^Y^, which is obtained by intersecting the fore cone whose vertex is 



at X, y, t Avith the f,T-plane (see Fig. 11). It is readily seen that only 
points inside the so defined ^,T-domain may contribute to a disturbance 
at the point {x,y,t). On the other hand, the contributing points are 
limited to the area, in AA^hich g, i.e., f'{ + ax + bt) is different from zero. 
Thus, a sector of the hyperbolic area is cut out. 

As the value of the “source strength” Xv assumes a different form for 
positive and negative x, the integral may be split into tAvo parts to be 
evaluated separately: 

^ Possio, C., Acta Pont. Acad. Sci., 1, 93-105 (1937); also refs. 10 and 11. 
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(2.18) - E J dT L ,j2j.H 


+ R 




d^ fTT 

f>0 1(^ 


n-a-^-hh-cr) 

- ry- -ix~ 5)2 _ ^2j} 


here R = ~ My^-c-{R + Mxv). 

TT 

d. Solution for The preceding considcration.s dcmonslrato how 
solutions can be obtained b}' niean.s of the Pos.sio representation. Actu- 
ally not X. but is desired. But the boundary value problem for 
can be immediately deduced from that for x- Returning to phy.sical 
coordinates, (2.1), (2.3), and (2.IG) imply: 


(2.1) D.E: = 0. 

B.C.: For y = 0, x < Ut, 

(2.4) = Mk • c -/'(x -j- • d). 

For y = 0, x > Ul, 

(2.19) + K • c(v5,), = -M^c-{K -h jlf „-).f"(d(^ • d - .t]), 


where d = 


1 + 2iViV»- + M- 

1 - M- 


and /3 = 


2i1/ -b .1/,,- -f M-M,y 

1 -b 2.V.l/„- -b M- 


Condition (2.19) is given as a differential equation of the fir.st order in 
X and t for which has to be supplemented by a boundar}’ condition 
expressing the continuity of at .t = Ul: 

(2.20) lim = lim 

X » t/(* X *» 

This yields finally the condition for y = 0, .t > Ut: 

(2.21) = B • cf'(d[0 • d - x]) -b (ilfu- - B)cf'{D{K • d - .r]). 

Here B and D are simple linear combinations of M and il/„-. Further- 
more, for weak shocks M „• « 1 and M < K < ^ < 1. 

From the preceding information can be expressed as a Possio 
integral with a distribution of “source inlcnsitics" over (he plane 
y ~ si^'^an by (2.4) and (2.21). It will be seen that three domains 
exist in which (v5„(’^)y„o is ditTcrent from zero. Note that, since f{u) 
describes the wall contour, it = 0 fixes the leading edge (whatever the 
meaning of u may be), and for negative w, / ^ 0. While x = • ct 

describes the motion of the real leading edge (of the wall disturbance), 
X - A • cl and x = ^ ■ d indicate the motions of two “fictitious leading 
edges which are obtained from the real one by the “reflection pro- 
cedure These three lines in the .x,Mane, separate three domains in 
wnich {(py)y.^Q assumes the following values 
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—Mw ■ ct < X < M ■ ct: {<Pu'-^'>)y=o = Mw ■ c - fix + Mw ■ ct), 

M -ct <x <K-ct: = B-c -fidlp ■ ct - a;]) 

(2.22) + (Mir - B)c -f'iDlK ■ ct - x]), 

K ■ ct < X < p ■ ct: {(Pu^^'^)v=o = B ■ c -f'idlP ■ ct — xj). 

Upon substitution of these values into the Possio integral, (p'-^'>{x,y,t) can 
be considered derived for any wall contour /(%). 

In the special case of a shock passing over a wedge, the expression for 
the pressure becomes identical with Bargmann’s well-known result (3) 
derived by the use of the conical field transformation. 


3. The Analytic Solution for Arbitrary Shock Strength 

a. The Lorentz Transformation. As pointed out before, the moving 
plane x = Ut, at which the complicated boundary condition (1.14) is 
prescribed, can be reduced to rest at the origin by application of the 
Lorentz transformation (2.9). In Lorentz coordinates x,y,t the general 
problem of Section III,1 can be restated as follows: 


(3.1) 


D.E: -k = 0. 


B.C.: 

(3.2) Reflected shock: p^^'> — » 0, as . 

(3.3) Surface: At ^ = 0, x < 0, I > 0: Py = Rc^Ao •/"(a[Xox -f ij). 

(3.4) Mach shock: At x = 0, y > 0, F > 0: = 0. 

(3.5) Intersection: lim Py^^\x,0,t) = Bc'^Ao • f"{al), 


(3.6) lim Py^'^'>{0,y,T) = Rc'^y ■ f"{aT). 

Here 


(3.7) 


a 


Up X = (l 
c(i - “ V 

Ao == — fi = ■ 


- ]\P + 


MU,\ 


} Uo 


4 Up 
7 -k 1 c 


M, 


and 


+ 2iU -k ^ Mo = 
dx^ dxdt Mo^ dt^ Co 


I.C.: 

(3.8) The initial conditions are: = p-f^^ = 0 for i < 0. 

b. The Possio Integral. The similarity of the initial boundary value 
problem defined by (3.1)— (3.8) to that in Section III, 2 suggests that the 
solution be assumed in form of a Possio integral: 


(3.9) ■ pf‘>(x,y,i) 


- -ill. 


drd^ 


Py^^K^,o,r) 


[(7 - r)2 - (x - ^)2 - 
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Looking at Fig. 11, it is obvious that the method is applicable onl)- if 
the “source intensity” is prescribed on the entire plane ^ = 0, 
in particular inside the area 11, ivhich is bounded b}’' the liyporbola 
7 — T = [(5 — ^)' + 2/']'^ and the straight line t = 0. 

Actuallj’", however, is given for the left half of the plane 

^ = 0(x < 0) 

while it is unknown in the right half plane 5 > 0. Hence, the next step 
is to find an equation for > 0,0,?) wliich will replace condition 

(3.4) prescribed on the plane 5 = 0, and also produce the correct type of 
singularity for 715^” at the origin as defined by Eqs. (3.5) and (3.G). 

By the use of condition (3.3), (3.9) maj-- be split into two parts: 


(3.10) < 0,7j,0 



r/n/t 


.f''(«[7 + X„t]) 


((? - r)= - (5 - - y-r- 

> 0,0, r) 

1(7 - 7)= - (5 - s^)^- - 


where Hi and //o are the two parts of the total integration area in which 
? assumes positive or negative values respective! 3*. 

c. Determination of > 0). Substitution of (3.10) in (3.4) will 

proidde the desired equation for the unknown function > 0,0,7). 

Upon carr3’’ing out the proper dilTcrentiations with regard to x and 7, 
Z)x,t^->{7>^”(5 = 0, y > 0, 7)j is obtained in form of two surface integrals 
(over $ and 7) and one line integral (over 7 alone), the latter resulting 
from differentiations with regard to the integration limits. The whole 
expression is zero, if both the double integral as well as the lino integral 
vanish separatel3^ This 3dclds the two conditions 


(3.11) > 0,0,7)} = -7?cvlo • a-G(-Xo) -/'"'Hal? - Xoxj), 
where 

(3.12) G(X) 2jMX + XS 

and 


(3.13) Pci^'HO+O,?) = a72c‘Uo(Xo + 2il/) - 4ilty]/”'(f77). 

The missing, second boundary condition at 5 = 0+ y = 0, 7 is supplied 
by a kind of “mean value theorem” around this singular point; 

MPi/”70+,0,7) + P5(»(0-,07)] = Pi;^”(0,0+7); 

it yields 

(3.14) pM)(x = 0+ y = 0, 7) = Ec^‘(2m - Ao)f"(aI). 

Since it can be shown that the differential Eq. (3.11) is h3qierbolic, the 
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solution of the boundary value problem (3.11), (3.13), (3.14) is 

(3.15) > 0,0,i) = Rc^[A^"{a[t - Xix]) 

+ A^r'{a{t - X 2 $]) + A 3 -rialt - X 3 X])}, 


where Xi = Xo, 

Gi\) = 0; 
(3.16) 


and X2 and X3 are the roots of the quadratic equation 

■ j Xo^ + 2ilfXa + IjMi^ ^ 

“ Xo^ - 2ilfXo + l/Mo^' 


At and Az are the solutions of the two simultaneous linear equations: 


8 M[7o 

A 2 As Ai -]- Ao ^ ; — 7 > 


(3.17) 


X2A2 “H X3A3 + XiAi + XflAo = 2AI 


7 + 1 c 

8 MUo 


[7 + 1 


“ Ac 


d. The Final Residts. Therefore the final results can be written in 
the form: 


V7i!cU, f /"(a[r'-X+]) 


i=l 


[{t - r)^ -ix- 


By using the transformation (2.9), the disturbance pressure p^^^(x,y,t) can 
be obtained from (3.18). 

From the differential Eq. (1.6) and a combination of the shock rela- 
tions (1.10) to (1.13), the density variation may be computed: 


where 

(3.19) 


p(i>(x,2/,0 = ^ ^ ^0 • P'” 

_ (7-1)(M^-1) 

" M\2 + (7 - l)Mi 


e. The Separation Line between Rotational and Irrotational Flow and 
Its Physical Significance. Since the reflected shock is of O(e^), it follows 
that 

p^^^ix,y,t) — 0 for + ?/2 — cH^ > 0~. 


In particular, along the incident shock: 

(^,y,t = = 0 for x^ + y^ > x^/M^, 

i.e., for x '\/l — < M ■ y. 


(3.20) 
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Taking this into account, it follows from Eq. (3.19) that the lines of con- 
stant density (isopycnics) coincide with the lines of constant pressure 
(isobars) for .r/y < ^^ut deviate from the latter for 

x/y > ilf/Vl ~ i-G-, inside the area 0TB of Fig. 12. 

In other words, looking at Fig. 12, the flow inside 0TB is rotational, 
outside it is irrotational. This is in accordance with Kelvin’s theorem, 
since no particles cross the separation line OT. As the reflected circular 
shock is of 0(e=), in a first order theory particles can acquire vorticity not 
by crossing the reflected shock but onlj- by crossing the curved portion 
of the incident shock TB. The.sc particles stay inside the area swept 
over by TB, i.e. inside the area 0TB. 

Since, moreover, 

(3.21) lim 7 >“’(-r,//,.T/f.O = 0, 


there is no discontinuity of dcn.sity in 0(f), i.e., no .slipstream in the 
mathematical sense. However, it will be scon from Fig. 12 that in a 
physical sense there is a slipstream of finite width. 

/. Application of the Theory. Equations (3.18) and (3.19) have been 
applied to the cases of a wedge and of a circular arc airfoil (12). For a 
blast passing over a wedge of verte.x angle t the following simple result is 
obtained : 


p(»((r,77) 

where 


3 

Be- V 1 IX.- - <r\ 

ttUo/c ■ Z/ (1 “ X,-)^--’ ■ '' ’■ 1(1 - x.a)- -b (,\." - l)r)»^’ 

t *S» 0 


(3.22) Xo 


ill — Xo 
1 - XoM’ ^ 


X,- -b iV 

1 -b x.il/’ 


^ = 1,2,3; 


.T 



=ip^”(<r,77) -b§7/'>(iV,,7). 
c c 


ct 


Equations (3.22) apply, if Mw > 1, as in Fig. 12. In the event that 
Mw < 1 two of the cos-‘ terms have to be replaced by corresponding 
cosh"* terms. 

As a numerical example, the pressure and density fields have been 
computed for P/Po = 7.3076 or ilf„- = 1.21 and M = 0.51. The iso- 
pycnics and isobars, as well as the curved shock front, are plotted as 
shown in Fig. 12. It is interesting to note how strongly and suddenly 
each isopycnic splits off from the corresponding isobar after traversing 
the separation line OT between rotational and irrotational flow. Within 
a thin strip along OT, there is a steep density gradient, while there is no 
appreciable pressure gradient. This may be interpreted as a slipstream 
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of finite width. This slipstream which must be expected with every 
hlach reflection can be clearly seen in TT^. Bleakney’s (13) interfero- 
grams; also the characteristic shape of the isop 3 ''cnics in the vicinity of 
OT has been recently verified experimentally in all details (14). 



4. Diffraction of Blasts by Slender Axisymmetric Bodies (15) 

The preceding considerations can be modified to be applicable to the 
diffraction of strong blasts advancing oA^er axis 3 ’'mmetric bodies of 
arbitrary profile f(z). Computations of this kind, besides serAong a 
practical purpose, shed some light on the Mach effect and the “slip- 
stream” of spatial shock configurations. The geometrical setup may be 
the same as in the two-dimensional case except that the reflected shock 
in the Mach configuration is now spherical and the blast struck object is a 
slender body of revolution. The problem is treated as a time-dependent 
perturbation, using the method of Lorentz transformation and “reflec- 
tion,” developed in the preceding section. But since conditions in the 
present problem are axisymmetrical, the solutions of the wave equation 
have to be assumed in the form of “retarded potentials.” A system of 
cylindrical Lorentz coordinates {x,f,t) ma 3 '- be fixed in the undisturbed air 
downstream of the shock; at t = 0 the coordinate origin may coincide 
vdth the tip of the body, x l 3 dng along the axis. The problem must be 
formulated in terms of the pressure, Avhich has to be expanded in powers 
of e=; 


p = P + p(0 -j- e 4 . p(2) _^ . . . 
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Thus, the differential equation is 

(4.1) + 4 P'/” - Pn = 0. 

The boundaiy conditions are, 

on the body surface: At f = 0, 5 < 0, ? > 0, 

(4.2) = -.4of/'=(R) -|-/(^0f'00], 
where 

n — u(t + Xo5). 

Note that the form of (4.2) is different from the condition in the two- 
dimensional case, due to the singularity of Pr on tlie axis. 

At the shock front: At z = 0, f > 0, F > 0; 

(4.3) J5x.i<->b”>] = 0, 

where is a differential operator of the second order in x and 1. 

The parameters Ao, Ct, and X arc the same expre.^.sion.s ns in III, 3. 

It is necessary to note that at the intcr.''’ection point of shock and body 
surface there is a singularity in the derivative, even for a conical body, 
characterized by: 

. lim ( 7 ><o) = -,lo[/'^(«F) -b/(a?) -/"(oOl; 

r = 0, i— *0“ 

however 

(4.4) lim (r>(0) = -Bir-iCd) + f{a() -/"('lO). 

f = 0, r—*0* 

In accordance vith the “reflection principle,” (-1.3) can be replaced 
bj’- a condition on the “extended axis” of the body. 

At f = 0, X > 0, F > 0: 


3 

(4.5) r>c> = 2 AAr-ivi) + .((«.•) • /"(».)], 

» = 1 

where r,- = a(F — X.x). Also Bo, A{, and X,-, are simple functions of 
Uo, U, and M. 

It is now essential that due to the properties of the wave equation the 
solution be assumed in the form of a "retarded potential” — integral: 


p(”(.T,r,/) = 


,;^^7l(^, / - FF/c) , 

7e + 


(!•.((, I - n/c.) 


where R — [{x ~ ^)- -f- is the real distance between source point 
(?j0) and field point (x,f). It turns out that the “retarded temporaiy 
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source strengths” gi and g 2 are equal to expressions (4,2) and (4.5) 
respectively, after x and t have been replaced by ^ and t = i — B{^)/c. 
Note that now only one integration is involved. 

After substituting (4.2) and (4.5), (4.6) represents the solution for a 
general profile form /(z). 

For the particular case of a blast passing over the conical nose of a 
missile, the solution in physical (conical) coordinates a = x/ct and 
7] = r/ct reduces to: 

(4.7) p'>>(<r,4) = K ■ sinh-i [ (, 

+ ^ A, sinh-> ~ "']} 

where the w,- are simple functions of c and v- 
The density field is given by. 

(4.8) pa) = 1 - np'a(iW,7_)]. 

o 

Also, K and fl are simple expressions in U o, U, and ilf . 



Fig. 13 


In Fig. 13 the surfaces of constant pressure and density are plotted 
for a blast passing over a cone of half vertex angle e = 10“h The shock 
strength is characterized by (Uo — U)/c = 1.21, so that this plot can be 
compared with the two-dimensional plot of Fig. 12. The following 
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features emerge: The rotationaliiy of the flow is again restricted to the 
domain TOC, since the reflected shock, in genera), is of 0(e<); at T its 
strengtli is of even liiglier order. It is seen tliat in tlic present case tlio 
splitting off of corresponding isopycnics and isobars is far less strong, and 
the density gradient along any isobar is weak. There arc no longer 
singularities at 0 and Dt in neither point do 
several isopj'cnics end. Clearly, the difference 
of the entropy changes across the incident and 
Mach shocks is here not supplied by a narrow 
slipstream, but by an entropy gradient spread 
uniformly over the domain TOC. 

IV. Head-on Encounter of a Shock with 
AN Almost Perpendicular Wall 

The head-on collision of a blast will first 
be represented, following Lighthill’s ingenious 
method (5). In Section IV,3 a generalization of 
the hyperbolic approach wilt be attempted (9). 

A plane shock advancing into still air may 
encounter the corner of a building whose two 
faces each make the small angle e with the 
shock (see Fig. 14). For this two-dimensional 
flow problem, choose a coordinate system 
whose origin is fixed in the corner, the direction 
of ’motion of the shock being the negative 
x-axis. For reasons of sjTOmetry, the con- 
siderations can be restricted to a half plane, 
representing a shock advancing into an almost 
rectangular corner. Conditions arc defined 
by the incident shock velocity Uo, the pressure 
and density in still air po,po and by the angle e. 

Lighthill’s treatment of this problem is based 
on the fact that no fundamental length or 
time scale exists so that the pre.ssurc and 
velocity fields depend only on x/ci and j//cL 
Since e is small, the corner may be considered 
as a small disturbance of the reflected shock, 
and a perturbation theorj’- may be developed 
which makes use of the fact that the flow field is conical. The curved 
portion of the reflected shock (where it is inside the circle with center at 
the corner; see Fig. 14) is found to be weaker than the rest and may be 
regarded as the product of reflection followed by diffraction. 



Fig. 14 
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At first, the theory of reflection of a shock by an infinite plane wall is 
recalled. Then the boundary value problem in the region of nonuniform 
flow is formulated and solved by use of the Busemann transformation 
and a conformal mapping. Finally, the pressure distribution along the 
wall is discussed. 


1. Regular Reflection at an Inflnite Plane W all 

Let suffix 0 denote the values of quantities in still air; suffix unity 
may be reserved for pressure p, density p, velocity q, and local sound 

speed c behind the incident shock and thus also in 
front of the reflected shock, while suffix 2 applies 
to the corresponding quantities behind the reflected 
shock, when reflection takes place at an infinite 
plane wall, so that p2, P2, 92, and C2 are constants. 
Let the velocity and angle of incidence of the shock 
be 17o,e; let the velocity and angle of reflection be 
F,e' (see Fig. 15). Since the shocks always meet 
at the wall, 

V • cosec e' = Uo 



cosec e. 


r7/ 


The rules for conservation of mass, momentum, 
and energy, at the incident shock, yield 


(1.1) 5. = |[;,(l-^); 

Pi = I Po — y co^; Pi = 6po 


14-5 — 
Uo^ 


) 


Fig. 15 


if 7 — 1 = f is assumed. 

The conservation laws, applied across the reflected shock, yield 
corresponding relations between quantities with subscripts 2 and 1. If 
afterwards the quantities of subscript 1 are replaced by quantities of 
subscript 0 by means of (1.1), the desired relations result: 


F = iC7o(l + 2i¥o-2); e' = i6(l -f 2Mo-^); q, = eq,(i + fifo"^). 
noi .. _ 5(7iW - l)(4ilf„=> - 1) _ 3MoX7ilV-l) 

^ 21MoKMo^ + 5) ~ 4- 5)(ilfo=“ + 2) 

C2 = iUo(4:Mo^ - l)«(ilfo' + • Mo-\ 


Po 


Here ilfo = Uo/ca is the Mach number of the incident shock. It may 
be noted that F,p2,p2, and C2 are independent of e, if is neglected. 


2. Conditions in the Region of Nonuniform Flow: Lighthill’s Method 

a. The Equations of Motion. Let qz (components u, v), ps, pz denote 
velocity, pressure, and density in the region of nonuniform flow, which 
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adjoins the region of uniform flow behind the reflected shock on two 
circular arcs, the latter marking the boundaiy up to which the circulai 
disturbance wave produced by the small corner e has spread (see Fig. 14). 
The radius of the circle is czt or, if quantities of 0(e) are neglected in fixing 
the nonuniform domain, Czt. Since shallow corners spread small dis- 
turbances, the velocity qz — qi v'ill be of 0(e) and, since from (1.2) qz is 
seen to be of 0(e), also Qz = 0(e). Furthermore, by the application of 
Huyghens’ principle, the conditions on the circular arcs are: pz = Pz, 
Pz = P 2 and on one side = 0, a = eqii^ + (on the other side 

M = 0, V = -eq, {i- -1- if e- is neglected. These conditions sug- 

gest that the coordinate sj'stem be fixed in the corner of the wall and 
perturbation theory be applied to find the solution for Qz, Ps ■“ Pz and 
pz — Pz small throughout the field. If 0 (t") is consistently neglected, 
the equations of motion become 

(2.1) (pz)t + P;(Bx 4- Vy) = 0, 

(2.2) pz- vt =- -ipz)r; pz- vt = -(pz)u, 

and 

(2.3) ipz), - cz-ipz)r, 

the last equation specifics that there is no heat transfer between fluid 
elements. 

Now Lighthill makes use of the simplifying fact that u, r, and pz 
depend only on the conical coordinates a = x/czt and tj = y/czt, in this 
wa}"" reducing the numljcr of dimensions of the problem from three to 
two. Introducing, moreover, the pressure variation p ~ {pz -- Pz)/czpz 
which has the dimension of a velocity, Eqs. (2.1) and (2.2) may be 
written as follows: 

(2.4) 0 - • -f 77 • p, = -f Vr,, 

(2.5) 0 - * + 77 • = Pc, (T - Vc -q ’ V,, — p,. 

If u and V are eliminated, the following differential equation for p alone is 
obtained : 

(2.C). + + + = 

a second order equation which is elliptic inside the unit circle. 

When the condition of irrotationalit}’’ holds, the same equation is 
satisfied by u and v. But in its absence xi and v satisfy third order equa- 
tions. This indicates that also the present problem should be formulated 
in terms of p alone. 

5. The Boundary Conditions. In the cr, 77-plane, the region of nonunif orm 
flow is that part of the unit circle Avhich lies between wall and shock. On 
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both wall and shock change in a is slow compared ndth change in hence 
both maj'’ be approximated by straight segments. In the case of the 
wall clearly o- = 0. The approximate value of a on the shock where it is 
curved, is the distance XJ4/e so far traveled along the wall surface by the 



(a; 7^) plane (p, 0) plane (x,, y,) plane 

a b c 

Fig. 16 


incident shock, multiplied by the angle of reflection e'. 
use of (1.2) 


(2.7) 


c4 Cl e 



This gives, by 

1 . 


Thus, the region of nonuniform flow in the cr,ij-plane is approximately 


0 < d < ilf 2 , 0 -^ + 1 }^ < 1. (See Fig. 16a.) 

The boundary condition at the wall is u/v — — e. But, since v — 0(e), 
it follows that u = O(e^) = 0 on o- = 0 for any rj. Therefore for tr = 0, 
= 0 and, according to Eq. (2.5) 


(2.8) * p. = 0. 

(2.9) * On the circular arc boundary p = 0. 


To get the boundary condition on o- = M 2 , let the shock (inside the 
circle) be, up to 0(e), cr = 11^2 + e • Applying the conservation 

laws across the curved portion of the reflected shock one obtains; 


( 2 . 10 ) 


5(iiro^ + 2) 5(i¥o=* - 1) rr r, 

_ 6(4M.’ + 2)((4il/.> - + 2)]K „ „ 

gTiwM.’ - 1) 


from which ^ can be eliminated, so that 

( 2 . 11 ) M = Ao • p, 77 • D, = Bo • p, on tr = ¥ 2 , 

where 


4¥o= + 2 A¥o" - iV^ D 3(¥o^ - 1) 

7¥o2 - 1 V ¥ 0 ^ + 2 ¥ 0 == + 2 
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u and V can be eliminated from (2.11) b}’' use of the equation-s of 
motion so that a shock condition for p alone results: 


( 2 . 12 )' 


dpfda _ (/Ip -k ; • t; * 

dp /dr] 1 — il/;“ 


In addition to (2.12),'*’ there is the condition that the change in r along 
the shock from the center to the top be: 

(2.13)* j Y ^ ® I 

which maj'^ be interpreted as normalization, determining the front factor 
of p. 

The equations with asterisks complete the formulation of the bound- 
ary value problem in terms of p alone. 

c. Compiitalion of the Wall Pressure Dislrilnitiou. To facilitate solv- 
ing the problem, the differential Eq. (2.0) as well as the boundary condi- 
tions are subjected to two subsequent transformations. Since the flow 
field is conical, Eq. (2.0) can again be reduced to the Laplace equation by 
means of the Busemann transformation, staled in Section II, Eq. (2.1). 
Hence 


(2.14) 


^dpYdp) 


d‘p ^ 

do- 


+ ~ = 0 


Since in the p,0-planc, the boundaiy conditions become inconvenient, 
an additional conformal transformation (p,0) — > is applied which maps 
the domain in which p is defined, into a rectangle (sec Fig. 10b, c). In 
this final zi(.Ti,^i)-planc, the problem can be formulated as follows; An 

d]) dv 

anal 3 dic function w(zi) = ? ^ is to be determined, which is purely 

o.ri di/i 

imaginary on three sides of the rectangle and on the fourth side, saj' 
Xi = X, becomes a prescribed function of iji. The solution is finally 
obtained in the form : 


(2.15) 




where K is a normalization factor determined bj'’ numerical integration, 
and t ?4 are theta functions, and 

(2.16) W{zi) = exp I - ^ (2 - a” - • cosech 27!X • cosh 2/iZi| 


where a and h are given functions of Mo, and X a simple expression in il/j. 
Hence, the wall pressure distribution becomes : 
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(2.17) 



jc 

t?4(3/i) 


W{iyi). 


By plotting an especially chosen dimensionless quantity 

- _ (P2 - Ps) 

^ e(p2 - Po)’ 


Lighthill has shown that the pressure distribution along the wall is prac- 
tically independent of the incident shock strength (see Fig. 17). It is 



perhaps interesting to note that qualitatively the same conclusion can be 
reached directly from the problem statement, by using the folloAving 
simple reasoning. 

At the wall the equations of motion assume the following form. 

For (7 = 0, 0<7;<1: Po^ = 0 and p„ = v ' Vr,- 

Furthermore, atcr = 0, 17 = !; v = -b -|Mo~^), p = 0 
and at (7 = 0, ?7 = 0: y = 0, for reasons of symmetry. 

Therefore 

/j’ Pvdv = Jj" V^ndri, 
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and 


Vi-n) 


viv) — f(l) + v(ri)dri. 


In particular: 

p(0) = -e(-3- + v{r])di} = — f(^ d- l-fl/o"-) 


where v{r}) is a normalized positive function witli the values f’(0) — 0 and 
i)(l) = 1. Ifj for simplicity, D = ?? is assumed, then 

Vi-n) = - 1), 


which agrees qualitatively with the form of Liglit hill’s curves. To com- 
pare the ahsohitc v(dues of the wall prc.ssurc for different incident shock 
strengths, f){Q) can be computed as follows. 


Bj" definition: 

V2 - Pa = e • Ccp;?i -b I ^ -b ^ 

Ih - Vo = 7>2ll - f/O^^o)], 


From (1.2) 


where 





f/(d/o) = 

2\{M 
5 Y (7 il/o* — 

0 " d" 5) 
l)(.M/o= - I) 

Hence 




(2.18) 


g -b 2 Mo ^ 

)ll - ffO'f.)]-'. 

Now, 5 i/c 2 

as well as f/(il/o) 

' can be computed bj' means of (1.2). 


substitution into (2.18), it turns out that 


for weak shocks {Mo = 1 + e) 7> ~ 0.50 -\- 0(e), 
for strong shocks (il/o — > <») 7) ~ 1.2 + 0 

Thus it is seen that in the two limiting cases, 7; is independent of the 
shock strength, and the absolute values of -p arc of the same order. 



S. Ailempl at a Generalization of the Approach of Section 111,2 (9) 

Since Lighthill’s results are represented in a coordinate space whose 
relation to the physical .space is quite complicated, his final formulas 
for the pressure field are difficult to evaluate; moreover his method is 
restricted to wedges. Therefore, it might be of interest to generalize 
the approach developed in Section III,2 to make it applicable to the 
present problem. As before, the procedure may be explained for shocks 
of medium strength. 
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The' denotation may be the same as in Section IV, 2, except that the 
contour of the “corner” may now be, more generally, x = f{y) where 
f{y) may be defined for -112 < y < +1/2] for |y| > 1/2 the faces of the 
corner may be plane, each forming the small angle e rvith the incident 
shock front. If f{y) is small, it will act as a small disturbance of the 
reflected shock. 

The results pertaining to the reflection of a shock from an infinite 
plane wall can be applied exactly as before. However, the boundary 
value problem in the region of nonuniform flow is to be formulated as a 
hyperbolic problem, similarly as in Section III,2; moreover the formalism 
defining the “reflection of the boundary condition” has to be modified 
and extended. The solution will be indicated in a symbolic manner. 

a. Restatement of the Problem in the Region of Nonuniform Flow. If 
the incident shock is not too strong, it is permissible to treat the region 
of nonuniform flow as irrotational. Introducing a velocity potential <p, 
from which the velocity field q 3 (u,v) may be derived, the equations of 
motion simplify to 

(3.1) <Pxx + ‘Puu ^ <Ptt = 0. 

c 


The domain of nonuniform flow extends fi’om the wall to the shock, i.e., 

..2-iw 

0 < X < M’i.cft, between the two circular arcs 


x^ + 




< eft. 


The boundary condition at the wall, for —l/2<y<+ 1/2 is 
u/v ~ €■ f'{y). Since, according to Section IV, 1, v = 0(e), 

(3.2) (fx = 0(e2) =0 on X = 0. 


On the circular arcs 


(3.3) pz Pa — 0; <px — <Pv — iQiii + 2), 

The boundary condition on the shock degenerates, as in Section III,2. 
Application of the conservation laws yields the simple relation^ 


(3.4) 

where 


ipt + Kc-itpx = 0 on X = MiCit, 


K 


2M^ 

1 + M/ 


In order to represent the solution of this hyperbolic problem in form 
of a Possio integral, it must be kept in mind that boundary conditions 
may be prescribed only in one plane. This is more difficult to accomplish 
in the present problem than in Section III, 2, since the geometrical 
^ Note that Bq. (3.4) has the same form as the first Eq. (2.11). 
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arrangement and the type of the boundaiy conditions is difTcrent; com- 
pare Figs. 14, 18, and 10(A). The conditions on the wall as well as on 
the shock front are homogeneous so that no stipulation of “source 
intensities” can be derived from it. On the other hand, the conditions 
on the circular arc, although the.y arc inhomogeneous, are not apjiropriale 
for this purpose either. Therefore, the latter .shall be replaced ly an 
initial condition at the wall which furnishes the equivalent information, 
namely: 





This means that immediately after reflection, the region near the wall may 
be treated similarly as the homogeneous flow field behind the reflected 
shock, the disturbance waves originating from each point of the wall 
having had no time to spread and interfere with each other. Thus, the 
problem may be formulated as follows: 

(3.1) D.E‘. = 0. 

I.C.: For t = 0, x = 0, y > 0, 

<Pu — + ■sA/o”'); <Px = 0; tpt = 0. 

(3.2) B.C.: For i > 0, x = 0, y > 0, ipx = 0. 

(3.4) For i 0) X — M 2 ^ 2(1 y ^0, "b ~ 0. 

h. The First Step of the Sohilioii. The geometrical arrangement of 
these conditions is shown in Fig. 18, ivhich should be compared with 
Fig. 10(A) to appreciate the different setup of the two problems. The 
formulation of the boundary conditions can be improved, by subtracting 
from the desired function (p a solution <po of the wave equation which 
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fulfils conditions (3.2) and (3.5). This is accomplished by making 

(3.6) + cO + Ky - a ) } 
and setting . 

^( 1 ) = (p — 

Then is to be determined from the following problem 

(3.7) D.E-. = 0. 

(3.8) J.C.: For t = 0, a: = 0, y > 0, = 0. 

(3.9) B.C.\ For t > 0, a; = 0, 2 / > 0, = 0. 

For X = MiCit, y > 0, i > 0, 

(3.10) +K-c^- ^.x»> = e[| + UU-^]qMf'{v + ct) - f{y - ct ) } 

= F(y,t), which is given. 

In the present formulation the condition on the plane x = M 2 C 2 t is 
inhomogeneous, while the conditions on the plane a; = 0 as well as on the 
intersection line x = t — Q are homogeneous. This situation permits 
the use of a Possio solution, provided that the homogeneous condition 
(3.9) is first disregarded and subsequently taken into account by a 
“multiple reflection” procedure which may be considered as an extension 
of the procedure explained in Section III,2. Obviously both boundary 
conditions (3.9) and (3.10) cannot be satisfied simultaneously’’ by a single 
Possio integral. This state of affairs is reminiscent of the problem of the 
wall correction to be applied to the flow through a tunnel of rectangular 
section. In the latter case, the wall conditions can be singlyq but not 
simultaneously, satisfied by placing a virtual “image solution” on either 
side of the true model. It is not until after a whole series of reflections is 
set up that both wall conditions are fulfilled. The analogous procedure 
will also here generate a solution. Before this is explained more explic- 
itly, the derivation of may be indicated. 

First, problem (3.7-3.10) is reformulated in terms of 

(3.11) X = + Kc2<p.^^\ 

If the wall condition (3.9) is disregarded, x can be readily expressed as 
Possio integral with the “source intensity” F{y,t). 

After x{x,y,t) has been determined, can be computed from Eq. 

(3.11) . The boundary condition, by which this first order differential 
equation is to be supplemented, is the requirement that vanish at and 
beyond x = — ct, a characteristic of the wave equation which must 
also obey, in accordance with (3.7). 
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c. The “Mvltipic Reflection’’ Formalism. Tlie last objective is to 
fulfil the boundary condition at the wall 

At X = 0, U > 0, t > 0: <px = 0. 

As is completely determined by the preceding procedure, 
at X = 0 is fixed and, in general, different, from zero. However, does 
fulfil the condition on the shock x = 

(A) = F{u,t). 

To account for (he wall condition one may recpiirc an equivalent relation 
which is derived from (A) by “reflection.” At .t = — (reflected 
shock) 

(B) tpi — Kc2<Px = F(!/,i). 

If (B) could be fulfilled by the same function tp as (A), then the prescribed 
condition at x = 0 would be automaticall.v .‘’•atisfied. 

Actuallj’’, only (A) can be satisfied by To satisfy (B) a correc- 
tion function maj’’ be added to such that at x = —^fzCzt 

^^(1) 4- _ 7vc2(^x<» + <pfl-^) = Fiy,(). 

This determines At this stage, the condition (B) on the “reflected 
shock” is taken care of by 4- <p^-\ while the requirement (A) on the 
real shock is spoiled by the addition of which gives an uiulc.-^ircd 
contribution at .r = MzC-l. Therefore, another correction function 
is added, so that at x == MzCzt 

4- 4- 4* 4" pJ''^ 4" = F{ij,l) 

or by use of (A) 

^^(3) Kczpx^^^ — — \pt''^ "k J^Czpfl''^], 

and the original situation on the real shock is restored. 

Continuing in this manner, correction functions p^’^'' may b6, added 
which, alternately, take care of conditions (A) and (B). Since it fan be 
shown that this process converges (as in the wind tunnel problem), the 
resulting series solution will assume the correct values on both ^lie real 
and reflected shocks, which insures that all the required conditions arc 
satisfied. j 

In the limit of a weak compression wave, the above series solution 
goes over into the acoustic approximation described in Section II, and 
the wall condition is automatically satisfied by the first term of the series. 
If a slightly stronger shock is selected, the first two terms of the series are 
a sufficient approximation. Numerical computations of the wall pressure 
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distribution, for pi/po = 1-5, show satisfactory agreement with Light- 
hill’s result. It is hoped that the method outlined above is also amenable 
for evaluation, if the pressure field in the whole domain is desired (as in 
shock tube interferograms). 
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Intiioduction 

Experiments indicate that in supersonic regions cml)eddcd in a sub- 
sonic flow, shocks occur quite frequently. The present article is con- 
cerned with the explanation of this phenomenon. 

From a mathematical point of view this explanation is very simple; 
we shall find that in general the boundaiy value problem which one 
obtains, does not have a solution in the form of a potential flow. It is 
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true that many examples of transonic potential flows are known; these 
flows, however, will be recognized as exceptions. 

If the theory of mixed elliptic-hj'perbolic boundary value problems 
were sufficiently developed, the above proposition would appear as a 
simple consequence. In the present state of knowledge, one is forced to 
approach the question in a less general way, i.e., by means of examples 
which can be discussed with the mathematical tools available at present. 
Fortunatel3'^ the investigation of comiter examples is sufficient, since we 
propose to show the non-existence (rather than the existence) of solutions 
of boundary value problems of a certain kind. 

A physicist will naturally not be satisfied with the curt result, that a 
potential flow does not exist. Especially in view of the numerous 
examples of possible potential flows, he will ask in which manner an 
arbitrarily small change of the contour of a flow can make a potential 
flow impossible. This question will be answered b3'' a ph3’'sical interpre- 
tation of some examples. In one respect the arguments cannot be quite 
satisfactor3'-. The fact that a potential flow is not possible does not 
necessarily mean that a flow pattern which fulfils the boundar3’- condi- 
tions, can be found if shocks are admitted. 

The method of presentation adopted here ma3’' need a word of explana- 
tion. The nonexistence of the potential flow is a mathematical fact 
which follows without further physical argument from the properties of 
the boundary value problem. In general the author prefers to show first 
the underl3dng physical idea and then to bring the necessary mathemati- 
cal developments. In the present case, however, he feels that the intro- 
duction of physical surmises at the beginning will detract the attention 
from the underl3dng mathematical problem, especially since the physicist 
is in general not accustomed to ask whether the solution of a boundary 
value problem exists, if the problem has been formulated in a "reason- 
able” manner. Therefore the present article starts with the mathemati- 
cal discussion and brings the physical considerations afterwards. 

Only planar flows will be considered throughout this paper. 

I. The Nonexistence of Solutions for Certain Boundary Value 
Problems of the Mixed Type 

1 . A General Property of a Supersonic Region Embedded in a Subsonic Floio 

In the present section it will be shown by relatively simple means that 
even slight changes of the contour in an embedded supersonic region will 
make the flow incompatible with a potential flow. The mathematical 
basis is a discussion of the sign of the Jacobian for the mapping from the 
physical to the hodograph plane [cf. ( 1 ) and ( 2 )]. The following deriva- 
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tion, which is due to Busemann (3,4), shows the physical essence in a 
particularly simple manner. 

Let us consider a supersonic region adjacent to a subsonic flow field. 
One can immediately exclude flow fields in which the sonic line is normal 
to the stream lines (except at isolated points), for then the sonic line will 
coincide with a limiting line [cf. (5)], and the supersonic region will fold 
back over the subsonic region as in the example of the source flow (Fig. 1). 
Where the sonic line runs obliquel.v to the stream lines, one will obtain a 
flow field which corresponds to Fig. 2; the Mach wave which runs toward 
a point of the sonic line and the Mach wave which leaves this point, will 
lie on the same side of the stream line through this point, since at the 
sonic line the Mach waves are normal to the stream lines. If one moves 
in the downstream direction along a IMacli wave which runs toward the 
sonic line (say BC in Fig. 2), then in the vicinity of the sonic line, the 
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pressure will change from supersonic to sonic, i.e., the pressure will 
increase. Therefore the Mach waves that cro.ss the path BC will be 
compression waves. Thus it follows that all ISIach waves starting at the 
sonic line are compression waves. Since the sonic line is a line of con- 
stant pressure, all Mach waves running toward the sonic line are rarefac- 
tion waves. This structure of the flow field is characteristic for every 
potential flow with an embedded supersonic region. 

As one of the numerous applications we mention here that a Mach 
wave which leaves the sonic line will never reach it again, for itJ cannot 
change from a compression t.o a rarefaction wave. This implied that a 
subsonic flow over a body in which a supersonic region extends Iiehind 
the body, cannot be a potential flow, for the hlacli waves that, pass behind 
the body would otherwise start at the sonic line and also end there. 

As important to our present question we note that the body contour 
adjacent to a supersonic region which is embedded in a subsonic flow, 
must always be convex, since all waves which run from the sonic line 
toward the body are compression waves, and all waves starting there must 
be rarefaction waves. If one flattens the contour locally, such that the 
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waves starting at the contour are compression waves, then one has a con- 
tradiction to a necessary property of a potential flow. This will certainly 
happen if a section of the contour is straight, but actually it is only neces- 
sary that the local curvature of the boundary stream line becomes smaller 
by a finite amount. An example of this kind has been worked out by 
Schaefer (6). 

One can conclude that an embedded supersonic flow field will not be a 
potential flow, if certain relatively small changes of the contour are made. 
This has been shown so far only if the surface curvature is changed at 
least by a certain finite amount. That the flow is actually still more 
sensitive will be seen subsequently by considerations which are due to 
Frankl, Busemann, and Guderley. 

2. Tricomi’s Boundary V alue Problem and Analogous Flow Patterns 

As a preparation to the investigations of Frankl (8) let us show the 
analogy between Tricomi’s boundary value problem (7) and certain flow 
fields. This analogy will lead to a plausible generalization of Tricomi’s 
theorem, which is the basis of Frankl’s argument. 

Tricomi considers the differential equation 

2XX + XZyy = 0, 

where x and y are the independent variables and z is the dependent 
variable. For a: > 0 the differential equation is elliptic, for a; < 0, it is 
hyperbolic. The region for ivhich Tricomi solves the boundary value 
problem is shown in Fig. 3. In the elliptic domain the boundary is an 



arbitrary curve (with the usual restrictions made in proofs of uniqueness 
and existence). In the hyperbolic domain the contour is formed by the 
two characteristics CD and AD Avhich run through the points of intersec- 
tion A and C of the contour in the elliptic domain with the line a: = 0. 
Tricomi prescribes the values of z along the entire elliptic contour and 
along one of the characteristics of the hyperbolic contour, say CD, and 
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then shows that the solution exists and is unique, if one imposes certain 
requirements of continuitj'^ for z and its derivatives. 

With regard to the ivay in which the boundary conditions are pre- 
scribed, this problem shows a strong analogy to some boundary value 
problems for transonic gas flow. 

We consider the flow through a Laval nozzle with a sharp corner at 
the throat (Fig. 4). The flow at the left is subsonic (i.e., its diflercntial 
equation is elliptic). The sonic line starts at the corner H of the throat 
and proceeds toward the middle of the nozzle (line JIK’E). The flow past 
the corner at point H occurs in the form of a Meyer expansion. Point II 
may denote the point within the Mej'er expansion at which the sonic 
state prevails, point L may be the point of the !Moyer expansion from 
which the Mach wave LME starts. The points 11 and L coincide in 
space, but the conditions at these points are difl'erent. Some of the 



Mach waves of the Meyer expansion end at the sonic line; one of them, 
the Mach wave LME will reach the sonic line in the middle of the tunnel. 
Mach waves which lie farther downstream will not reach the sonic lino. 
In Fig. 4 some Mach waves ivhich cross the Mach waves of the Meyer 
expansion have been drawn (e.g., KM). One of these Mach waves 
intersects the Mach waves of the Meyer expansion right at the corner 
of the contour. One can consider it as a hlach wave which runs through 
the points H and L and denote it accordingly. The length of this hlach 
waves between the points H and L is naturall}' zero. 

Let ^ be the stream function. One has as boundary conditions along 
the subsonic (elliptic) contour: \{/ = 0 along the line of symmetry EF, yp 
arbitraril}^ prescribed along the entrance cross section FG, and ^}/ = con- 
stant along the nozzle contour GII. With regard to the supersonic region 
we restrict our attention to that part which influences the subsonic 
region. This portion is limited bj'- the sonic line HKE and the Mach 
wave LME. As another boundary of this region one can consider the 
Mach wave HL. Along this Mach wave HL one has the condition 
rp = constant. 

The similarity of the boundary conditions between this and Tricomi's 
problem is obvious. Along the subsonic part (elliptic part) of the con- 
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tour and along one characteristic of the supersonic part, the values of 
the function (rp or z) are given. Clearly, in the nozzle flow no boundary 
values can be imposed along the Mach wave LME, which corresponds in 
Tricomi’s boundary value problem to the characteristic AD. 

This analogy between physical flows and Tricomi’s problem suggests 
certain extensions of Tricomi’s theorem. If one considers the flow in 



the entire nozzle instead of in its upper half, then a form of Tricomi’s 
boundary value problem according to Fig. 5 is suggested. The contour 
in this case is symmetrical to a horizontal axis. The Tricomi contour 
Avhich corresponds to the flow through an unsymmetrical nozzle (Fig. 6) 
is shown in Fig. 7. Finally, it is quite unusual that the nozzle has a 
sharp corner in the throat. But also for a nozzle with a smooth throat 
one will have characteristics which correspond to the characteristics 



ABC and BDC in Fig. 6, along which no boundary values can be pre- 
scribed. The Tricomi problem which corresponds to a Laval nozzle 
with a smooth contour in the throat is shown in Fig. 8. There the super- 
sonic contour has a gap DE] aside from this it is arbitrary, but it must 
not have more than one point of intersection with each characteristic. 
This restriction is imposed since simple examples of hyperbolic boundary 
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value problems indicate that otherwise one obtains either boundary 
value problems which are obviously undetermined or boundary value 
problems for which the data in the supersonic regime are contradictory 
and will not allow a solution to exist. 

The contour of Fig. 8 can be obtained in the following manner. One 
starts with a contour which is closed also in the hyperbolic region and 
which obe3'S the above restrictions. From one interior point F of the line 
X = 0 one then draws the two characteristics FE and FD. Guided bj’’ 
the analogy to physical flow patterns ojic would then expect that the 
solution exists and is unique, if the value of z is prescribed along the 
entire contour with the exception of the portion DE. 



Fig. S 


A general proof for this extension of Tricomi’s problem has not been 
given. A uniqueness proof for a contour whicli fulfils the restriction that 
no line = constant intersects it more than once, i.s shown in Guderlej' 
( 12 ). 

3. The Nonexistence of Sohdions of Tricomi’s Problem for a Contonr Which 
Is Closed in the Supersonic Region 

If for the contour of Fig. 8 the uniqueness of the solution for the 
boundary value problem with the gap EDF has been established, then 
one can readily show the nonexistence of a solution for which the values 
of z have been prescribed along the entire contour. 

For the boundary value problem with a “gap,” the solution may 
either exist or it may not exist. If it does not exist, then the solution 
with boundaiy values prescribed along the entire contour will not exist 
either, since along the gap additional conditions are imposed. 

In the other case, one may first disregard the boundaiy values along 
ED, then the solution will be uniquely determined in the region ABCDFE. 
This solution determines the values of z along the characteristics DF and 
EF. One can construct by means of the method of characteristics a 
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solution which assumes along DF and EF the values of 2 which were 
previously obtained from the boundary value problem for the region 
ABCDFE. This solution is unique. It can be considered as the con- 
tinuation of the solution of the boundary value problem for the region 
ABCDFE through the region DGEF. In general there will be a discon- 
tinuity in one of the derivatives as one passes over the characteristics 
DF and EF; however, such a discontinuity does not constitute a violation 
of the differential equation (Courant and Hilbert, 9). 

Now, if the solution obtained in the area EFDG agrees along DE with 
the values originally prescribed, then a solution of the original boundary 
value problem exists. For arbitrarily prescribed data such an agreement 
cannot be expected, and it follows that in general a solution of the 
boundar}^ value problem does not exist if the boundary values are pre- 
scribed along a contour which is closed also in the supersonic region. 

1).. Frankl’s Argument 

In applying the previous result to the flow past a body, one can pro- 
ceed in two Avays. Each approach involves an unproven assumption at 
a deciswe point. 

One can carry out the discussion in the physical plane and assume 
that the previous result holds true not only for the Tricomi equation 
but also for the more complicated equation of a compressible flow. The 
other possibility is to make first the hodograph transformation. One 
thus obtains a differential equation which is very similar to Tricomi’s 
equation (if one carries out considerations of transonic similarit}'’, the 
equations become even identical). By this transformation the boundary 
conditions assume a very inconvenient nonlinear form. Here one must 
make the assumption that the above result about the nonexistence of the 
solution of the boundary value problem Avith a closed contour Avill be 
correct also for the present boundary conditions. 

The second approach is the one originally used by Frankl. The 
author prefers the first one because of its simplicity. Because of the 
assumptions involved, either approach constitutes only a Amry plausible 
but not completely conclusive argument. 

Figure 9 represents a symmetric body in a subsonic floAv parallel to 
its plane of symmetry. Only the upper half of the floAv field Avill be 
considered. Adjacent to the profile there may be an embedded super- 
sonic region. We enclose the subsonic floAv field by a circle Avith a large 
radius. Then the elliptic contour of the boundary value problem is 
given by this circle, the line of symmetry upstream and doAAmstream of 
the body, and the portions of the contour of the body for AA^hich the 
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velocit}’- is subsonic. The supersonic contour consists of the portions 
of the bod}" boundary for whicli the velocity is supersonic. Obviously 
one has here a boundary value problem for which the boundary condi- 
tions are prescribed along a contour which is closed as well in the sub- 
sonic as in the supersonic region. According to the considerations of 
the previous paragraph such a contour will in general not have a solution. 

Repeating the argument of the previous section one may try to create 
a gap in the supersonic region artificially by two characteristics which 
start at the same point of the sonic line (curves AB and AC). One 
would expect to have a boundary value problem which possesses a solu- 
tion, if one disregards the contour between B and C. This solution would 
determine the flow field except in the triangle ABC. One can then 
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ifgion 



\ 



Supersonic 
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construct the flow field in this triangle by means of the method of char- 
acteristics. If the stream line of the flow field so constructed which 
connects points B and C agrees with the original contour, then a jjotential 
flow exists. If it does not agree, then a potential flow is impossible. 

It is in general not possible to carry out this ]iroccdure, since it is 
extremely difficult to solve the boundary value problem. Furthermore, 
the location of the characteristics in the physical plane is not predeter- 
mined (since the differential equation is not linear), and therefore one 
does not know where the gap in the contour must be left. At high super- 
sonic Mach numbers, the supersonic region will extend behind the body, 
and then the supersonic contour can never have the right shape, since it 
will contain concave parts. (This argument is actually the same as 
that of Section 1,1.) 

Really clear-cut are those examples for which the flow with which 
one starts is a potential floiv, e.g., a flow obtained by the hodograph 
method. If one introduces in such a flow a gap (e.g., the gap ABC indi- 
cated in Fig. 9), then it is plausible that the flow in the region outside 
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of the gap is uniquely determined. With the flow along the character- 
istics BA and CA known, one can then determine the flow field in the 
region ABC. This flow field agrees naturally with the one found origi- 
nally by the hodograph method. If one chooses within the gap a con- 
tour which differs from the original one, then this contour will not be 
compatible with a potential flow. 

Accordingly, if one changes in a potential flow part of the contour 
which is cut out by two characteristics which start at the same point of 
the sonic line, then the potential flmv is no longer possible, even if the 
changes are much milder than those described in the first section of this 
article. 

The meaning of the statement, that in general no potential flow exists 
is now clear. Only for one shape of the contour within the “gap” is a 
potential flow possible; for every other form one will have a deviation 
from the potential flow. 

5. General Remarks on the Investigations of Busemann and Guderley 

Frankl’s argument shows the nonexistence of a potential flow for a 
general contour in a very simple and concise form. Some questions, how- 
ever, have been left unanswered. The first one has been mentioned pre- 
viously, namely that the mathematical theorems, which show the non- 
existence of the solutions are not proved for the problems which are 
encountered in Frankl’s analysis. 

One is led to the other question by the following consideration: in 
Frankl’s argument it seems irrelevant where the gap in the contour is 
introduced. If one would shift it into one of the corners of the supersonic 
region, then the area covered by the gap is zero. One would obtain a 
solution of the boundary value problem for which the boundary condi- 
tions are fulfilled along the entire contour. What happens in this case? 

There is no way known to treat the first question in full generality. 
Busemann and Guderley use the following artifice. One starts with a 
known potential flow (such flow patterns can be determined by means of 
the hodograph method) . Then one asks how such a flow pattern changes 
if the boundaries or the free stream Mach number are changed by a small 
amount. For small changes one can linearize the boundary conditions 
and thus obtain a linear boundary value problem, which can then be 
investigated. Incidentally, the boundary condition thus obtained is not 
identical with that in Tricomi’s problem. In the original papers of 
Busemann and Guderley the linearization of the boundary conditions 
was carried out for the exact hodograph equation. In the present article 
we shall restrict ourselves to the hodograph equation simplified by the 
transonic similarity law; this equation is identical with Tricomi’s equa- 
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tion. Strictlj'^ speaking the replacement of the exact hodograph equa- 
tion bj’’ Tricomi’s equation requh*es also a justification. 

Regarding the second question one can sa}'': If one shifts the “gap” 
into one of the corners of the supersonic region, its influence cannot 
vanish, since in this waj’' one would obtain a hodograph solution in which 
the boundaiy conditions are fulfilled everywhere. Thus one is led to 
expect that the gap will be replaced by a singularity of the flow field 
which occurs at that point of intersection betwcciusonic line and contour 
into which the gap has been shifted. 

In the following these ideas will be carried out in detail. 

G. Ilodoaraph 

Let X and ij be the Cartc.sinn coordinates in the phj'sical plane, 'I' the 
velocity potential, k the ratio of the specific heals, the local velocity 
of sound, u and v the velocity components in the x and y dircclion, a* the 
critical velocit 3 \ 

The potential equation in the physical jdanc 



can be transformed into the hodograph jilane by means of Legendre’s 
transformation 

(1-2) = 7fX -1- I’l/ — <I> 

with 

(1.3a,b) u = <I>^, V = 'Tv 

(see e.g., Liepmann and Puckett, 5). Inversely one has 

(1.4a,b) a: = <f),„ y = 

Introducing as independent variables the absolute value of the 
velocity vector w and its direction 0, one obtains the following equation 
for the transformed potential 


(1.5) 




(f)oo = 0 


or more explicitly 


(1.5a) 



K — 1 

iTfl 



+ ^ - IV') - 1 - ({,oo(a*- - ^o-) 


= 0 . 
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This equation is linear. By a limiting process used in the derivation of 
the transonic similarity law (10), the last differential equation is simplified 
to 

( 1 . 6 ) — V'f’ee = 0 

with 

(1.7) ^ = (k+1)J^^^^^"- 

V t, U- 

Except for an unessential difference in sign Eq. (1.6) agrees Avith Tri- 
comi’s equation. 

In some of the future examples 6 need not be bounded; then one 
obtains from Eq. (4) , using the transonic approximations 

(1.8a) X = ■ cos 9 — • sin 6, 

(1.8b) y = - ■ (j>„- sin 9 + ^ ■ cos 9. 


If one studies flow patterns which lie in the vicinity of a sonic parallel 
floAv, then 9 is close to zero throughout the flow field and one obtains 


(1.9a, b) 


/ 7 * 


4>rii 



The deviation of the stream lines from lines y = constant can be obtained 
in this approximation as 

(1.10) y = J9dx, 

taken along the line y = constant. 

The equation of the stream function simplified in a similar manner is 
given by 

( 1 - 11 ) 'I'vv — yfee = 0 . 

The relation between 4> and \f/ is given by 

( 1 . 12 ) \j/ = 

where p* is the density at the sonic velocity. (The last equation can be 
derived from Eqs. (46a) and (46b) of Guderley (10); the assumption 
that the floAv lies in the vicinity of a parallel sonic floAv is not necessary.) 

7. Linearization of the Boundary Conditions in the Hodograph Plane 

To arrive at a linear boundarj'- value problem in the hodograph plane 
one can proceed in the following manner. Assume that a shock-free floAV 
in the physical plane is known. One stream line may correspond to the 
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contour of a body. This flow field may be transformed into the liodo- 
graph. We ask now what happens if the boundary in the physical plane 
is changed by such a small amount that one can linearize the boundar}’^ 
conditions in the hodograph plane. 

The contour of the bod}”^ is given bj' a stream line, i.e., in the present 
approximation according to Eq. (1.12) bj' 

(1.13) 0(1 = const. 

The map of the boundarj' of the flow in the hodograjih jilane may be 
given by t] = Tj(B). The shape of the boundary stream line in the phy.si- 
cal plane can be described either bj" x = fi{0) or by // = /c(<?) where/i and 
/s are known functions. Since along a stream line 


/i and /o are not independent from each other. By means of Eq. (1.8), 
one can then determine <^),; one thus obtains 

4>v = m, 

where /(fl) is a known function. Thus one has as boundary conditions 
in the original flow 

(1.14a) 4>e{v,0) = const, 

and 

(1.14b) c{,,irj,0) = /«?). 

If the contour in the physical plane is changed by a small amount, 
this will express itself by a change of the function f(0). Lot the changed 
function be given by /(O) -h F(0). Naturally in this case the contour 
in the hodograph plane will also be changed, the new contour ma}- be 
given by 

V = m -f 11(0). 

The function H(0) is unknown. Also the transformed potential will 
change. It may now be expressed by <p(v,0) + P-(r],0). 

From Eq. (1.14) one then obtains as the boundary conditions for the 
changed flow 

<f>o(v + H, 0) -f -b ri, 0) = const., 

</>,(^ -f H, 0) -f n,(7} -b H, 0) = f{0) + F(0). 

If one linearizes these conditions assuming that FI, n, and F are small and 
if, furthermore, one eliminates II, then one obtains 
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If one differentiates Eq. (1.13), which is valid along the map of the 
original contour in the direction of this line, one obtains 


dfj 


(l>oe = 0. 


With Eq. (1.6) and this result, one obtains from Eq. (1.15) as the final 
boundary condition for the perturbation potential 

(1.16) n,irj,e) + rj ^ ne{rj,e) = F{e). 

Naturally fl fulfils the differential Eq. (1.6) 

(1.17) — rjQee = 0. 

A derivation of the corresponding boundary condition for the exact 
hodograph equation can be found in Guderley (11). 

8. Some Remarks about This Boundary Value Problem 

In potential theory one distinguishes between boundary value prob- 
lems of the first and of the second kind. Tricomi prescribes along the 
boundary the value of the function z; this problem corresponds to a 
boundary value problem of the first kind. The problem with the bound- 
ary condition (1.15) can be considered as the generalization of the bound- 
ary value problem of the second kind. 

For Tricomi’s contour (Fig. 3) the uniqueness proof can be carried 
out also for boundary value problems of the second kind in exactly the 
same manner as for boundary value problems of the first kind (Guderley, 

12, p. 28). 

In potential theory an integral condition must be fulfilled in order for 
the solution of the inner boundary value problem of the second kind to 
exist. The present case is quite similar. 

If one considers a closed domain D with a contour C in which Eq. 

(1.16) is fulfilled, one has jj (ft,, — y^ee)dydB = 0. Integrating the 

D 

first expression in the integral with respect to y, the second with respect 
to 0, one obtains the integral condition ft,d0 4- y^edt] = 0. Hence 
one obtains from Eq. (1.16) 

(1.18) j^F{9)de = 0. 

Some considerations of plausibility regarding this condition in the case 
that the contour is open in the supersonic region are given in Guderley 
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(12, Appendix III). In the application to the How past a body this 
condition does not represent a restriction with regard to tlie deformations 
which are admissible. A closer study would .show that in those problems 
one will alwaj^s have a free parameter whose choice is determined by the 
condition (1.18). Therefore we shall assume in the following that the 
condition (1.18) is fulfilled. 

One can transform a boundary value problem of the second kind into 
one of the first kind. Equation (1.17) can be written as 

(1.19) fl, = X(), rjV.o = X„ 

where X is a suitable function of -q and 0. The boundary condition (1.15) 
can be written as a condition for X; 


Hence 


X, + ^ X, = HO). 


(1.20) X = iF{0)(l0, 

where the integration is carried out along the original conlcnir. The 
differential equation for X is obtained by eliminating V. from Eq. (1.17). 
One then obtains 

(1.21) X„ - - X, - qXoo = 0. 

V 

9. Parlicular Sohilions of Eq. {L17) 

By the restriction to small changes of the boundary in the physical 
plane a linear boundary value problem of the second kind has been 
obtained in the hodograph. If a general theory of the boundary value 
problem existed, this theory would give immediately t.hc conditions for 
the existence of a solution. Actuall}' less is known for boundary condi- 
tions of the second kind than for lioundary conditions of the first kind. 
Even the extension of Tricomi’s boundary value problem given in Guderley 
(12) cannot be carried out for boundary value problems of the .second 
kind. 

The main question is whether a solution of a boundary value problem 
of the second kind exists when the boundary is closed in the supersonic 
region as well as in the .subsonic region. The integral conditions (1.18) 
may be fulfilled. We shall show the nonexistence by examples, which 
can be discussed by means of the particular solutions derived in the 
following. 

Let us introduce in Eq. (1.17) the following transformation of the 
independent variables 
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(1.22a,b) ^ ^ ^ 

The ^,p-system is shown in Fig. 10. A corresponding transformation 
is found in Tricomi's memoir (7). One then obtains the following dif- 



ferential equation for n 

(1.23) - 1 aj^(i - ^ ^ psi, -b ^ 0. 

Particular solutions of this differential equation are found by the product 
hypothesis 

(1.24) = g(p) ■ G{^) 
which leads to the ordinary differential equations 

(1.25a) G" - I ^(1 - e)G' + (-^ + ]^) (^ = 0 

and 

(1.26) 9py' -b ^-pg' + (-X -b ^)g = 0. 

Here X is an arbitrary constant. Equation (1.25a) can be written in its 
self-adjoint form 

(1.25b) I (d - P)» I) + (-X + ,1) . e . 0. 

Equation (1.26) is solved by 

(1.27) 


— ii2±Viy/^ 
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If one carries out the transformation (1.22) with respect to the bounclar^'^ 
condition (I.IG) one obtains 


(1.28) 




9 . 


9p- 


(1 - r)= 




where along the contour 

P = P(^), 0 = ^(^)7 

and 

(1.2Sa) F*a) = F(m) (-TZ^i + r^)' 

If the contour coincides with a line ^ = constant, condition (1.2S) pre- 
scribes the values of P.^; if it coincides with a line p = constant, Eq. 

(1.28) gives Pp. 

The contours which wc shall discu.ss in future examples will be formed 
by two lines ^ = constant = Ci and ^ = constant = C; and one line 
p = constant. The regions thus obtained will not have a gap (Figs. 
11, 12, 13). Depending upon the choice of the constants Ci and C; the 
regions will be either entirely subsonic (Fig. 11), entirely .supersonic 
(Fig. 12), or a mixed .supersonic-.subso!uc regime (Fig. 13). For sim- 
plicitj’-, we assume that along $ = Ci and ^ = Cs the condition Qf = 0 is 
prescribed. (Other examples will be discussed later.) Thus one 
obtains the boundary condition for G 

(1.29) G'(Ci) = 0, G'(c2) - 0. 

Naturallj'- boundaiy conditions of the first kind can also be treated this 
way and the procedure is exactly the same (Guderley, 12). 

The boundary conditions (1.29) together with the differential Eq. 
(1.25b) form an eigenvalue problem for the functions G. Therefore for 
the particular examples which will be discussed here, one can base the 
discussion on the theory of eigenvalue jirolilcms. This is the reason for 
the choice of these examples. 

It can be seen rather ca.sily from the orthogonality relation (1.30b), 
which will be given later, that the eigenvalues are real. One of them is 
with the corresponding eigenfunction G = constant. For a purely 
subsonic problem, all other eigenvalues are smaller than xV (f^f- e.g., 
Guderley, 12, p. 8), for pui-ely supersonic problems they are larger than 
xV, and in the mixed case there e.xists an infinite number of eigenvalues 
which are larger than xV, and an infinite number which arc smaller than 
By means of Hilbert’s theory of the polar integral equation (cf. 
e.g., Hamel 15) it can be shown that the system of eigenfunctions is 
complete. 
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Let US arrange the eigenvalues according to their magnitude and then 
denote them by 

• • • • • • X_ 3 , X_ 2 , X_l, Xo, Xl, X 2 , X 3 • • • Xj: ■ • • . 

Subscripts with negative signs refer to eigenvalues smaller than xV) sub- 
scripts with a positive sign refer to eigenvalues larger than xV, and 
Xo = tV- The corresponding eigenfunctions may be denoted by 

G-k ■ ■ • G-s, G-2, G-i, Go, Gi, G2, Gz • ■ ■ . 

For the eigenfunctions the following relations of orthogonality exist 


(1.30a) J^ 3 - )y 6 = 0 for h ^ k, 

(1.30b) ^ ^ ^ ^ ^ 

The eigenfunctions can be normalized 


(1.31a) 

(1.31b) 




for positive values of h, 
for negative values of h. 


For Go the normalization constant may be either positive or negative. 

The particular solutions for formed with these eigenfunctions may 
be denoted by 

(1.32a) = p-H 2 +!^Vxl . 

(1.32b) ^uh = 

(1.32c) fiiiu = p~ti 2 ( 7 _^(^) . cos (-3 ■\/lX_ftl log p), 

(1.32d) S2m = • G^hiO • sin (-g- -v/IX-aI log p), 

for /i = 1 , 2 • • • ; 


Slio — 1, fliio — p 

From the completeness of the system of functions Gh it follows that a 
function can be represented by a superposition of the expressions fiu, 
fiiiA, ^luh, fliv/i, fto, and flno if it fulfils the differential Eq. (1.16) every- 
where in a region bounded by the two lines f = Ci and ^ = C 2 and by two 
lines p = constant and if it fulfils the boundary condition = 0 along 
the lines | = Ci and ^ = Cz (cf. Guderley, 12). 

With these particular solutions we can now study some boundary 
value problems. 
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10. A Subsonic Boundary Value Problem 

In Fig. 11 the boundary consists of the two lines ^ = Ci and f = Ci 
and of a line p = constant = 1. Along the lines ^ = constant the con- 
dition fif = 0 may be prescribed, along the line p = 1 fip may be given 
arbitrarilj" as flp = /($). We require the solution to be finite at point 0. 



Then it can be represented by a superposition of only the expre.-^sions 
V.ih. In the present example, the particular .solution."? fim;. and V.wh do 
not e.xist. So wc have 

03 

(1.33) n = ^ a, • p-H.+»xAI . (?,($), 

0 

where the On are arbitrary constants. Ilcnce one finds for p = 1 

ae 

f^p = ^ ah{— iV + -3 \/X^) • (7 a($). 

1 

In the last expression the term with Go is not present since Xo = tV* 
Therefore an arbitrary function /(^) can be represented onh"' if/ is ortho- 
gonal to Go, i.e., if 

L = 0 - 

This condition is equivalent with Eq. (1.18). The coefficients OiXh = 1,2 
•) can be obtained readily bj"^ the equations of orthogonalit}’’ (1.30a). 
The solution which one obtains in this manner is finite and continuous 
everyvdiere. 

11. A Supersonic Boundary Value Problem 

The boundarj’’ value problem of Fig. 12 is patterned according to 
that of Fig. 11. If one prescribes along the line p = constant only the 
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values of then one sees by means of the method of characteristics, 
which in this case can also be used to construct the solution, that the 
solution is not fully determined. One needs also the values of 0. For 
the representation of the solutions we have now the system of particular 
solution Qni,h, fiivA, and The coefficients can be found rather easily 
by means of the relations of orthogonality. Again the condition (1.18) 
imposes a restriction on the values of flp. In this solution it is remarkable 
that all particular solutions tend to infinity as one approaches point 0. 
It follows that the entire solution will tend also to infinity. To show 
this, one can either assume that the boundary conditions are prescribed 
in such a manner that only one of the coefficients is different from zero. 
In this case the solution will certainly tend to infinity. 



Another way of reasoning is as follows. If one wi’ites the solution 
more explicitly as 
00 

Q = ^ [din.h • • COS •\/[X_a| log p) 

1 

+ Oiv,Ap-^=' sin (i V|X-a| log p)]G^_a + const., 

one can cons ider the expressions amAp-Hs cos (i -v/lX-/,! logp) + Giv.a • 
p“t*^ sin (-g- V lk_7il log p) in the sum as coefficients of the functions G-h- 
These coefficients depend naturally upon p. By means of Eqs. (1.30) 
and (1.31) they can be determined along each line p = constant by a 
Fourier analysis, i.e., by integrals 

The integrand is bounded if a is bounded and C 2 = 1 — e with t > 0. 
Thus the coefficients of the functions G/. will be bounded for any value 
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ot p. However the presence of the factor in Eq. (1.34) shows that 
the}’’ are not bounded. Because of this contradiction, the assumption 
that is bounded in the entire region is wrong. 

One thus finds that in this purely supersonic problem (he solution 
tends to infinit}’ as one approaches point 0. No solution of tliis problem 
which is finite at point 0, exists. The example .shows that with data 
prescribed along a closed contour in an arbitrary manner, a solution will 
exist in general only if a singularity at the sonic point of the contour is 
admitted. Tlie same plienomenon will be found for mixed boundary 
value problems. 


12. A Mixed Boimdari/ Value Problem 

Figure 13 shows a mixed boundary value problem for which the con- 
tour does not contain a “gap.” The .subsonic contour is formed by the 



line OA ($ = Cj) and the line AB (p = 1). The supersonic contour is 
formed by the characteristic BC and the line $ = co < 1, No character- 
istic intersects the supersonic contour more than once. 

This problem can be reduced to one for which the data are given 
along lines ^ = constant and p = constant only. For this purpose one 
prescribes arbitrarily the condition 0^ = 0 along the portion CD of the 
hne $ = C 2 . Then from this condition and the data along the charac- 
teristic BC one can construct the solution in the region BCD. If one 
no-w determines a solution which assumes along BD the values of 9. and 
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of flp obtained by the previous construction, it will agree in the entire 
region BCD with the solution previously constructed and will therefore 
assume along the characteristic BC the boundary values originally pre- 
scribed. Accordingly the original boundary value problem is equivalent 
to one, in which = 0 is prescribed along the lines ^ = Ci and ? = C 2 
(from 0 to D) and tip is prescribed along the line ABD and in which 
furthermore 0 is given along BD. Incidentally, this boundary value 
problem can be considered as one in which the supersonic contour inter- 
sects certain characteristics more than once. In this example, the solu- 
tion would obviously not be determined if one prescribes only the value 
of the generalized normal derivative along the contour BD. For the 
representation of the solution, the functions flu, finu, and fiiv* will be 
used. Expressions Siu are not admitted analogously to the subsonic 
problem of Fig. 11. They have at point 0 a stronger singularity than 
the functions Quih and Oiva- So we have 



Here aivUinv and civa are suitable constants. 

The fulfilment of the conditions for fip along ABD leads to a Fourier 
analysis. It yields in a similar manner, as in the previous a naly sis, the 
values of uia and of the linear combination {—^anih + ^-'v/IX-aI • Oiva). 
This linear combination occurs since Ohia as well as Giva contribute to %. 
The coefficients anu can be found by an infinite system of equations 
which results from the conditions for along BD. 

The solution of this system need not be investigated; for if for any 
value of h the above linear combination of ghia and Oiva differs from zero, 
then the solution cannot be bounded in the vicinity of p = 0 for the same 
reason as in the previous section. Hence it follows that unless the 
boundary conditions are chosen in such a particular manner that all 
coefficients am* and Oiva are zero, the resulting solution will be singular 
at point 0. 


13. General Remarks Concerning These Examples 

The purpose of the previous examples was to show what may happen 
in a potential flow over a given surface, if the surface is changed by a 
small amount. One obtains a boundary value problem which has the 
form of the last examples (although in general the boundary will be quite 
different). We suspected, that if the contour does not possess a gap, as 
it happens in the flow where a supersonic region is embedded into a sub- 
sonic flow, a continuous solution is not possible and that the discontinuity 
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will appear at one of the points of intersection of the contour with the 
sonic line. 

The examples of a supersonic and of a transonic boundary value 
problem show exactlj'^ this propert3^ A solution for these boundaiy 
value problems exists onlj' if one admits particular solutions and 
fiivh, or if the coefficients of these particular solutions happen to be zero. 
The presence of these particular solutions gives a flow which is ph3’sically 
impossible; a further discussion would show that one obtains folds in tlie 
supersonic region of the ply'sical plane which extend eventuall3' into tlie 
subsonic region. One can therefore sa3'’ with regard to the problem of a 
slightl3’’ disturbed contour that in general no solution exists in the form 
of a potential flow. 

This present investigation reaffirms Frankl’s conclusions, but it is 
more than a stricter derivation of Frankl’s results, it shows the mecha- 
nism b3'^ which the nonexistence of a continuous solution of the problem 
is caused, i.e., b3’^ the occurrence of the particular solutions and 

One ma3’^ ask if the above examples arc sufficiently general. One 
might object to the singularity which the contour possesses at point 0 . 
That this singularity docs not cause the solution to become singular is 
shown ly the example of the purely .sub.sonic flow (Fig. 11 ). The dis- 
cussion of more general boundaries is rather diffuailt. In Section 11,(5 a 
simple example which is due to liu.semann will be given. It .shows the 
occurrence of singular particular .solutions even for a smooth contour. 

II. PlIVSrCAL CoNSlDKICVTlONS 
1 . Jnlroduclorn lirmnrh 

The first section of this article brought mainl3' mathematical investi- 
gations, which show that the boundary vahie in-oblcm for the transonic 
potential flow over a bod3' has in general no solution. In the ajiproach 
of Busemann-Gudcrlc3' the impossibilit3'’ of jiotential flow was indicated 
by the presence of particular solutions with an oscillatoiy character in the 
direction of changing values of p. The3' tend to infinit3’’ one of the 
corners of the supersonic region. In the following it will be shown that 
in a supersonic region which is embedded in a subsonic flow these oscilla- 
tory solutions can be expected for ph3'^sical reasons. 

S. A Flow Pattern with Waves in the Supersonic Region 

In a potential flow with a local supersonic region (Fig. 14 ) the contour 
may be changed locally in such a manner that a singularit.y of the contour, 
e.g., a jump of the curvature arises. In Fig. 14 ABC ma3'^ give the sonic 
line, and the jump of the curvature may occur at point D. This singu- 
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larity in the stream line shape will propagate dowmstream along a charac- 
teristic until the characteristic reaches the sonic line. The reflection of 
such a singularity at the sonic line has been investigated in Guderley 
(10, p. 10) . There it has been shown that the singularity does not vanish 
but will propagate in a changed form along the characteristic which starts 
at the point of the sonic line where the original characteristic arrived 
(point E in Fig. 14). The singularitj'- propagating along this characteris- 
tic will in turn be reflected at the surface of the body and then propagate 
along a characteristic which I’uns toward the sonic line. One thus obtains 
a pattern in which the singular Mach wave is reflected from the surface of 
the body and the sonic line an infinite number of times as one approaches 
the "exit” corner of the supersonic region. 



Whether this flow pattern represents a wavy flow cannot be decided 
from this description — a mathematical analysis is needed at this point — 
but at least this flow field suggests a study of waves within such a super- 
sonic region. 

Even in the present preliminary ideas about the structure of this flow 
pattern, one can see an interesting alternative which in its most striking 
form stems from Busemann (13; see also 11, Introduction). The 
accumulation of singular waves in the corner of the supersonic region 
will either be compatible with a potential flow or it will be incompatible 
and then the potential flow will be changed in some way. 

Assume that the first is correct. If one then reverses the flow direc- 
tion, one will obtain the flow field shown in Fig. 15 where the perturbation 
propagates toward the other corner of the supersonic region. In a 
potential flow however, one can reverse all the velocity vectors and 
therefore Fig. 15 will also represent a solution for the flow over the body 
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in the original direction. So this assumption leads to the consequence 
that the solution of the flow problem is not unique. 

The other alternative, that the accumulation of singular waves 
destroys the potential flow at the end of the supersonic region, would 
save the uniqueness and require the introduction of a new j)hysical clTcct, 
probably the introduction of shocks. 



S. PcrliirbatioJis in a Potential Vortex 

An e.xample of a mixed flow in which perturbations can be studied 
veiy easily is the potential vortex, i.e., a flow who.se potential in the 
ph3’’sical plane is given by </> = w where w denotes the angle in polar coordi- 
nates. The stream lines in this case are concentric circles; along the 
stream lines the velocit,y is constant. For the inner circlc.s the velocity 
is supersonic; for the outer circles it is sub- 
sonic. Two stream lines maj' represent the 
walls; they may either lie at supersonic or 
at subsonic speeds, or one wall can lie at a 
supersonic, the other at a subsonic speed. If 
one considers the flow in onlj- one sheet of the fhe ^ 
physical plane, then one cannot ditTercnliate 
between the upstream or the downsti'eam 
direction. For this reason it will be assumed that the physical i)lanc is 
covered bj’’ an infinite number of Riemann sheets, and the flow field 
extends through all these sheets (Fig. IG). 

The map of the flow in the hodograph plane is given bj’^ <i> = 0. This 
flow runs in the physical plane in the counterclockwise direction. The 
walls may be given by the lines = iji and tj = tjo, where tji and tjo are 
constants. In mapping from the hodograph plane to the ph.ysical plane 
one must use Eq. (1.8). If one changes in this flow one or both walls, 
then one obtains the boundary value problem of finding a solution of the 
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differential equation 

(1.17) = 0 

with the boundary conditions 

^?i(v2) = F(0)- 

At points at which the wall has been left unchanged F is zero, and at 
points where the wall has been changed, F is determined by these changes. 
This is a classical problem. One has a linear homogeneous differential 
equation with nonhomogeneous boundary conditions. As is well known 
(see e.g., 9), this problem can be converted into one with homogeneous 
boundary conditions but with a nonhomogeneous differential equation. 
In the present case the nonhomogeneous problem can be solved if one 
has a S 5 ’^stem of particular solutions of the homogeneous differential 
equation with homogeneous boundary conditions. Such solutions can 
be found by the hypothesis 

Q = Giv) 

which leads to the differential equations 

(2.1) G" -r,\G = 0 

with the boundary conditions 

( 2 . 2 ) G'M = 0 , G'M = 0 . 

This is an eigenvalue problem for the function G (very similar in character 
to the eigenvalue problems dealt with in the first part of this paper). 
For a purely subsonic flow the eigenvalues X are positive, for a purely 
supersonic problem they are negative and for a mixed problem there is 
an infinite number of positive and negative eigenvalues. The eigen- 
functions and eigenvalues may be denoted in the same fashion as in the 
first part. Also the particular solutions may be denoted in the same 
manner, i.e., we have now 

fl,, - e-v^<'-Gft(,,), 

fiiiift = cos (V 1 X_a1 • 9) • G^{r]), 

= sin (v lX_ftj • 6) • G-hir]), 

where h = 1, 2 ■ • ■ . 

The particular solutions Qij, and Quh formed with the eigenfunctions 
for positive eigenvalues increase or decrease exponentially when 9 goes 
to positive or negative infinity; the particular solutions for negative 
eigenvalues oscillate as one proceeds 9 in the direction. 
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Let us assume that only the wall for which 77 = 7/2 is changed and that 
this change occurs between 0 — 0i and 6 = O 2 where 0i < O 2 . In order 
to convert the problem with nonhomogencous boundary conditions into 
one for which the boundary conditions are homogeneous it is practical 
to introduce a function 7 defined by the equation 

(2.4) 7" - Tji' • 7 = 0 

and the boundary condition 7'(’?i) = 0 7(’?i) = 1- difTerential 

equation is identical with Eq. (2.1) with the exception that the constant 
V does not coincide with an eigenvalue. Then an cxprc-ssiou which ful- 
fils the boundary conditions can be written in the form 


( 2 . 5 ) ^ ^ 

1 1 


Here the unknown functions n* and hi, must Ijc determined in such a 
manner that the difTerential Eq. (1.17) is fulfilled. The details have 
been carried out in Appendix I. One olitains 


(2.6) a,, = 


bs = 


1 . G,,M 

2 Vh, ~ ^ 


G-h ( 772 ) 


cx/M-o. J 




-{-COs(n |X_, 1 .<?) r{vF{r) -/-"(r)) 
I J i 


sin (V|X-;,1 t)(/t + sin (v lX-7.1 • 0 ) I (vF(r) - F"(t)) 

Jct 

■ cos (\/]aI ^1 T)(/r 


Now the choice of the limits of integration Cj, C;, c^, and Ci is import ant. 
Let us consider first the purel}’^ subsonic boundary A'alue problem. Then 
only particular solutions ivith positive eigenvalues are present. In a 
subsonic field one expects the flow at a far distance from the perturbed 
spot to approach the undisturbed flow. In order to obtain such a flow 
pattern, one must choose the constants of integration in the following 
manner; Ci = 62, C2 = 0i. Accordingly, upstream of the perturbed spot, 
only such solutions of the homogeneous differential equation are present 
which decrease as one goes upstream; downstream of the perturbed spot 
one has only solutions which decrease as one goes downstream. 

For an entirely supersonic flow it is in general impossible to leave the 
flow upstream and doAvnstream undisturbed simultaneously. In the 



172 


GOTTFRIED GUDERLEY 


present case this is expressed bj'- the fact that for a purel}^ supersonic 
flow the particular solutions are undamped periodic functions of 6. The 
natural phj’^sical assumption is, that the oncoming flow is free of perturba- 
tions while doAvnstream of the perturbed spot no conditions are imposed. 
Accordingly the solution in the supersonic case requires that Cs = 6i, 

Ci = 6i. 

In the mixed case, particular solutions of both t 3 '’pes are present 
simultaneous!}’’. One 'null expect the flow to become smooth as one goes 
in the upstream direction, whereas doumstream the smoothest possible 
flow which does not perturb infinity in the upstream direction will give 
the desired solution. Thus the choice of the constants will be 

( 2 . 7 ) Cl = 62] C2 = C3 = C4 = 9 i. 

These results show that in a mixed flow a perturbation of the wall 
(either in the subsonic or in the supersonic region) will create a wavy 
flow pattern (downstream of that perturbation). This pattern although 
it is felt in the subsonic region wall have its largest amplitudes in the super- 
sonic region. These supersonic particular solutions are the ones origi- 
nallj'- discovered by Ta 3 ’'lor (14), w^hose interpretation however is quite 
different. 

This example is also quite interesting from another point of view. 
The influence of a w’all perturbation in a subsonic or in a supersonic flow 
is known. In a subsonic flow a perturbation spreads in all directions 
and at the same time becomes wnaker. In the supersonic flow’^ a per- 
turbation spreads only dow’-nstream, but it keeps its strength. Now’ 
w’hat happens in a mixed case? The present example shows that there 
are particular solutions which have the character of subsonic perturba- 
tions, and particular solutions w’hich have the character of supersonic 
perturbations. Therefore the mixed flow combines the properties of a 
subsonic and a supersonic flow’. A part of the perturbations propagates 
only dow’nstream without decreasing in strength, while another part of 
the perturbation w’hich attenuates in strength travels both upstream and 
dow’nstream. 

This example shows that in a mixed flow’ a wavy flow’ pattern can 
actually be produced by a w’all perturbation. The other question of 
w’hat happens to these oscillations if the supersonic region terminates can 
naturally not be answered b}’ the present example. As a preliminaiy 
step, one may ask w’hat happens if the Mach number at the w’all changes. 

4 . Interpretation of Fig. IS 

A physically possible flow’ in w’hich the Mach number changes along 
the stream lines is obtained by an interpretation of Fig. 13. One must 
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find a suitable basic flow which fits the boundaries of Fig. 13. Idiis 
requires that ^ = constant along the lines $ = Ci and $ = c^. Solutions 
of this character can be found easilj^ if one rememliers that, with the 
transonic simplifications, the differential equations for the stream function 
and the transformed potential arc the same, so that particular solution 
of Eq. (1.23) written in terms of can be used. In the present case, a 
flow which has the lines $ = ci and ^ = C; as stream lines is given by 
=/(?), where /(?) is the function G obtained from Etp (1.2.5a) for 
X = xV- This solution represents the flow in a curved channel (Fig. 17); 
it is similar to the flow in Fig. IG. 

Lines 6 = constant in Fig. IG corre- 
spond here to lines p = constant, and 
lines T] — constant to lines ^ = constant. 

Along the outer stream line (^ = Ci) 
the velocity is subsonic; along the inner 
stream line it is supersonic. The sonic 
line extends along a stream line within 
the tunnel. The onl}^ dilTercncc between Figs. IG and 17 is that in Fig. 
17 the Mach number along the stream lines changes. Finally a ero.«.s 
section is reached where one has a parallel sonic flow. 

While in Fig. 13 the region considered is bouiiflcd in one direction by 
a line p = constant, which would mean that tlie flow starts at a certain 
cross section at a finite distance, we rather assume that the flow field is 
unlimited in upstream direction and that at a large distance upstream 
one has the basic flow. Perturbations may be introduced into tliis flow 
by a bump along the wall which extends between the values of p = pi, 
and p = p 2 . Then one obtains according to Eq. (1.2S) as boundaiy 
conditions for the perturbed flow 0^ = F{p), where F{p) is determined by 
the change of the wall ; at points of the walls which have not. been changed, 
it is zero. 

Except for the fact that the difTerential equations arc somewhat 
different, the problem of tlie potential vortex with a wall perturbation 
and the present example are exactly alike. So is the solution and the 
choice of the constants of integration. The particular solutions with 
X > xV describe such perturbations which spread out in a subsonic man- 
ner in the upstream and downstream directions and die out as one goes 
to a larger distance from the perturbed spot. The other particular solu- 
tions spread only downstream. Here one encounters another difference: 
when the Mach numbers become closer to one, the strength of the 
perturbation increases, as has been seen in the discussion of Fig. 13. 

If one maps the perturbed flow into the physical plane, one sees that 
part of the physical plane will be covered by several sheets. 



Fifi. 17 
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The mathematical analysis cannot indicate in which manner this 
situation can be remedied, a ph 3 '^sical rather than a mathematical con- 
cept is needed. The example of the corresponding supersonic flow may 
serve as a guide. There one can construct the arising flow pattern 
alternately by the method of characteristics. This construction can take 
into account the arising of shocks, and thus one obtains a physically 
possible flow although the mathematical difficulties in the analytical 
treatment are the same. One will be inclined to believe that also in 
mixed flow patterns the multiple covered regions can be removed by the 
admission of shocks. 

In the mathematical treatment of this example, the assumption was 
made that the boundary conditions can be linearized. One might blame 
this linearization for the presence of folds in the physical plane. A 
counter example is the purely supersonic flow. There the method of 
characteristics takes into account the correct boundary conditions. 
Nevertheless folds in the physical plane will arise unless shocks are 
admitted. 


5. Another Interpretation of Fig. IS 

The main interest of the flow pattern discussed previously lies in its 
close relation to the potential vortex. But it does not illustrate our 
main problem of how the flow behaves, if the sonic line reaches the wall. 

Such a flow can be obtained if one chooses the basic flow in Fig. 13 
differently. Again Ave use the fact that the differential equations for \j/ 
and Q are the same. With a suitable value of X in Eq. (1.25a) one can 
find solutions of the form (1.24) AAffiich have = 0 along ^ = Ci and 
along % — Cl and for A\ffiich G does not become zero betAveen these values 
of Lines i/' = constant in the ? 70 -plane are shoAAm qualitatively in 
Fig. 18; Fig. 19 represents the corresponding floAV pattern. The dash-dot 
line indicates the sonic line. At the point AAffiere the sonic line hits the 
contour, one of the higher derivatives is singular. In Fig. 19 it appears 
strange, that at the sonic point, the AA^all curvature changes its sign. A 
solution in the rj, 0-plane, according to Fig. 20, can be treated in exactly 
the same manner as the Aoaa^ of Fig. 18. Then the sonic point of the 
contour in the ph 5 fsical plane aauII still be singular, but at least the curva- 
ture of the boundary stream line does not change its sign. 

The dotted line in Figs. 18 and 19 shows a line p = constant. As in 
the previous example, the flow may extend to infinitj'" (in this case in 
every direction). A perturbation may be introduced into this floAV by a 
perturbation of the Avail either in the subsonic or in the supersonic region. 
If one requires that infinity is undisturbed, then the mathematical prob- 
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lem is exactl}’^ the same as in the previous example. Tlierefore, also here, 
particular solutions in ^nih B-ud ^ivh will be present in the expression for 
the perturbation potential. Thej' will cause physical diflicultics for 
small values of p, i.e., close to the sonic point of the contour. 



In this interpretation a comparison with the purely supersonic jirob- 
lem is impossible, since no corresponding l)asic flow exists. In this dis- 
cussion the flow represents an exit corner of a supersonic field. If one 






Supersonic 


region 

\ 







region 


Fig. 19 


reverses all velocity vectors, one will obtain an entrance corner. Then no 
perturbation fim/, and fiiv;, will be admitted for p = 0. In the solution 
of the boundary value problem which is quite similar to Eq. (1.39), this 
means only a change of the limits of integration in the expression with 
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the particular solution G-h. Then the particular solution with an oscilla- 
tory character will propagate to infinity. In this process they become 
weaker, but not to the same extent as the solution with eigenvalues 
larger than xV- 



If one changes in these examples the wall in the subsonic region 
instead of in the supersonic region, and if this perturbation extends over 
not too large a range of p, then particular solutions finu and fiiv/i will be 
excited here also. This shows that the presence of oscillatory pai’ticular 
solution in the 'supersonic region does not depend on the occurrence of 
a singularity of the wall stream line in the supersonic region. It also 
shows that particular solution fluu and fiiv/i will be excited even though 
the perturbed parts of the subsonic contour lie downstream of the sonic 
point of the contour. 

6. A More General Case 

In the last examples the boundary stream line was singular with 
respect to one of the higher derivatives at the sonic point of the contour. 
The problem for which the boundary stream line is regular was treated 
in the original publications of Busemann and Guderley, under rather 
general conditions. Since the essential point of the present investiga- 
tions, i.e., the occurrence of oscillatory particular solutions whose ampli- 
tude increases toward the exit corner of the supersonic region, has been 
made quite obvious by the preceding discussion, it will suffice here to 
show only one example for which the treatment is particularly simple; 
This approach is due to Busemann. 
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The basic flow in the tj, 0-plane niaj^ be given by \p = rj ~ aO, wliere 
a is an arbitrary constant. Obviously this flow fulfils the differential 
Eq. (1.11). The boundary stream line may be given by tj = a • 0. J3y 
an anab’-sis, details of which are given in Appendix II, one finds that for 
small values of 0 a system of particular solutions which fulfil the boundary 
conditions is represented by 

0 = 0-» • sin (2(r*)5^ • 0-^^-) • 

where t* and G are defined in the Appendix II. Also these solutions 
increase as one approaches the exit corner of the supersonic region. The 
similarity between this result and the result in the previous examples 
becomes still stronger, if one cxprc.sse.s the increase of amplitude in terms 
of the value of rj at the points where the lines p = const, or 0 = const, 
intersect the wall, then in either case the amiilitude behaves like 7;“-h 
Actually for small values of C; the two kinds of cxamiiles can bo treated by 
the same method. 

From the mathematical point of view, one can make an objection to 
Busemann’s and Guderley’s apiiroach to this problem, fl'lic solution is 
obtained in the form of an expansion with respect to a suitable parameter 
(in Appendix II, for example, one has an expansion with respect to 
powers of 0’-). This expansion fulfils the differential equation and the 
boundary condition. However one ought to .show either that this expan- 
sion converges and that the result fulfils the dilTerential ccpiation, or that 
the deviation of the approximate .solution from the exact solution can be 
made arbitrarily small, if one lakes a finite number of terms of this 
expansion and lets the parameter with respect to which the development 
has been carried out, tend to zero. As in many problems of applied 
mathematics this proof has not been given. 

7. Concluding Remarks 

The first part of the article shows that the boundary value problem 
for the transonic potential flow past a body has in general Jio solution. 
First Frankl’s argument is given, which contains certain elements of 
plausibility. Then the problem is attacked by investigating changes in a 
transonic potential flow due to small deformations of the contour. The 
type of boundary value problem arising is studied in suitable examples. 
They show that in general (i.e., unless veiy strong conditions are imposed 
on the boundary value problem) this problem docs not have a solution 
which is continuous eveiywhere. A discussion of the singularities which 
must be admitted in the hodograph plane would show that the flow 
pattern thus obtained is physically impossible. 
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In the second part the particular solutions whose presence indicate 
the impossibility of a potential flow are interpreted physically. They 
would correspond to a wavy flow in a physical plane. First, a flow pat- 
tern is described (Figs. 14 and 15) which makes the occurrence of a wavy 
flow in the supersonic region plausible. This example shows also that 
if a solution in the form of a potential flow could always be found, this 
solution would not be unique. With this preparation, some boundary 
value problems are discussed (mostly problems discussed in the first part 
from the mathematical point of view) in which wavy flow patterns do 
occur, they indicate that the amplitude of these waves will increase as one 
approaches the end of the supersonic region. 

These examples show that a change of the walls in a potential flow 
(even of the walls in the subsonic region) will cause the flow in the super- 
sonic region to become wavy. In the vicinity of the perturbed spot, these 
waves Avill have the magnitude of the original perturbation. If the 
perturbation lies in the subsonic region, they will even attenuate as one 
goes to larger distances from the perturbed spot. However if the local 
Mach number at the ivall in the supersonic region approaches one, the 
amplitudes will increase until they introduce into the flow field overlap- 
ping portions which are naturally impossible. 

At this point it ivould be desirable to shoiv examples or give a theory 
which indicates that the admission of shocks will remedy this situation. 
The only examples of the kind which can be obtained easily concern 
purely supersonic flow patterns. The analytic solutions for these cases 
are completely analogous to mixed problems. The difficulties which one 
encounters in the physical plane can be remedied by the admission of 
shocks. So it is conceivable that the same will happen in a mixed flow. 

The investigations do not give an immediate criterion regarding the 
contours for which potential flows ivill be possible. To disprove con- 
clusively the surmise that a particular class of contours, e.g., analytic 
contours will always have a shock-free floiv is difficult. In one of the 
examples it was shown that even though the contour is analytic in the 
supersonic region, a potential flow does not exist. 

Frequently the present investigations have been connected ivith the 
idea of stability. But the word stability suggests the behavior of per- 
turbations of the flow field with respect to time. The present investiga- 
tions consider the change of the contour in a steady flow and ask which 
other steady flow will arise. They predict that at the end of the super- 
sonic region a difficulty will arise. It must be emphasized that this 
difficulty does not mean a major change of the floiv pattern as a Avhole; 
a major deviation from the original flow will be experienced only in the 
vicinity of the exit corner of the supersonic region. If one considers a 
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number of contours which deviate from the contour of a potential flow 
in various degrees, then the area in which major changes of the plane 
field will occur will be smaller for the smaller deviations. 

For anj^ fixed point of a flow field at a distance from the exit corner 
of the supersonic region a continuous change of the contour Avill produce 
a continuous change of the ph 3 \sical conditions. 

From the practical point of view, the drag rise with increasing Mach 
number in the transonic region is one of the characterist ic phenomena. 
One will ask whether the phenomena predicted here can be considered as 
an indication for that drag rise. In this regard one can say that, although 
the occurrence of shocks will bring about a drag increase (liecause of the 
entropy change), this drag rise will be negligible for weak shocks in 
comparison to the friction drag. Only if the supcr.sonic region has grown 
to an appreciable size and if the .‘^hock.s have a certain strength, will the 
effect of the shock be important. So this technical question is left 
unanswered. 

That a drag rise must occur at IMach numbers close to 1 is seen from 
the investigation of flow patterns with exactly the ^lach number 1. 
They show in accordance with the idea that such a flow pattern can be 
considered as the limiting case of the flow in a Laval nozzle with an 
infinite width, that the flow behind the body is supersonic and that every 
body of finite dimensions has a drag different from zero. Hence it is 
conceivable that for high subsonic Mach numbers the supersonic region 
will also extend behind the body. 'J'hen a shock must be expected accord- 
ing to the consideration in Section 1,1. For reasons of continuity one 
would expect the drag at high .sub-sonic IMach numbers to be different 
from zero since the drag at a Mach number 1 is difl'ercnt from zero. 
In a frictionless, two dimensional subsonic flow the presence of a drag 
requires the change of the ent.ropy, otherwise no momentum loss can be 
felt at infinity. This is another indication for the pre.scncc of shocks in 
such flow fields. 

Frequently the hodograph method has been used in order to give 
examples for transonic flows. Bj’- the nature of the method all these 
examples will correspond to a potential flow. Thus t,hcy cannot give the 
full picture of what may happen in transonic boundary value problems. 
But the results of such hodograph investigations are still of interest, for 
from the practical point of view one is interested in maintaining the 
potential flow up to as high a Mach number as possible. 

The attempt has been made to explain the arising of shocks by an 
instability of the potential flow, i.e., by the fact that deviations fi’om the 
original flow grow in the course of time. This implies that a potential 
flow exists; in other words, such considerations apply only to the excep- 
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tional cases for which the shape of the contour allows a potential flow. 
If the results indicate an instability, than the number of physically pos- 
sible flows would be reduced further. 

A similar situation exists with respect to the attempt of explaining 
the presence of shocks by the influence of the boundary layer. If by an 
adverse pressure gradient in the supersonic region the boundary has a 
strong tendency to separate and if by its separation it produces a shock 
which in turn maintains the separation, this would indicate that flow 
patterns which, according to the present theory could exist as potential 
flows, will actually show shocks. But there exist also flow patterns in 
which shocks must be present, even though the boundary layer is 
disregarded. 

Appendix I 

Details of the Treatment of the Potential V ortex 

In the main text, an expression w^hich fulfils the boundary conditions 
has been given in the form 

00 CO 

1 1 

where the Gh fulfils the differential equation. 

(1.1) Gh" - h-r,-G, =0 
with the boundary conditions 

Gh' = 0 for T] = r]i and 7 j = 772. 

7 fulfils the differential equation 

(1.2) y" ~ V ' r] • y = 0 

with the boundary condition 7' = 0, 7 = 1 for 77 = 771. The Gh are 
eigenfunctions and one has the relations of orthogonality 

( 1 - 3 ) 7 } • Gh ' Gh ' dr] = 0 for h h {h and h positive or negative). 

The Gh may be normalized. 

In the same manner in which one derives the equation of orthogonality 
one can obtain 

( 1 . 4 ) 

Jm Afc ~ V 

We now form 

CO CO 

1 1 
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and 


1 


d~Oh ^ I 


V r 

4 


By means of the different.ial Eqs. (1.1) and (1.2) the e.xprc.s.sion for can 
be changed into 


= -rri 

r{ni) 


te . 

■ Y + ^ fi/XO) • ■J? * X/. • + X hh(0)v ' X-A ■ 0-h. 


1 ‘ 
Introducing these expressions into the diffoventiai equation 

— tjQoo = 0 

one obtains 


m 


r!0- 


y'M 


V y + 


M _ ” 

(«/. • X;, — Oif) ■ Gh + 


Oh") ' Gh Xr / , ~~ hh") 

G^h = 0. 


In order to obtain equations for the a,; wc multiply this equation with 
7 / • Gi: and integrate with respect to rj from rji to rj^. Then one obtains 
with the relations of orthogonality (1.3) the normalization conditions 
and with Eq. (1.4) the following ordinary dilTercntial equation for 


• FiO) - 


(PF 

( 10 - 


X;.- — V 


GiXv^) d" m.X;. — Oh" — 0. 


This is a nonhomogeneous ordinary differential equation. Solutions of 
the homogeneous part of this differen tial e quation are given by c± 

(for positive values of h) and b}'’ cos (v^lX-/,! 0) and sin (-v/lX-^l 0) for nega- 
tive values of h. 

The solution of the nonhomogeneous equation can be derived b}’- 
means of the method of variation of a parameter; with r as a variable of 
integration one obtains 


ttfc = 

2 -y/Xk 


1 


2 V Xi 


gw) ■(?.(,.) 

J C2 Xfc V 




Xk ~ V 
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- 


V 1^-fcl 


cos (vT^-i-1 • S) 


P-F{r) 


X-A: — V 


• Sin 


('v/lX_itjr)dr + 


VIX-aI 


■ sin (VlX-t 


lX_,|-0) ^ 




X-fc — V 


cos ( \/ |x_t| • T)dr. 


Appendix II 


Verification of Busemann’s Solution for the Exit Corner of a Supersonic 

Region 

According to the formulation of the problem in the main text, one 
must find solutions of the differential equation 

(1.17) ^ 0, 

which fulfil the boundary condition 

^ = 0 

along the line rj = a ■ 6. With this shape of the boundary this condition 
can be written in the form 

(11. 1) 0, -j- • OQg = 0. 

In the direction of negative values of -q the region may extend to infinity. 
The solution will be written in the form of an expansion with respect to 6. 
We introduce a function G which is defined as a solution of the differential 
equation 

(11.2) ^^ + ^.G{r)=0 

with the boundary condition G-^Oasr-^— =o. This determines the 
function G except for an arbitrary constant which is of no importance. 
The solution may be written in the form 

(11.3) n = • { e" • G(t) + ■ [A (?(t) + S • r • (?'(r) 

+ C-GiT)]}, 

where the argument r of the function G is given by 

(11.4) 

T*, n, A, B, and C are constants which must be chosen so that each power 
of 6 in the differential equation and the boundary conditions vanishes 
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sepal•atel 3 ^ The function G is defined in such a manner that tlic lowest 
order terms in 0 drop out automaticnll 3 ^ Tlie next order terms will then 
give a relation between n, A, and B. Because of the definition of G also 
the terms with C will drop out in the second order approximation. 
Therefore the terms of the order of magnitude 0"+-’ are not determined 
completel.v hy this analysis. However we are only interested in the 
lowest order terms. 

From Eq. (II.4) one obtains 

St- _ r* dr _ r 

T’ To~ ~J 

Differentiating the solution (II.3) and replacing expressions G" bj”^ G 
according to Eq. (II.2) one obtains 

n, = c- • G'(t) -f (37-(? -f t^G') -j- B(G’ - 

+ C •(?']), 

. r*2(0«-2(_r -G) -f • {(WG + Or-G' - r 'G) 

-1-B(-37G - 7-G') - G-7-G1}. 

In the derivatives witli respect to 0 we neglect terms of order higher than 
the second: 


no = . .,*54 . o„-i.D . ^ on-i[_y . 

-f B - 7 - G' -h G-G) -h 7( - G - rG'lj, 
Qoo = • 0»-3 • G(r) + • (^l-’G B ' r • G' 

-I- G • G) - - #)G - tG' -f 7iG - rG')] ! . 

If one introduces these expressions into the dilTcrcntial E(i. (1.17) which 
by the use of Eq. (II. 4) can be written for this purpose in the form 


~ 'pif ' 0 ' ^00 — 0 ; 


one finds that the terms in 0" “ drop out, the terms of the next order jdeld 
7*2{^(67G -f G72G') -f B(-37G)} -1- i • T*y^i{2n - ^) • r • G - 27"-G'). 
Hence from the terms with tG and t-G' respective!}’- 


67=^^ “ • A - • B -f 7-(27 i - ^-) = 0, 

6 • - A - 27 = 0. 


This gives 


(11.5) 

A = 

(II.6) 

B = 


i 

3^6 


(277 -ff) ' i 

3 • 
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At the boundary the argument r of 6^ becomes • a. Inserting the above 
expressions for Q, and Qe into the boundary condition (II. 1) one obtains 
from the terms of the lov’est order 

(II.7) <?' = 0. 

Using this, the terms of the next order yield 

A • 3a2 • = 0. 

Inserting the expressions (II.5) and (II. 6) one obtains n = —-1. Equa- 
tion (II. 7) can be fulfilled b}'^ a suitable choice of the values of t*. Let us 
denote the value of the argument of 6* for which (?' = 0 by 

T„(n = 1,2 • • 

then one obtains r* = 

/v^ 
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Vortex Systems in Wakes' 

By L. EOSENHEAD 

UJiU'crsily of Liverpool, Engltind 

I, Object of the Eeview 

The object of this paper is to assess the basic content of many tlieo- 
retical and experimental pajjcrs whicli have been written about wakes 
for the range of Eejmokls number up to about 2500. It is in tliis range 
that sj^stematic arrangements of vortices have been observed in the wakes 
of many different types of obstacle. Many exijcrimenters have recorded 
periodicities in the flow above this value, but have not I)cen able to isolate 
eddies. At still higher values of R the flow becomes completely turbu- 
lent, and systematic periodicities have not been recorded. It should be 
noted, however, that even at relatively low values of R, when eddies arc 
formed, the flow dovoistream is usually completely turbulent. 

The reason for this review is that there has been a renewal of interest 
in the phenomena associated with relatively low subsonic speeds, both 
from the point of view of adding to fundamental knowledge and also from 
its potential value in a number of interesting applications. [See, for 
example, Steinman (1).] 

Two theoretical investigations probably stand out in the minds of 
those who are interested in this field — that due to Kiirman (2,3,4) and 
that due to Fdppl (5). Foppl’s paper investigates the stability of a 
vortex line pair behind a circular cylinder; those with which Kdrmdn is 
associated investigate the stability of the unsj'mmetrical double row of 
vortices at a considerable distance from the bod}’’ from which the vortices 
were shed. Foppl’s paper, though dealing wil.h a range of Eeynolds 
number lower than that in vdiich the double row appejirs, was written 
after the Kdrmdn papers. It is unfortunate however that these investi- 
gations, especially the brilliant one of Kdrman, have been interpreted 
in such a way as to suggest that they explain completely the phenomena 
which they purport to describe. Both were valuable in their time, but 
both are now open to criticism in the light of new ideas, and it would 

^This paper was written under Naval Contract N5ori-7G-Projcct 22. It was 
prepared as a result of discussions with Professor Garrett BirkholT with wliom the 
author had the pleasure and privilege of working in Harvard University during the 
summer of 1950. 
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probably be of value to investigate the whole field anew. This point will 
be referred to later in this note. 

II. Genekal 

The papers of 'K&.rmixi and Foppl have been singled out as being 
especially significant, but one probably their equal in fundamental 
importance is that written by Sir William Thomson (6) in 1880 on the 
vibrations of a columnar vortex. Another important paper is that by 
Hooker (7) which contains an idea through which it might be possible to 
reconcile many apparently discordant experimental results. A brief 
critical survey of the whole field has been given by Jeffreys (8) and a 
detailed account by Goldstein (9). The present review deals mainly 
with papers of a theoretical nature, but reference is also made to some 
experimental investigations Avhere they appear to be relevant. It is 
believed that the most important papers have been included, but no 
doubt many others have been omitted. In particular no references have 
been made to the classical mathematical papers on hollow and annular 
rectilinear vortices, or to circular vortices; these can be found in Lamb 
( 10 ). 

From the point of view of the experimenter, interest seems to have 
centered mainly round the trvo-dimensional Karmdn street of vortices, 
which have been observed in the approximate range of Reynolds number 
40 to 2500. The beautiful results which can be obtained and the sur- 
prising regularity with which vortices are formed are no doubt responsible 
for this interest, but I believe that at the present stage further experi- 
mentation along these w^ell-wmrn lines will add little to knowledge. 
IVhat is badly needed is a quantitative theoretical treatment which will 
consolidate the facts already available. In addition, a sj'^stematic experi- 
mental investigation of wakes behind three-dimensional bodies of various 
shapes might be valuable; some interesting experimental results in this 
field already exist, but they are rather fragmentary. 

III. The Voktex Line Paie 

A qualitative description of the phenomena associated with wakes 
has been given by Goldstein (9). For very small Reynolds numbers the 
Navier-Stokes equations may be solved by the methods of Stokes or 
Oseen, as shown by Lamb (11), and by the method of Thom (12). The 
method of Stokes does not shoiv a Avake. That of Oseen shoAA'^s the 
broadening out of the streamlines behind a sphere (13,14,15,16), a circular 
cylinder (17,18,19), and a flat plate (20,21). The numerical method of 
Thom yields estimates of the drag in very good agreement with experi- 
ment and shoAvs simply and clearly the opening out of the streamlines 
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to form the beginnings of a wake at very small Ee 3 'nolds numbers; tlicre 
is an inflow along the central axis of the Avake. As the Reynolds number 
is increased, the streamlines broaden out and form a closed region behind 
the obstacle; the infloAv along the axis increases in magnitude. To com- 
pensate for this infloAV there is an outflow within the closed region, in the 
neighborhood of the bounding streiiinline.s. This circulatoiy motion 
constitutes a vortex line pair. 

The mathematics of an idealized line pair was investigated bj* Foppl 
(5). He found that if the A'orliccs are to remain stationary relative to 
the cjdinder thej’’ must lie on a curve whose formula wa.s stated; if in 
addition thej’^ were knoAvn to be stationaiy ut points on the curve whose 
coordinates were knoAvn, the vortex strengths could be determined from 
another formula. This second formula indicated that the vortices 
moved doAvnstream as their strengths incrciiscd. In addition it was 
shown that aiy position of relative ecjuilibrium was stable for disturb- 
ances S3'mmetrical Avith resi)ect to the axis of the wake, and ujistable for 
antis 3 mimetrical ones (Goldstein, 22). Eventu.ally, therefore, the vortices 
might be expected to move downstream in an un.symmetrical manner, 
as the Reynolds number is increased. 

It is interesting to examine the basis of the calculation as a result of 
which the statements about stabilit3' were m.-ido. .Ml rectilinear vor- 
tices Avere imagined to rccciA’c small lran.sIational disturbances Avithout 
distortion of the A'ortice.s. This is a special kind of dispI.'K'emenf aiul all 
that AA’as, and can be, claimed for the investigation is that it describes 
the reaction of the .S 3 \s(cm to disturbances of the t 3 ’pe Avhich Avere impo.scd. 
It is incorrect to interpret the results as indicating st.abilit3’ or instabilit3’ 
Avith respect to disturbances of a A’ciy general nature. In fact it is still 
not knoAA’n Avhethcr the vortex i)air is stable Avilh respect to the kind of 
disturbances AA'hich occur under real (conditions — the random three- 
dimensional t 3 'pe of disturbance AA-hich has been disclosed 1 ) 3 ' iuA'csliga- 
tions of turbulence. vSimilar objections appl3' to almost all knoAvn 
inA'^estigations of the slabilit3' of Amrtex .s3'stcms. Additional factors 
should be taken into account in an3’^ reexamination of accepted conclu- 
sions, but these AA'ill be referred to later. 

In ever 3 '^ experimental arrangement in AA'hich the characteristics of the 
vortex pair haxm been investigated, there appears to be some critical 
Reynolds number in the region of Avhich the vortices start to move aAA'a 3 '. 
This critical Amlue probably depends on the shape of the obstacle, the 
degree of turbulence in the fluid, and the proximity of the channel Avails. 
Thom (12) has investigated this e.xperimentally, but there is probabl 3 ’- 
material here for analytical investigations Avhich may throAv light on 
turbulence at Ioav Re 3 ’'nolds numbers. 



188 


L. BOSENHEAD 


IV. The Double Row oe Voetices 

The mechanism leading to the formation of vortices and to the motion 
subsequent to then discharge has been explained qualitatively in terms 
of boundarj'^ la 3 mrs and vortex layers. The fluid in the wake is separated 
from that in the main flow by layers of vorticity or surfaces of discon- 
tinuity which originate on the body at the positions of separation of flow. 
At very small A^alues of the Rejmolds number the two-dimensional vortex 
layers, originally on opposite sides of the body, join together downstream. 
Vorticity diffuses from these la 3 ''ers into the main stream, but is also 
generated in the boundary lajmr and is added to the vortex pair. At 
small Reynolds numbers, wRen the vortex pair is stationary relative to 
the bodjq a state of equilibrium is set up between the rates of generation 
and diffusion of vorticit 3 L An analytic investigation of this balance 
might repay study. 

As the Reynolds number is increased, vorticit 3 ’^ seems to be generated 
at a rate greater than that at Avhich it diffuses from the existing vortex 
layers; the3^ therefore become longer in the direction of flow so as to 
provide a larger area from which vorticity can diffuse. At the same time 
the strengths of the individual vortices of the vortex pair seem to increase. 

The vortex layers are presumed to be unstable on the basis of experi- 
mental evidence, for the 3 '’ are seen to break aw'ay from the obstacle and 
to travel downstream. The instability of this system, under realistic 
assumptions, has still to be investigated, though evidence of a general 
nature is available from other sources. For example, Helmholtz (23) 
first remarked on the instability of surfaces of discontinuity, and Rosen- 
head (24) showed numerically how an initially small sinusoidal disturb- 
ance on a surface of discontinuity grows with time, destroys the initial 
configuration, and creates something similar to a row of isolated vortices. 
Kaden (25) and Westwmter (26) have also shown numerically the rolling 
up of a surface of discontinuity under different conditions, but an anal 3 '’tic 
demonstration of this phenomenon is very desirable. 

With the discharge of the first two vortices free vortex layers trail 
downstream. These have been examined experimentally in considerable 
detail b 3 ^ Fage and Johansen (27). In particular it was noted that the 
Helmholtz-Kirchhoff-Rayleigh free stream theory considerably under- 
estimates the rate of discharge of vorticity. The variation in the form 
of the layers from a circular cylinder, as the Re 3 molds numbers increases 
from about 10^-® to 10^ ®, has been studied by Schiller and Linke (28) and 
also by Linke (29) . 

One or other of the trailing sheets of vorticity rolls up into a vortex 
and is discharged downstream. The asymmetrical system thus set up 
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produces a fall of pressure directed toward the other side of the body and, 
after some small interval of time, a quantity of vorticity is discharged 
from the other side in the form of a vortex. This sets up a reaction in 
the opposite direction and vortices arc discharged alternately from the 
two sides. Up to the present this stage of the motion has not been 
investigated mathematically. 

Downstream the vortices assume Avhat appears to be a regular pat- 
tern; this is usually evident from some four to five diameters behind the 
body. A periodicity of some kind in the wake seems first to have been 
observed by Strouhal (30), though not its precise nature. The first 
description of the double row of vortices behind an obstacle is due to 
Alallock (31), and the phenomenon was investigated extensively by 
Bdnard in a series of papers (32), and by other French investigators. 
The vortices appear to arrange themselves in a double row, in which 
each vortex is opposite the mid-point of the interval between two vortices 
in the opposite row. This suggests that in even* experimental arrange- 
ment in which R is a constant the time interval between the discharge 
of vortices from alternate sides of the obstacle is aiiproximately constant, 
and that the vortices ultimately travel downstream with some approxi- 
mately constant velocity. In the lower end of the range of R in which 
thej’’ are obsen’cd, the system persists for a considerable distance, this 
distance growing smaller as R increases. There is, however, an observa- 
ble periodicit}" in the wake up to about R equal to about 5 X 10^ ns indi- 
cated b}’’ Relf and Simmons (33). In addition Helf and Ower (31) have 
shown experimentally that where vortices arc generated by wires in a 
wind the frequency of the note emitted is equal to the frequency with 
which the vortices arc generated. Beyond the njiper limit the flow 
appears to be complctel}" turbulent. 

Of especial interest is the paper of Kovnznay (35), who investigated 
the wake behind a circular cylinder by utilizing the “hot-wire technique”; 
he found that in his experimental arrangement the double row of vortices 
did not appear below a Reynolds number of -10. He also found that in 
the range of Rejmolds number which he investigated the vortices were 
not shed directly from the cylinder, but appeared some distance down- 
stream as a consequence of the instability of the laminar wake. 

Up to the present no explanation has been given as to why the vortices 
arrange themselves in an apparently regular pattern so quichhj after 
leaving the body. For theoretical purposes Kdrman (2,3,4) considered 
the system far downstream— and assumed the double row to extend to 
infinity in both directions. The effects of channel walls and diffusion 
of vorticity were ignored. Karmdn (2) investigated the effect of imagin- 
ing only two of the vortices to be given small translational disturbances 
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and found that instability resulted unless the spacing ratio (distance 
between vortices to distance between roAvs) was 0.36. If, hoAA^ever, all 
the vortices were given a disturbance according to a stated general laAv 
instability resulted unless the spacing ratio Avas 0.281. Karmdn and 
Rubach (4) did find ratios of 0.28 and 0.3 in special cases, but other 
investigators (Hooker, 7) have obtained spacing ratios AA^ich A^aried from 
about 0.25 to 0.53. 

In the Karmdn-Rubach investigation it AAms assumed that all the 
vortices were slightly disturbed. A mathematically imposed disturbance 
affecting all vortices from — =0 to + «> must of necessity affect all fluid 
elements of the system, for the Amrtices are but lines of fluid elements 
endoAved Avith rotation. In the investigation the Avhole system of fluid 
particles Avas imagined to be disturbed, the AAmvelength of the disturbance 
in the direction of the main stream being 27ra/ 4 >, so that the vortex Avhose 
abscissa relative to the system Avas originally ra experienced a disturb- 
ance whose components are the real parts of the folloAving expressions: 

Xr = oi exp [t27r(ra)/(27ra/^)] = a exp {ir4>], 

yr = /3 exp (fr0), 

a and being functions of the time. The disturbing Amlocity at any one 
vortex Avas then obtained by summing the values due to the other dis- 
turbed vortices and by neglecting small quantities higher than those of the 
first order. The investigation then resolved itself into a determination of 
whether a and /3 Avere circular or exponential functions of the time. 
Kdrman restricted to the range 0 < 0 < 27r so that the Avavelengths 
of the assumed disturbances were restricted to lie betAA^een a and infinity. 
The effect of disturbances of shorter Avavelength, of diffusion of vorticity, 
of three-dimensional infinitesimal disturbances, and of finite disturbances 
still remain to be investigated. Karman’s conclusions regarding stability 
apply only to disturbances of the kind specified and not to the more 
general types of distui’bance Avhich probably occur in normal experimental 
arrangements. 

The type of initial disturbance Avhich is assumed seems to have an 
important correlation Avith the deduction regarding stability, for example 
Schmieden (36) investigated the effect of a disturbance in which initially 
every alternate vortex in one roAv is moved the same distance perpendicu- 
larly to the row, all the others remaining undisturbed. He also investi- 
gated the case in which alternate vortices in each row all have the 
same displacement, so that the whole street is divided into four rows. 
Rosenhead (37) investigated the stability of a staggered roAA^ of vortices, 
but Maue (38) and Urano and Munakata (39), assuming a more general 
form of the displacement, arrived at a somewhat different conclusion. 
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Other factors which may affect the stabilit}’’ are the proximity of tlie 
channel walls and the velocity profile of the stream in which tlie vortices 
may be considered to be embedded. The former problem was investi- 
gated by Rosenhead (40) and Tomotika (41), the latter by Levy and 
Hooker (42), but all assume simple two-dimensional infinitesimal 
displacements. 

V. Three-Dimensio.val Disturhances 

One can summarize all the stability investigations mentioned up to 
this point by saying that, although they are suggestive of what happens 
in experiment, they are bj' no means conclusive. There have, however, 
been two attempts to impose somewhat more rcnlistie disturbances, and 
these are recorded in the publications of Schlayer (43) and Ro.senhead 
(44). These papers, which really derive from that published by Bir 
William Thomson (G) in ISSO, indicate that the double row is really 
unstable for a three-dimensional disturbance, the instability being caused 
by those components whose wavelength along the axis of the .street is 
small. As a consequence of this instability the vortices become increa.s- 
ingly distorted, and the general pattern is de.stroycd. Unfortunately the 
value of the conclusions is somewhat vitiated by the fact, th.at diffusion of 
vorticity was not taken into account. The suggestion of fundamental 
instability is well supported by the experimental inve.stigation of Hosen- 
head and Schwabe (4")) in which the jiaths of individual vortices were 
recorded and plotted. 

There is no doubt, however, that for a certain portion of the. wake the 
vortices do a.ssumc an approximately regular pattern, but this is probably 
a transient stage in an intrinsically unstable .system. The spacing ratios 
have been determined by many investigators and have been reviewed by 
Goldstein (46). The results differ considerably among themselves, and 
confusion might have been very great liad it not been for the, im])orlant 
contribution made by Hooker (7), referred to in Section II. He pointed 
out that visual or photographic observations of vortices usually deter- 
mine points of zero relative velocity, liut, what, were rcallj' needed were 
determinations of centers of vorticity, after allowance has been made for 
diffusion of vorticity. Ilooker determined tlie centers of vorticity in his 
own experiments and found that, for a considerable distance downstream, 
the spacing ratio was very nearly equal t o the one predict cd by the Kiirnnin 
investigation. Eventually, however, the vortices departed from t.hcir 
positions of symmetry. 

If the explanation put forward by Ilooker does in fact explain the 
differences between the experimental results which have been obtained, 
the problem still remains; why does the highly idealized mathematical 
investigation of Kdrmdn produce a result so close to the experimental one? 
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VI. Other Problems 

Although much is known about the spacing ratio, very little is known 
about the connection between the width of the double row and the dimen- 
sions of the obstacle. The problem of the determination of this relation 
has still to be investigated. 

Another important characteristic of the phenomena which I have 
attempted to describe is the frequency with which the vortices are shed. 
This has been investigated experimentally in a series of papers (47) and 
has been reviewed by Goldstein (48). A mathematical treatment of this 
phenomena is not yet available. 

A formula for the average drag associated with the double row of 
vortices was determined by Karmd,n (3), and different methods of deriving 
it have been given by Synge (49), Peres (50), and Villat (51). The corre- 
sponding formula for a channel has been obtained by Rosenhead (40), 
Tomotika (52), and Glauert (53). Basically the formulas are given in 
terms of four unknown quantities, the width of the double row, the spac- 
ing ratio, the vortex intensity, and the frequency of discharge of the 
vortices. Even if one accepts the Kdrmdn value of the spacing ratio as 
approximately correct and a formula connecting vortex intensity with the 
other characteristics of the flow, two quantities must still be determined 
experimentally in each particular case before the drag can be evaluated. 
In addition very little is known about the periodic part of the drag. 

YII. Three-Dimensional Wake 

The three-dimensional wake behind bodies, in the range of Reynolds 
number in which there is a periodic discharge of vorticity, is in some ways 
similar to the two-dimensional one, but there are interesting differences 
(see 54,55,56). In the place of the vortex pair, a vortex ring appears. 
There is no mathematical evidence that its equilibrium position is 
unstable, but experiment suggests that this is the case. A cylindrical 
sheet of vorticity trails downstream and, on the basis of observation, is 
considered to be unstable. Attempts to generalize the Kdrmdn two- 
dimensional street into three dimensions have been made by Levy and 
Forsdyke (57). They investigated the possibility of the wake consisting 
of vortex rings and found that if the rings were inclined to the axis of 
flow they would drift away from it, and if they were at right angles to the 
axis they would be unstable. Levy and Forsdyke (58) also investigated 
the possibility of the wake consisting of a helical vortex but showed that 
all helical vortices whose pitch was greater than a stated value were 
unstable. In particular, the rectilinear vortex was found to be unstable, 
thus confirming the earlier conclusion of Sir William Thomson (6). 
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Rosenhead (59) Avas of the opinion that these generalizations of the 
Kdrmdn street did not occur in nature and that the only possibility Avas a 
sequence of irregularly shaped A'ortex loops discharged downstream Avith 
some plane of symmetry Avhose orientation in space was purely random, 
its orientation in any particular case being determined by the position of 
the point on the sheath of discontinuity at Avhich a part of the A’ortex 
sheet breaks aAvay due to instability. He suggested that evidence might 
be proAuded b}”" photographing the wake simultaneously from t.wo 
mutually perpendicular directions. 

An experiment of this kind Avas carried out with a circular disk by 
Stanton and Marshall (50). It was clearly proved that, although photo- 
graphs from one direction might appear to .show the projection of an 
apparentl}'^ helical discharge of vorticity, jiholngraphs from Iavo mutually 
perpendicular directions showed the discharge of distorted loops of 
A'orticity arranged Avith some measure of .symmctiy. The orientation of 
the planes of symmetiy of the discharge api)earc(l to be random. One 
of the photographs is reproduced ly Goldstein (GO). 

At higher Reynolds numbers the A'ortex .sheet and vortex loops diffuse 
verj’’ rapidl}^; a .sheath of discontinuitj* along Avhich corrugation.s travel 
in an irregular manner can u.sually be .seen behind the body. At still 
greater Rcjmolds numbers, the floAA* becomes completely turbulent and 
it is no longer possible to .speak of a .systematic arrangement of vortices 
in the AA^ake. 


VIII. Conclusion 

It is clear from Avhat has been AA’rittcn above that, a great deal remains 
to be investigated before a mathematically satisfactoiy description can 
be given of the phenomena of A’ortex s^'stems in Avakes. Most of Avhat 
has been done is interesting, suggcstiA^c and qualitatiA'cly correct, but if 
greater precision is needed, it is nece.ssary to reinvestigate in fine detail 
much of Avhat has already been done. 
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This article deals with some more recent aspects of the mathematical 
theory of a perfectly plastic body. The choice of the material included 
is very subjecth^e. The main problem considered is contained in Part II, 
namely an introduction to the theory of the “general and complete” 
plane problem. By this we mean a plane problem with a general yield 
condition and correspondingly general relation between stresses and 
strain rates. Such an extension which only in the last years has found 
some more systematic attention is suggested by mechanical as well as 
mathematical considerations. It is well known that in “plane strain” 
both St. Tenant’s and von Mises’s three-dimensional yield conditions lead 
to the same simple two-dimensional condition (a) (tri — 0 - 2 )^ = constant, 
with (Ti principal stresses. On the other hand, a problem of “plane 
stress” leads for these two spatial conditions to plane yield conditions 
different from each other and from (a). The new problems are more 
difficult; they are of a type which is no longer “orthogonal” (in a sense 
which we shall discuss) , it is no longer everywhere hyperbolic, but partly 
also elliptic or parabolic, and since the whole problem is nonlinear, the 
determination of these regions of different behavior is only possible 
together with the finding of the solution. It seems natural to try to 
find mechanically adequate plane yield conditions which might offer a 
simpler mathematical situation. Our approach is first of all to study 
general jdeld conditions or, more precisely, to study the plane problem 
under assumption of a general yield condition, which, however, must be 
derived from a physically correct three-dimensional setup. Let us add 
that another line of research leads likewise to the study of arbitrary yield 
conditions, namely the plane problem (plane strain), not of ductile 
metals but of more general materials as considered in soil mechanics. 

The indicated approach is followed up in some detail in Part II; 
all through we consider the complete problem, stresses, and deformations. 
The nonlinear stress equations may be “linearized” in several ways; 
according to the choice of stress variables, different linear equations in 
the stress plane are obtained and discussed (Sections 11,1, a, d,e and II,2,c). 
A few rather obvious partial solutions are indicated where one can go 
much farther; one most important group of partial solutions, the so-called 
simple waves, are however studied in some detail in 11,3; stress and 
velocity distributions are explicitly determined. In 11,2 we give the 
theory of the characteristics of the complete problem, followed by the 
discussion of the approximate solution of some initial value problems in 
case of real characteristics. 

In Part III rve present a few selected boundary value problems. 
They are not based on the theory exposed in Part II but on the assump- 
tion of plane strain [condition (a)]. Our aim in this part was to illustrate 
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some specific features of boundary value problems of plasticity theory. 
In such problems the main difficulty often consists not so much in the 
integration of a ■well-defined problem as in the careful definition and 
setting up of the physical problem (that is, of the boundary conditions in 
the widest sense). The actual solutions may then in many cases be 
composed of very simple particular .solutions. In the difficult task of 
setting up the specific problem one would like to complement the phj'sical 
intuition b}’’ appropriate mathematical information, but the latter is 
ver}'’ often not available. Unlike the state of affairs in other parts of 
mechanics (we think of important domains in the thcoiy of elasticity 
or fluid mechanics) we so-far cannot indicate, in a precise way. general and 
at the same time typical situations for which we know combinations of 
boundary data that assure c\‘i.stence and uniquene.ss of the solution. 
One specific difficulty of our problem i.s, of cour.se, connected with the 
need to take into consideration the boundaries, in general unknown, 
between the plastic and the clastic (or rigid) material. 

To illustrate these points it .seemed apiiroiiriate to limit ounsclves 
to problems of plane strain, which arc mathematically f'‘o much sim- 
pler than those necessitating the theory of Part II. Wc may tlms the 
better recognize some of the difficulties mentioneil which wc wish to 
emphasize rather than to understate. This last part, just as the others, 
deals with recent work, mainly by E. IT. Lee and AV. Prager. All through, 
our aim was to give not so much a review of some more or less related 
recent results, but rather a coherent pre.senfation of certain aspects of a 
mathematical thcoiy. This necessitated various additions and remarks 
not included in the author’s previous papers.* 

I. Definition and Derivation of a General Plane Proble.m 

1. Three-Dimensional Problem with Quadratic Yield Condition 

In this introductoiy chapter our main aim is to formulate a general 
plane problem for the perfect!}'’ plastic isotropic body. In order to be 
sure that a plane problem is meaningful, one must be aide to derive it 
from a three-dimensional problem. We start with the three-dimensional 
theory as formulated in 1913, by von Miscs (12a), and consider the corre- 
sponding plane problem. Then wc shall derive a more general plane 
problem from a more general three-dimensional setup. Wc do not 
attempt to sketch the histoiy of the first complete formulation of the 
three-dimensional problem, for this (which would include an account of 

*The manuscript of this article was concluded in the fall 1951 and reflects the 
author’s points of view and knowledge of literature of that time. 
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the ideas of St. Venant (18), L6vy (10), Coulomb, Guest, Tresca (23), 
Huber, and others) has already had several presentations. 

Denote the stress tensor by S, the hydrostatic pressure by p, the 
tensor of strain rate by E, an unknown function of the space coordinates 
by k. These are eleven unknown functions of x,y,z: the six components 
of S, = (Xx, (Tyy = (Ty, Cxz = <Tz (tho uormal stresses), and Xxy = t^, 
Tyz = Tx, rxz = Ty (the shearing stresses); the three components Vx^Vyfiz 
of the velocity vector u; the pressure, p; and the function of propor- 
tionality, k. From v one derives the tensor of strain rate, E, with com- 

^ . dvx I . 1 

ponents, 2 ^ 2 

equations of the perfectly plastic body, are then the following. First the 
three equations of motion, (p is the density, X the vector of external 
forces) ; 

p| = X+diva 


(dVx ■ 

\ay dx)’ 


etc. The eleven corresponding 


If we merely consider a problem of equilibrium, in the absence of accelera-- 
tion and of external forces, the above reduces to the vector equation 

(l.I) div S = 0 

with the three-component equations 


(i.r) 


dcXx 1^1 
dx dy dz 


0, etc. 


Next there is the yield or plasticity condition, which limits the 
admissible stresses to a five-dimensional manifold. In the von Mises 
theory it has the form 


(a-x - -j- (tTy - (TzY + (<Tz 


<rxy + 6(r,2 2<ro2 = 8K^ 


or 


(l.II) -f Cy^ — (TxO-y — O-yCTx “ (TjCT .■ 

+ 3(r,2 -f ry^ + rx^) _ ^^2 = Q.^ (Yi) 

Here co is the yield stress in simple tension. We call (l.II) the quadratic 
yield condition. It is seen that the left side of (l.II) is merely a function 
of the three principal stresses, ai, <t 2 , <x 3 , namely, 

(i.iF) (o-i - + (<12 - (x^y -1- (<13 - (xiy - = o 

or a-y (Xi^ <X 3 ^ — <ri<r 2 “ (Xiffs — tx^xxz ~ 4Z^ = 0 

or, -with 2 ti = [az — <X 2 \', etc., 

(l.II'O ry -b -f - 2K‘^ = 0. 

2 If the function to the left is negative, this signifies an elastic range; whereas a 
positive value cannot be realized in perfectly plastic material. 
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(The T{ are called the principal shearing stresses.) Note that if as an 
abbreviation the left side of the first formula (l.II) is denoted by 5 (o-i,cr„,ff,) 
then the so-called octahedral stress, T«t equals 

Toci = i y/q 

and (l.II) becomes 

(l.II'") 3r«t = <ro \/2. 

The relation taking the place of Hooke’s lav, which links the variables 
of stress with those of strain, is as follows: It is assumed that the tensor, 
E, of strain rate and the tensor li' = S 4- pJ of stress deviaiwn {.I denotes 
the unit matrix) are similar tensors: 

(l.III) S 4- pJ = IcE. (Vi) 

In contrast to viscous flow theory, l:(x,y,z) is here a nonnegativc unknown 
function of proportionality. The six components of (l.III) arc: 

(tJ - (Tj: + P = I:(x, O-y' = Cy 4- P = hiy, O- = + V = 

(l.III') T. = r, = r, = (V,) 

Finally the “continuity equation” holds which also expresses the 
assumed incompressibility of the medium: 

(l.IV) div V = 0 or f, 4- fv 4* £.• = 0. 

This equation is consistent with (l.III) since o-.' 4* o-J 4* or' = 0. These 
are 34-14-64-1 = 11 equations for the above-mentioned eleven 
unknowns, S, v, k, and the h 3 'drostatic pressure p. 

2. Plane Problem. Quadratic Yield Condition 

We now wish to derive a jilane problem from the above three-dimen- 
sional one. To do this, we adapt to our problem the concepts of “plane 
strain” and of “plane stress,” well known in clast icitv thcoiy. That 
means we consider two particular solutions of our three-dimensional 
problem. In both cases it is assumed that one of the three principal 
directions of S (consequentlj'- also of E) is parallel to a fixed direction 
which we take as s-axis. From (l.III) it follows that 

Tt = Ti/ ” 0> r X — Ty — 0. 

(a) In plane strain it is further assumed that (1) all components of 
strain and of stress are independent of z and (2) the strain component, 
iz = £3 vanishes eveiywhere. From (l.III) and (l.IV), in connection 
with the above remarks, the well-known conclusions follow: 


— 4- ffy). 


r. 


4- £)/ — 0, ffr 4- O']/ 4“ 2p = 0, 

= Tj, = 0, o-j 4- p = 0 or p = —i(a-x 4- (Ty), cr. 
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and (l.II) takes the form: 

(<Tx — o-y)^ + = ia-o^. 


The six Eqs. (l.III) reduce to three of which, on account of = 0, 

only two are independent. Eliminating k between the Eqs. (l.III) we 
obtain the well-known complete system of plane strain (writing t, = r, 
yz = y) 


( 1 . 1 ) 

( 1 - 2 ) 

(1.3) 


da^ .dr „ ^r dcr^ _ „ 
(a-^ — o-y)^ + = i<ro~ 


«r + = 0, 



(Tp (Tx 

2t 


(yi) 

(vi) 


for the unknowns a-^, Oy, r, v^, Vy. The Eqs. (1.1) and (1.2) form a system 
of three equations for the three unknowns Cx, <ry, r, a well-known and 
important fact. 

It is known that in plane strain St. Venant’s three-dimensional yield 
condition® leads to the same condition (1.2), with the only difference that 
now the value = cro® appears in place of 16^V3 = 4croV3. 

(b) The formulation of the complete problem of plane stress, even 
under the particular yield condition (l.II), is less well known. Here, as 
before, everywhere 

Tx = Ty = 0 or CTz = ffz, 

and moreover 

Vj = vs = 0. 

The remaining components (Tx, Vy, = t are independent of z. We get 
from (l.II) 

(1.4) <ri® -k V2® — V 1 V 2 " 4/C® = 0 
or 

(1.4') Vi® 4- Vy® — ViVy -k 3r® — 47C® = 0. (ys) 

The three Eqs. (l.I) reduce again to the two Eqs. (1.1). From (l.III) 
and (l.IV) follow 

Vz -k Vy -k 3P = 0, P = — i(Vx -k Vy). 

Substituting this in the first, second, and last Eq. (l.III') one finds 

(1.5) 2a-x — Vy = Skex, 2vy — v^ = 3/c€y, 2r = Ky (vs) 

^ St. Venant’s condition states that during plastic flow the greatest of the three 
principal shearing stresses has a constant value equal to the yield stress in simple 
shear. 
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or, eliminating Ic, 


(1.50 



gx 4- e,; 

7 


gx 4~ ffi/ 
Gk 


(Vs) 


Equations (1.1) and (1.4) form a system of tlircc equations for <r„, r. 
Corresponding to each solution of this sj'stcm there exist certain solu- 
tions, Vr, v,,, k ^ 0 of the three Eqs. (1.5). Such a system a,j, r, r*, k 
forms a solution of the problem of a thin plate of uniform thickness under 
the action of forces applied to its edge, parallel to the middle plane 
(the .T, 7 /-plane) of the plate, and distributed uniformly over its (hickne.ss. 
There remain three Eqs. (l.III), nameW 


dV: _ p. I ^ _ f) 

~ ’ dz d!/ ~ • dz ' iik ~ ' 


They .serve to determine v., 


di’i Oi'i, 

Iz’ 1z‘ 


Let us add two remarks: The .set (l.III) of .strain slrc.'^.s relations and 
the yield condition (l.II) arc not independent of each other; in an 
analogous way (1.5) and (1.5') arc related to (l.-l). We shall return to 
this point. 

The fact that the two most often used three-dimensional yield condi- 
tions of von Miscs and of St. Venant reduce in plane strain to the same 
two-dimensional condition was one of the reasons for the intensive con- 
sideration of the problem (1.1), (1.2), (1.3); other reasons were its com- 
paratively simple mathematical nature, and above all, the approximate 
realization of “plane strain” in important mechanical problems. How- 
ever, as we just have seen, in “plane stress” von IMises’ condition leads 
no longer to (1.2) and, as is easily .seen, no longer to the .same plane con- 
dition as obtained from St. Venant’s three-dimensional a.ssumption. 
For some reasons still other yield conditions have been proposed. It 
seems then natural to go one stej) further and to consider a plane problem 
where Eqs. (1.1) are supplemented by some arbitrary appropriate yield 
condition /(o-i,(ry,T) = 0; as long as this function is not specified the rela- 
tion of this plane problem (consisting of Eqs. (1.1) and some equation 
/ = 0) to a three-dimensional problem need not be considered. Such a 
problem of three equations and three unknowns is well defined. {It has 
been studied by Sokolovsky (20a,b), von Mises (12d), Geiringcr (2d,c), 
Neuber (14), Sauer (19), Hodge (Ga,b), Hill (5a); we shall report on these 
contributions in Part II.] If, however, we want to set up a complete 
plane problem we have to consider in addition a strain-stress relation. 
Our previous strain-stress relations (1.3) as well as (1.5) were derived 
from the relation (l.III), related to the particular yield condition (l.II). 
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Ob\'iously, in order to arrive at a complete plane problem ivitli a more 
general yield condition, we have to consider a more general three-dimen- 
sional problem. 


S. General Three-Dimensional Problem 

The relations (l.I) of. Section 1 remain unchanged; instead of the 
quadratic condition (l.II) we now assume a general condition 

Q{<rx,cTy,ff z,Tx,ry,r^ ~ 0. 

This function must be subjected to several restrictions which vdll influ- 
ence the corresponding plane yield condition. First, if we assume an 
isotropic medium we must restrict ourselves to a function g which is 
independent of the coordinate system; g depends only on the three 
invariants Ji, J 2 , J 3 oi the stress tensor, or, otherndse stated, only on the 
principal stresses, o-i, o-o, 0 - 3 , and in a sj’^mmetric way. Second we assume 
that g remains unchanged if S is replaced by 2' = S -f p/; hence ndth 
(tJ = ax + p, etc. 


g{ax,ay,ax,Tx,Ty,Ti) = g{aj ,ay' ,ax' ,rx,ry,Tx) ~ G{ai,a2,a3) = G{ai ,03 ,a3') 

■\\dth G being a symmetric function of the ai. From the last of the above 
equations it follows that G depends actually only on the differences 
(o-i — 0 - 2 ), etc., or (which is the same) only on 

ri = •2■(o'2 — 0-3), ri = |■((r 3 — ai), T3 = — a-^. 

Hence, ndth symmetric G or K, 


(1-^0 • • • Tz) = G(<7 i,0-2,0-3) = K{ti,T2 ,T3) = 0 (Y 2 ) 

vdll be the form of a general yield condition for an isotropic perfectly 
plastic bodjL It is a consequence of this form that 


(l.VI) 


~ 4 - — 4 - — = -1^ X ^9 , 

dai da2 das dax day da^ 


must hold. 

From a function p(o-x,o-y, • • • t^) the “derivated tensor,” Grad may 
be deduced: 



1 9g 1 dg\ 

2 dTx 2 dry \ 

^9 1 dg I 

day 2 drx I 

M } 

dax / 


( dg 1 ^ 

daf 2 drx 

. 


2 dry \ 

V 

2 dxx I 

^ / 

daj / 


(l.VII) Gradp = 
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In other words, g is the “potential” of Grad g. As an example, consider 
the derivated tensor of the left side of the quadratic condition (l.II); we 


find 


= 2., - 

d(Tx 


CT:, 7: 




etc. 


Comparing these with the components of 2'- = 2 -f , appearing in 
(l.III), with p = —{(Tx + (ru + <r.-)/3, we sec that o-/ = ^(2(7- — (t^ — o-.-), 
etc. and that 


(l.VIII) Grad g = 32', 

if g is given bj’' (l.II) and p as above. In case of the 3 'icld condition 
(l.II), one maj' therefore replace (l.III) by Hi’ = Grad g. 

This last form suggests itself likewise for use in case of a more general 
yield condition, von Miscs (12c) in a studj’’ of the plasticity of cr^'stals 
has proposed a form of strain-stress relation where the yield function 
serves as “plastic potential” in an equation of the form above. In this 
setup the link between yield function and strain-stress relation is then 
conserved. Thus we put in case of condition (l.V): 

(l.IX) Hi’ = Grad g (V,) 


or, more explicitlj' 
(l.IX') 


A ^ f A€y — *;r“**> A£- 

acr* f7<ry 


/:7x - hi. 


HiL 


hi: 


da. 

Ot. 


(V.) 


The complete sj'stem consists then of (l.I), (l.IV), (l.V), [where g has the 
property (l.VI)], and (l.IX). In this s^'stcni the p is already eliminated. 
There are ten unknowns, the six components of 2, the three of f, and h. 
There are three Eqs. (l.I), one Eq. (l.IV), one Eq. (l.V), and five Eqs. 
(l.IX). Indeed, of the six Eqs. (l.IX') onlj'- five are independent, since 
the sum of the first three, on account of (l.VI), leads back to (l.IV). 

A further step would be to consider a plastic potential not identical 
with the yield function. The complete sj'stcm consists then of the 
equations (l.I), (l.IV), (l.V) and of an equation 


(1.X) 

with components 
(1.X') 


IcE = Grad h 


hix 
hy X 


_ dll 


dh 


dh 

dox 



hi; 

da.' 

_ dh 

7 • 

dh 


dh 

drj 

hyv 

drj 

hi; 

II 


(V 5 ) 


(Vc) 
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Here his a function of the stresses such that 


(1.XI) 

and 

(i.xr) 


h{(rx,(Tu, ■ ■ • Tz) = H(o-i,a-2,<r3) 


. dh . dh _ dH , dH dH 

dcx dffy _ dffz dffi dcTi dcrs 


where H is a symmetric function of the principal stresses. The con- 
tinuity equation is consistent with (l.X) because of (l.XI'). On account 
of (l.IV) the system (l.X) contains only five independent equations 
which together with (l.I), (l.IV), (l.V) form the ten equations of this 
problem. Often, however, we shall stick to the assumption (distin- 
guished by an extremum property) which identifies yield function and 
plastic potential. 


Plane Problem under General Yield Condition 

We wish to define particular solutions of problem (l.I), (l.IV), (l.V), 
(l.IX) which correspond to “plane strain” and “plane stress.” By 
deriving our plane problem from a three-dimensional one we make sure 
that we introduce desirable generality along with necessary restrictions. 

Bv 

Consider first plane strain, where, as explained es = ej = -r-^ = 0, 

oZ 

yx = iv = 0 and all components of strain and of stress independent of z. 
The following theorem will facilitate our derivation ; 

In case of an isotropic medium, i.e., in case of a plastic potential, h, 
which as in {l.V) and {l.XI) depends only on the principal stresses, the 
tensor Grad h is coaxial with the stress tensor. This is clear for physical 
reasons. To prove it by a computation we consider h{(Xx,(Xy, ■ ■ • tj) as a 
function of the three invariants 

Jl = Ox -V <ry ffz, J 2 = {OxOy — Tj-) -f (o-^CTj — Tx^) -f {o^Ox — Ty^) ) 

Jz OxOyO'z -{- ^TxTyTz Tx^Ox Xy^iTy Xz^O’z- 

Then from 

h{ax,Oy, • ■ • rf) = P{J ijJ 2,J 3) 

. , dL j. dL _ dL 
witn Li = L 2 = we compute: 

dh _ fT I T \ 

^ — —rx{Li2 + OxLz) + TyTzLz 

dh _ rr I 

^ — ~Xy{Li2 OyLz) + TxTzLz 

dh _ /T t T \ 

— —Tz{1j2 + OzLz) -f TyTxLz 
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The three right sides vanish, if — Ty — r. = 0 , i.e., for the principal 
axes of the stress tensor, which are thus seen to coincide with the prin- 
cipal axes of Grad h. 

Now, from the above assumptions about plane strain together with 
(l.IX'), it follows that 


( 1 . 6 ) 

or 

( 1.60 


d(X: 


= 0 , 




1 


da^ 


0 . 


These equations characterize our plane problem. We conclude from the 
properly of Grad h just proved that r, = = 0 , and tr. = 0-3. From 

(l.GO we compute 0-3 in terms of cri and o-;, and (l.G) is then replaced by 


■ G. - l{a.,Gy,T) = p{g\,G2) = 

where p is some s^nninetric function of a\ and tr;; (in the particular 
problem with quadratic yield condition the corresponding relation is 
ca = ^(<^1 + ff")). Ifcncc with (?((ri.tr;,7i(ffi,«r.j)) = /'’(^lO^:) the plane jdcld 
condition maj^ be written, with a .symmetric F, as 


( 1 . 7 ) /(<T„<r„,r) = F{o^,C2) = 0. 

Next it is seen that 

PL + = 0. 

3 ( 7 - 3 ( 7 ,, 3 ( 7 1 ( 7 ( 7 ; 

In fact, if we denote by the subscript p, that after dilTcrcntiation wc put 
= p(cri,(72) then 


PP^j^PL 

3(7i 3(7; 



PP j^P9 

(7(7 1 3(7; 


= 0 
V 


on account of (l.G') and (l.VI). 

The three remaining strain-stress relations of the three-dimensional 
problem reduce therefore to ■ 


( 1 . 8 ) 



H - 



of which only two arc independent on account of 


(y^) 
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these relations follow from = 0, and (l.IV), and from (l.VI) and 
dg/daz = 0 respectively. Our set of equations consists thus of the two 
Eqs. (1.1), the yield condition (1.7) with the restriction (1.8'), the 
Eqs. (1.8), of which only two are independent on account of the restric- 
tion ei fj, = 0, hence six equations for the six unknowns Vy, t, Vx, Vy, k. 
If, in (1.8) the function k is eliminated, we obtain 


or the two equations 
(1.9) 


dffx' diTy' dT 


1 _ A Sx - dffx dffy 


ex + iy = ^ r X— = 9 , ^ — — 

dffx dffy y 


dr 


(vs) 


We shall easily see that this last quotient is equal to cot 2«9 where t? is the 
angle between the a;-axis and the first principal direction. Let us add 
that on account of (1.8') the function F can depend only on the difference 
(ffi — 0-2), hence the yield condition is of the form A[{ffi — 0-2)] = 0 where 
A denotes a function of one variable. Thus the five equations of plane 
strain under general yield condition are: 


(1.10) 


dx dy dz dy ^ 

f{ffx,<yy,r) = A[(o-i — cr2)] = 0 




dffx 


dff„ 



0 o'x 0 ^ 


df 


dr 


(ys) 

(Vl) 


In addition, there is Tx = Ty = 0, 0-3 = ^(^1,0-2) and — constant; thus 
we have here indeed a particular solution of the general problem of the 
preceding section. It is seen that the yield condition (ys) is hardly more 
general than the classical (yi), = constant. 

It is finally seen that the above derivations are not much changed if a 
plastic potential li is used, not identical with the yield function g. In the 
relations (1.6) and (1.6'), g is replaced by h and the complete system 
consists of the first three Eqs. (1.10), and the equations 


. . . dh dh dh 

ex-.ey-.y = 

vCa; vCTy uT 

0 /z> 0 /t 

where — -[- — = 0. If, for example, the special strain relation (l.III) 
is adopted in connection with a general yield relation (l.V), then von 
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Mises’ jaeld function (l.II) forms the plastic potential, and we arrive 
easil}’’ at a system of the form (1.10). In fact, as in 1,2 we find 
0 -. = — p = + o'v) = from 

-y^ = -y^ = 0, Tx = T,/ = 0 follows. If these values arc substituted into a 
general three-dimensional yield condition, one obtains 



0 = .7 ( cry, 

(1.11) 

\ 

= G ( <ri, as, 


\ 

= ./■(<r.-,o'„,r) 

where 



Cj “b CTi 


—.1 A ^ 

dai dffi dffi dc; da^ 2 das 2 dai ' fV; das 


0 . 


Plaice stress. Let us consider a particular solution of (he general 
three-dimensional ]iroblem, where 

a: = Tx = r„ = 0, i.e., as = 0, 

and ax, ay, T depend on .r and ?/ only. 'J’hen 

(1.12) g{crx,<ry,0,0,0,r:) = f(aj,ay,T) - (r(<ri,v;,0) = /'’(o’l.ff-) = 0, 

where F is s^'mmctric, and there is no further restriction imposed on the 
yield function F{a\,ai). Equations (l.I) reduce to (l.l), and 


dax 


i^x,(ru,a-,Tx,Ty,ri) 




d{li<rx,<r.j,0,0,0, T) _ ^ ^ 
dax dax 


and one arrives as in (l.S) at.: 


(1.13) 


l>^z — -r — ) 
dax 


IC(y 


HL 

day 



(V.) 


where / is defined by (1.12). The other three E(is. (I.IIF) become, 
under consideration of the results of p. 200, 



These are three equations 


^ 4- ^ = n ^ a. _ n 
dz dy dz dx “ 


1 

Ic L dax day 
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for Vi, dvjdz, dVy/dz. It is seen that, unless 6^ = 0, the sum 

^ ^ _ dF dF 

dcTx da-y dcri da2 

is different from zero. 

If k is eliminated from (1.13) one obtains 

^ ^ dffx day dr 

The problem of plane stress is thus defined by the six equations (1.1), 
(1.12), (1.13), or by the five equations 

dax .dr day „ 

i{ax,ay,T) = F{ai,a^ = 0 (y4) 

(1.14) if _ + ^ 

ix — ey _ dax day €x + 4 _ dax day 

y ^ ' y ^ 

dr dr 

Here the last two equations will appear later in a much more convenient 
form. The mathematical difference between (1.10) and (1.14) consists 
only in the fact that in (1.10) the sum 

^ + ^ = i 

dax day 

(and consequently + €y), must be zero identically for all stress values, 
whereas no such condition exists in (1.14). 

We may now forget all about “plane strain” and “plane stress” and 
consider as the general plane problem the problem (1.14) with no restric- 
tion on 

i = ^ + ^. 

dax day 

For reasons which will appear soon we shall call the particular case where 
i = 0 the orthogonal case. The most frequently considered orthogonal 
case where f — (ffx — o-yff + 4r^ — constant (resulting from both St. 
Tenant’s and von Mises’ three-dimensional yield condition in case of 
plane strain), that is, the problem (1.1), (1.2), (1.3) we shall denote as the 
special or classical case. We note again: if we consider a plastic potential 
different from/ the first three Eqs. (1.14) remain unaltered, and in the 
last two equations the three partial derivatives of / are replaced by 

dh/dax, dh/day, dh/dr. Each of the two sums ^ -f and — -T ^ 

dax day dax day 

may or may not be identically zero. 
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It may seem unnecessary to some reader that vrc have gone through 
all these derivations in order to arrive at the system (1.14) which might 
have been written down in analogy to the three-dimensional setup. It 
seemed, however, preferable to derive the plane problem as a particidar 
solution of the three-dimensional one in order to make sure that the 
important cases of plane stress and plane strain are taken care of, and 
that enough generality is achieved, together with necessary restrictions. 
Also the opportunity of reviewing a few aspects of the three-dimensional 
situation was welcome. Finalh', the relation of the .slightly more general 
‘‘orthogonal” problem (1.10), or problem of plane strain, to the "classi- 
cal” case (1.1), (1.2), (1.3) could thus be .stated. 

0 . A Gcncralizaiion of (he Plane Problem 

Certain problems which cannot be regarded as problems of “plane 
stress” in the above sense may be con.sidcrcd as slates of ‘‘generalized 
plane stress,” where the stress and velocity components are averaged 
over the thickness h of the plate. In formulating this problem, Hill 
(5a, p. 30G ff.) uses the special yield criterion (1.4). One may, however, 
consider a general condition as in (1.14). 

Consider a plate of small thickness /», luuler the conditions of "plane 
stress” (cr. = “r = Ty = 0, loads applied along edge of plate, etc.) where 
the thickness h does not remain quite uniform during the deformation; 
under certain conditions of small rate of change the state of stress may 
still be considered as appro.ximatcly "plane.” Assume that at. a certain 
moment, to, the thickness h{x,i/) is a given function. Denote by cr-, o-y, - 
the stress components, averaged over the thickness of the plate; insert 
these averaged stresses into the yield criterion; this will induce only a 
small error if the variation of the stre.sscs over the thickness is not. con- 
siderable. Denote by i’x,Cy the averaged velocity- components, and u.se 
as before, = dv^/dx, etc. The .s^'stem of five equations of this problem 
is then 

^(/-.)+|;(/.r)=0, I ^ 0, 

(1-15) fWx,<rv,r) = 0, 

df ^df 
da/ da f dr' 

These are five equations with the usual five unknowns cr-, a^, r, v~, Vy. In 
addition the equation of continuity may serve to compute the change 
of h at the instant t = to. Denote by dh/dl the "material derivative” 
of h: 

dh dh dh , dh 
rfi -« + '’■& + "“S;; 
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the rate of strain in the z-direction averaged through the thickness is 

1 ^ Hence from (l.IV) the equation of continuity is 
h at 


or 

(1.16) 


^ + Ue. + 6 ,) = 0 


If h{x,y) is known at Z = io and v^,Vy have been determined, then (1.16) 
may serve to determine [dh/dt]t=to- 

On the other hand, Hodge (6c) considers the system (1.15) with 
h{x,y) as an unknown function of x,y, assuming {dh/ dt)t=t„ = 0. This is 
then a system of six equations with the additional unknown h] in this 
case the separation into Hvo groups of equations, with the first three 
equations containing only the stresses is no longer possible, since the 
unknown h enters into the stress equations. Mathematically, this is a 
more difficult problem than (1.14) (Hodge, in the quoted paper, com- 
puted the characteristics), while the above described problem (1.15), 
where h is given at t = to does not differ much from (1.14) as far as the 
mathematics is concerned. 


II. On the General Plane Problem 

We have defined the general complete plane problem of the perfectly 
plastic isotropic body by means of the Eqs. (1.14). The problem (1.1), 
(1.2), (1.3) almost exclusively dealt with until recently we called the particu- 
lar or classical case. [See the books by Nadai (13), Geiringer (2c), Sokolov- 
sky (20c), Hodge (6a), Hill (5a), Prager (16g).] The mathematical theory 
of this last problem is rather advanced. One knows much less about the 
general problem (1.14). Some results will be reported in the following. 
Considering the great difficulties of actual physical problems even if they 
are based on the "classical” setup, one may wonder whether it makes 
sense to study an even more general and difficult setup. It is, however, 
both interesting and useful to consider various yield conditions, to study 
their influence on the solutions, and to try to compare the results with 
actual experiences and observations. (The yield condition in plasticity 
theory corresponds somehow to the pressure-density relation in com- 
pressible fluid theory, among which the adiabatic relation is the most 
important but not the only possible one.) Moreover, as stated in the 
introduction, the problems of plane stress (thin plate) of ductile metals, 
as well as the plane problem of nonmetallic materials, lead to the con- 
sideration of general yield conditions. 
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1. Linearization 

a. Several Linearizations of the Stress Equations. Stress Graph. Con- 
sider the first three Eqs. (l.H) of Section 1,-1, namely 


[ 2 . 1 ) 

[ 2 . 2 ) 


0 . 


dr ^ 

d.r dij 

.fWr,crv,r) = F{ax,cz) = 0 . 


dcTx , ^ 

lx dy 


= 0 , 


rhey constitute a nonlinear .system. ]? 3 ' means of (2.2) one m.'ij* climi- 
late in man}' wa 3 's one of the stre.ss components and thus arrive at two 
nonlinear but reducible equations of first order. 

We shall mainl}- use here an apiiroach, advanced h}' von Mises, 
together with the introduction of a .stre.ss graph (12d); this approach 
seems to olTer mathematical advantage.^^. Other lineariz.af ion.^ which, on 
the other hand, are more general in a certain .sense, will likewi.se be 
discussed. 

For reasons of .S 3 'mmclr 3 ' we u.se a parametric rejuTsenlation of the 
yield condition (2.2); 


(2.3) 


F(cri,(rj) =0, ffi = ffi(.s), cr; = c^{s). 


Let us assume from now on that cr; ^ <rj. Veiy often we .sli.nll understand 

by the parameter, s\ s = (at <r-), where h is a constant, e.g., tiie 

constant appearing in the flow condition (1.1). 'Fhe following formulas 
are, however, independent of this juirlicular interpretation of 1:. .As in 
the preceding part we denote by' it the angle. bctweeJi the i)ositivc 
r-dircction and the first princijjal direction, which we call the »-direction, 
the second being denoted as the r-direction. Denote by d/Ou (or more 
explicitly' by' d/ds,,) and d/Ov (or d/d,s^) directional derivatives in these 
directions. As shown by' Jenne (7), the c(pnlil)rium conditions (2.1) arc 
then equivalent to the .sy'stem 


(2.4) 


dcTi . . 3(3 da-i . 

- 7 — = (f 2 ~ O’]) -r- > -.r- = (cj 

du ^ dv dv 



Introduce for cr,- the values from (2.3) and put 


da I 
ds 


cr/, 


dan 

ds 


— an 


and use the abbreviations 


0-1 


CTl 


= m, 


an — ai 


an 


= (As). 


(2.5) 


0*2 
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Then (2.4) yields the reducible, planar equations [see (1) for these terms], 


( 2 . 6 ) 





dv 


sW S' 


The dependent variables are s and t?; together with (2.3) they determine 
the stress tensor at each point. If in (2.6) dependent and independent 
variables are interchanged, we arrive at a linear system. The plane of 
the variables s and t?, or more particularly, the plane where s and i} are 
polar coordinates is called stress graph b 3 ’^ von Mises; however in a more 
general sense this term might be used for any plane of two stress variables 
which in our theory determine the stress tensor. At every point where 
the Jacobian j = d{s,&)/d{u,v) is different from zero the dependent and 
independent variables may be interchanged (solutions, for which j = 0, 
cannot be obtained by this transformation). With 


(2.7) 


9s _ . _ . du dd 

Tu~ dv ~ 


. dv dd . du 


we find von Mises’ linear equations 


( 2 . 8 ) 


dv . du d%(, 
M ~ as ’ M 



Note that in Eq. (2.6) the derivatives d/du and d/dv are directional 
derivatives; u and v are not coordinates. Therefore Eqs. (2.8) must he 
used vnth some care. We shall I'eturn to this point. 

If in compressible fluid theory ^ and yp denote potential and stream 
function, q and d the polar coordinates of the velocity vector, p and M 
density and Mach number (both depend on q only), the basic equations 
in the hodograph plane are of the same form as (2.8) ; 


dip _ qdy^f di}/ _ pq dtp 

dd p dq’ dd 1 — ]\'P dq 


with q and d corresponding to s and d, the stress graph to the hodograph 
plane, and the jdeld condition to the adiabatic condition. 

J Before going on, let us give equations equivalent to (2.6) in other 


variables. If we make for s the particular choice s = — (o-i + ai), 


using s and d as stress variables, these are almost the same as used by 
Pragei, Hodge, Sokolovsky, and others, namelj’-: 


CO 


O'! -}- (To 

~ 4K ’ 


X = 


V2 — O’! 

~4K 


(2.9) 
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From the well-knoivn formulas 

= (Ti cos- i? (T; sin- t? = 2 - ~ ^ (°'i ~ 

I 1 

(2.10) cTv — O’! sin- 19 -j- 0-2 cos- 1 ? = — (o-i — c-) cos 2t?, 

T = cos 0 sin i9 • (ffi — trj) = — sin 2t9, 

one obtains 

(2.10') tTi = 27v[a) — X cos 2«?], <r„ = 27v[w -j- x cos 2t7] 

r = -2Kx sin 2.9. 


The jneld condition (2.2) is (hen writlcn in Ihc form 

(2.11) ■ X = h(cc). 


Eliminating x> denoting^ = ^ bj* h' and jiartial dorivalivcs by sub- 


scripts, wc find : 


( 2 . 12 ) 


u,(l - h' cos 2.9) - av/i' .sin 2.9 -b 20 Ji .sin 2.9 - 20, Jt cos 2.9 = 0 
Will' sin 2t9 — Wy(l -f h' cos 2d) -f- 2t9../i co.s 20 20 Ji .sin 2.9 = 0. 


These arc two reducible equations for the dependent variabic.s w and .9, 
taking the place of our Eqs. (2.0). A linearization of (2.12) by means 
of exchange of variables, of counso, is po.ssibic. However, .system (2.0) 
and the corrc.sponding .s^'slcm (2.S) arc .simpler. 

b. Yield Coiulilions. We shall consider some particular cases of the 
general yield condition (2.2) which have proved to be of interest. Fir.-^t, 
we consider the “quadratic” condition (l.-l) of von Mise.s, then the 
St. Venant condition of constant maximum .shear, both under the condi- 
tions of plane strcs.s, the latter we may call “hexagonal” condition; next, 
a new condition proposed in lO-iS by von hli.ses, which has considerable 
mathematical advantages comjiarcd to the two others; it may be called 
parabola condition and should give a good apiiroximation to the von 
Mises condition [see however (Ga, Sec. 50)]; finally some, generalizations 
of these conditions will be considered. 

In a 0-1 — (j-o-plane the quadratic limit (1.*i) is rcprc.scntcd by an 
ellipse. Using for s the value above suggested we have 


(2.13) 


cr -}- o-j- — cTio-o — 47v- = 0, 
1 


2K 


(ffi -b ao) (-2 ^ s ^ -b2). 


O'! 


= K 


^ /4 - .S'-I ,, r _ /4 - .S^ 

X A E ’ Cn = Ik ft -4- ^ 

\ 3 J L V 3 
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where the upper signs apply to the right and the lower to the left side of 
the ellipse. At the left part, then, 0-2 ^ tri. We note for future use that 
for the functions/,^ in (2.5) 


(2.130 


/• ^ = 


(q -2 — (Ti)^ 
tr I'tr i 


(4 - sO" 
3 - s' ■ 


Sometimes it is useful to consider the variables 


V — v(o'i + o'2), Tz — ■|■(o■2 “ d); 


the equation of the ellipse is then 


p' + 3r3' = 

As the next example consider the St. Venani condition in plane stress; 
it states that IrLax = constant. Hence 


(2.14) 


I — 2 A if <ricr2 = 0, 

I = 4A — [o'! “h o'il if o’itr2 ^ 0. 


Thus -I ‘IcTi — 0 - 2 ! = A if vi and 0-2 have opposite signs, while otherwise 
ffi = 2K or <t 2 = 2K. This condition is represented geometrically by a 



Fig. 1. Yield conditions: (a) Saint Venant condition (b) quadratic condition (c) 
parabola condition. 


hexagon inscribed in the ellipse (2.13). With s = ^ (tn + o' 2 ), the 

2iC 

parametric representation of the 45° line to the left is 
(2.15) (Ti = A(s — 1), (72 = A(s + 1), |s| ^ 1 


and •, 

(2.15') \ /p = 4. 

For the horizontal and vertical sides to the left 
(2.15") \ <71 = A[ —2 + s + |s|], <72 = A[2 + s 


|s|], 
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and 

(2.15'") 2S^‘=2-14 1SWS2. 

Equation (2.16) is also the icpicseninlion of the yield condilion of the 

“classical” problem (0-2 ~ ffi)" = ‘l/C-. 

Now consider the parabola Imil for which, as wc sliall sec, the stress 
problem is hyperbolic ihroiighovt (i.c., the rhararlcristies arc real and 
distinct). In.lhe ci - o-o-planc this limit is rcpro.sentod by two branches 
of parabolas passing through four of the c(n'ners of St. Vonant’s hexagon. 
Their equation is, if we write « = 1 + a 2. 



The upper sign applio.s to the left, the tower to the right lirauch. I sing 
alwaj's the same s, one obtains the parametric represent at ion of the left 
branch bj' (2.17) together with the values of f and y 

(2.17) tri = Ks - {a- - s-), o-; = 7vs + {a- - s-). j.vj g a. 

Here 


(2.17') f = a - s, (I - a s, f(j - a- - a-. 

Recently P. G. Hodge, Jr., introduced a “generalized J'reska condi- 
tion” (6b). (Wc would rather call it generalized St. Venant condition.) 
This uses the 45° lines (2.15) in the .second and third quadrant, while 
instead of (2.15'“) 


(2.1S) 


0'2 — Of 1 

~2ir~ 


= (1+ X) - X j-'-, 


jcTt + CTn' 


2/v' 


This reduces to (2.15'”) for X = 1. 


s 


O’! ■}■ 

“ 2K 


as parameter, it, reads 


Written in parametric form with 


(2.18') cr 1 = K[s + Xj.sl — 1 — X], (T 2 = /v[.s — X|.v| -f- 1 -|- X]. 

For X < 1 those lines are between the St. Venant limit (2.15') and the 
left branch of von Mi.scs’ parabola (2.12) while for X > 1 they are inside 
the St. X^enant hexagon. ■* (For details sec the above (pioted paper by 
Hodge.) 

c. Directions of Maxinnnn Shear and Directions of Vanishing Normal 
Strain. In the “classical” case there exists a pair of orthogonal axes bisect- 
ing the,.angles of the first and second principal strc.ss directions; thc.y 

^ As the figure shows there is a discontimiitj' of tlic derivative similar to that in the 
St. Venant hexagon wliich makes it less appropriate for use ns a "plastie potential.” 



218 


HILDA GEIRINGER 


coincide with the principal axes of the E tensor. With respect to these 
axes the E tensor becomes 


E = 


G 


0 

(«! “ ^2) 




For these directions the normal strains are |(ei + £ 2 ) — 0, and the shear has 
its greatest possible value. They are also the directions of the charac- 
teristics of the classical problem. 


0-2 



Fig. 2. Generalized Saint Venant conditions. 


In the more general case the situation is less simple. The directions 
of maximum shear and those of vanishing strain do no longer coincide. 
The former are of course still the 45°-lines, the latter are, as we shall see, 
the characteristics. Let us give the simple geometric facts. 

We first prove that even in this general case the two tensors of stress 
and of deformation rate have the same directions. In fact, putting 
0- = -|(cri + 0-2), e = |•(^l + £2), we see that the five tensors 

S, S' = S - <rJ, Grad/, E, W = E - kJ 

are coaxial. This is obvious for S and S', and also for E and E', Hke- 
wise, on account of (1.13) it holds for Grad / and E] the only not obvious 
fact is that S and Grad / have the same principal directions. This 
follows now easily by direct computation (see p. 206 for three dimen- 
sions). Denote bj'^ d' the angle of the first principal direction of Grad/ 
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with the .T-axis, write as alwa3’’S f(<rr,(r,„r) = Fi(ri,cr-x), and 

Fi = dF/d<r! (? = 1 , 2 ); 


then 


tan 2t?' = 2 . — r y 

dffx d(Ty 


{Fi - F:) sin 20 
{Fi - /’:) cos 20 


= Ian 20. 


Hence there exists at each point only one pair of ‘jo°-direc(ions for the 
five tensors. With respect to it thc.v arc: 



In the classical case E' coincides with E and Grad f with At any rate, 
however, w(o-i — o-;) is the absolntelj' greatest po.ssihle value of and 
i(ei — 62 ) of 7 s„. These /iO°-(Incclw7is ore Ihcrcforc the directions of 
maxinmm shear, but now the normal exlen.sion A (eh -f- e’;) i.s not zero; if one 
subtracts the “spherical” tensor i.I, one olhains the tcn.sor E’, with the 
normal strain equal to zero. 

We now show that there arc two directions, sijnnnelric to the first princi- 
pal direction so that with respect to thc7n the 7wr7nnl sti-ain is zero. Let us 
call such a direction a f-dircction, tp its angle with the first principal 
direction, and h the factor appearing in (1.13). Then by (1.13) 


= /v-,(ci COS- + €2 sin- ip) = Fi cos- ip + /A sin- ip. 


This last expression is zero onlj’’ if 

tan- ip 


El 

F2 


a most important relation which we shall find again in (2.50) and (2.59). 
We see also that ip = 7r/4 if and only if + Fo = 0 (orthogonal case). 
If and only if this holds, the “characteristic” directions which make 
angles with the first principal direction coincide with the 45° lines. 
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By a similar computation we find the shear value corresponding to 
these directions: 


ky = A:( — ei cos ^ sin ^ + 62 cos <p sin (p) 



^ sin 2(p, 


and, since for this <p there is sin 2<p 


2 V—F1F2 
F,-F^ ’ 


we have 


ky = V —F1F2 = Fi tan tp = Fi cot tp 


or 

7 = •>/ — ei€2 = €2 tan (p = £1 cot p. 


One may verify that this 7-value is absolutely less than ^(ei — £2) ; this 
follows from (£1 + €2^ ^ 0. The elementary computations of this sec- 
tion have thus given these results: 

There exists always a pair of 45 ° lines bisecting the angles of the principal 
axes for which both the shear strain and the shear stress have their extremum. 
The corresponding normal strain equals |■(£l -j- £2), and similarly for the 
stresses. If £1 -|- £2 0, i.e., Fi F2 9^ 0, there exist two nonorthogonal 

directions making angles + <p with the first principal axis, where tan^ p 
= —F1/F2', they are real if Fi and F2 are of opposite sign; for each o f these 
directions the normal strain is zero and the corresponding shear 7 = V “ ei«2. 

d. Differential Equations of the Linearized Problem.^ In Eqs. (2.6) 
and (2.8) u and v are not coordinates. We are going to derive from (2.8) 
certain systems of differential equations for quantities which may serve 
as coordinates in the physical plane. Let 

(2.19) X = X cos ?? -f- 2/ sin t?, Y = y cos H — x sin d. 

According to the definitions of the u- and z;-directions we have 


dx — du cos — dv sin du = dx cos d + dy sin d, 
dy = du sin ^ dv cos t?, dv = dy cos -d — dx sin d. 

Hence from (2.19) 

dX = dx cos d dy sin d -f- Ydd = du -{■ Ydd, 
dY = dy cos d — dx sin d — Xdd = dv — Xdd, 

and from these relations 


dX _ 5u y dY _ dv 
ffd ~ ffd^ ’ ffd ~ ffd 
dX _ du dY _ dv 

ds ds ’ ds ds 


®See also Section II, 2c, Eqs. (2.55) and (2.57). 
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Appljung (2.8) we conclude that 

dX .r dll , . d,> _ dY 
a? - ’ “ rs - IF’ 

“ M = aF - ^ 

One obtains thus (he following sj'stcm of linear equations of first order 
(s,t? independent, A',1'' dependent variables): 


( 2 . 20 ) 


dX f^dY, y 


dV ,, . a.v 

M = -aF 


A' 


From (2.20) the equations of second order follov 
d-X 


( 2 . 21 ) 

(2.22) 


dO- 

a=i 


, d-X ,, , tlA 1 \ f \ 
*'aF^“ -A +'^(/s + /-a), 


_ ! 5!Z 

dO- ds- 


= -r 


or 

ds 


(f77+/-f7). 


These equations are liyperbolic or elliptic according as to wliother 
fg ^ 0 (see (2.5)] i.c., according to (la\/dat ^ 0^ where ihi/dan follow.s 
directly from the yield condition F((ri,<r;) = 0. 'J'hey are parabolic at 
points where either /g or its reciprocal value equals zero. If a' solution 
A(s,0) has been found the corrc.sponding Y{i^,0) follows from (2.20) and 
the coordinates x,y from (2.19) without further integration; then .s and 0 
may be determined in terms of .t and j/. 

To find integrals of (2.21), we may apply cln.'-sical methods of .scries 
expansion or try to adapt modern operator methods to our equations. 
Because of the linearity of the equations solutions of (2.21) may be 
superposed; the difficulties encountered in actual problems where the 
boundary conditions arc given in the physical plane, arc well known 
from the analogous situation in fluid mechanics (hodograph jilanc). 

Let us investigate the above condition of h 3 'perbolic or other behavior 
for ihc particular yield conditions of the preceding .section. 

(1) Quadratic condition. From (2.13) we find 


(2.23) 


So 


(cr; — q-Q^ 

<T2 CTi 


(4 - sr- 

3 - s= 


It is seen that fg > 0 for s- < 3 while fg < 0 for s- > 3 and fg oo for 
3. We consider merely the left part of the ellipse (c; > o-i); on this 
left part the arc corresponding to — a.3<s<v 3 jnclds a region with 
hyperbolic behavior of the equations; to s = + V3 and s = — V3 
correspond the “sonic points” 


0-2 = 2(7-1 = 47C/-\/3 and ci = 2 cr 2 = — 4/v/V3; 
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for V3 < ls| < 2 one has "elliptic” states of stress. In the physical 
plane the "sonic line” separates the domains of hyperbolic from that of 
elliptic behavior ; its image in the stress graph is the circle about the origin 
with radius s = v 3. The parametric representation of the hyperbolic 
part for 0-2 > tri is 


(2.24) 


(Tl = K 


s 



0-2 = K 



H < v3. 


(2) Si. V enant limit. From (2.15) we see that the 45° line corresponds 
to the hyperbohc solutions, where 


(2.25) fg = 4, |s| < 1. 

The vertical and horizontal lines of the hexagon correspond to parabolic 
solutions, fg — 0. 

The generalized St. V enant limit (2.18) is everywhere hyperbolic if 
X < 1, and partly hyperbolic, partly elliptic, if X > 1, the "sonic points” 
corresponding to js] = 1. 

(3) For the paraboladimit, (2.16) and (2.17), 


f = a - s, g = a + s, fg = a^ - s^. 

Here for all s- values, except s = +a when fg = 0, the problem is 
hyperbolic. 

We derive now a second set of linear equations which show even 
closer analogy to the hydrodynamic situation' than (2.20) and (2.21). One 
may satisfy the first Eq. (2.20) identically by a function ^{s,§) such that 

(2 261 — = ^ ^ 

ds g{s)k{sy dd k{s)’ 

where fc(s) satisfies the equation 

(2.260 gis)k’is) + k{s) = 0. 

Substituting this xf into the second Eq. (2.20) one finds 


(2.27) 






dif 

ds 


In the same manner we introduce <p{s,^) by 


(2.28) 

where 


^ ^ d<P _ X 

ds f(s)h{sy dd h(sy 


(2.280 


f(s)h'{s) — h{s) = 0. 
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Then the equation 
(2.29) 


d-<p 

dr- 


fu 


= ^^(or-^u+j) 


ay 

ds- ds 


follows in the same manner.® 

"We can applj’’ "separation of variables,” c.g., to the first Eq. (2.21). 


With 

(2.30) 

this equation reads 


fo = c(s), f'g +f - 0 = d(s), 


d^-X 

dO- 


d-X , ,, 
' -flF + 


(! 


dJC^ 

di; ’ 


with A’’ = a{s)h{d) wc find 


ir 

h 



a 



= 0 , 


and conclude in the usual way {\ dcnoling a con.stanl) 

(2.31) b" = \b, ca" + da' = n{\ + 1). 

In a hyperbolic domain c > 0, in an clliplic domain c < 0. The Ecjs. 
(2.31) may be followed up for particular yield conditions. In the "clas.si- 
cal” case c = -1, and d = 0; then (2.21) riuhu’es to 

^ = V 

dd" ds- ' ’ 

for Avhich the "general solution” can be given. For (2.31) we obtain 

b" - U = 0, -Ui” = fi(X + 1), 

which leads to well-known solutions. 

As an other example consider the parabola condition and Eq. (2.27). 
Putting now 


(2.32) '/'(Sjd) = q){s)q{})), 

we find with a = 1 -}- V2 and X again denoting some constant, 

(2.33) q" = 'Kq and (a- - s-)'}}" — (o -f s);/ — - 0. 

Next, introducing new variables u and XJ by 


s = a(2M — 1), 


dv _ 1 df/ d^ 

ds 2a dti’ ds- 


1 d-U 
is- du"-’ 


“These equations may be transformed to standard forms (2f, pij. 8, 9, 12). 
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we find 
(2.34) 


.d^U dU . 


which is a hj^pergeometric equation. Putting X = —7i^ and 

g = C sin n(d — ^o), 

we can combine g(d) with solutions of (2,34) to obtain solutions '/'(s,t?) 
of the form (2.32) which in turn may be superposed. 

One could likewise applj'’ more modern operator methods to our linear 
equations. Such linearizations are of value, just as in aerodynamics. 
However, the main difficulty of plasticity theorj’- lies in the setting up and 
sohdng of complete boundaiy problems, where in general the boundary 
conditions are given in the ph 3 ’^sical plane. Our linearizations point the 
for finding particular solutions which may lend themselves to the 
construction of solutions of actual problems. 

e. Sauer’s and Neuher’s Linearization of the Stress Equations. A very 
simple and natural choice of stress variables has been made by Neuber 
(14) and Sauer (19). The jdeld condition is assumed in the form, also 
vaUd for an anisotropic medium : 

(2.35) (Ty = k{ax,r). 

That is, (Ty is given in terms of Vi and r, which are the components of the 
stress vector corresponding to the .r-dii'ection. Then 

dcTy _ dk d<Tx dk dr 
dy d(Xx dy dr dy 

and the Eqs. (2.1) become, with — = Aq, — = k->, 

d(Tx OT 


(2.36) 


dx ^ dy ’ 


7 d(Tx , dr dr 

r q r K2-:r- 

dy dx dy 


= 0 . 


Here Ai and A 2 depend on (Tx and t onty, hence the S 3 '’stem (2.36) is reduci- 
ble. Using again the method of exchange of variables (this approach is 
different from Sauer’s) we have, if the corresponding Jacobian is different 
from zero, 

d^ d^^^ dr _ dy dx_ dy dx 

dx dy dx dy dr dr dux d<Tx 


(2.37) 
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and obtain the linear sj'slem 
(2.38) 

7 . 

' ' 


d.T , ^ 
Off, cir 


- hi 


dx 

Jr 


d(Tf 


0 , 

0 . 


System (2.3G) corresponds to our (2.G), and (2. 38) to (2.S); Eqs. (2.3G) 
and (2.38) are indeed very simple. However l;\ and !:■> depend in general 
on both, ffx and r, in contrast to (2.8) where liie cocHicients depend on 
one variable only; also the repre.senlalion (2.35) is not symmetric while 
the usual yield conditions arc of a .symmetric nature; on the other hand 
this .setup holds also in case of ani.sotropy. Now put a. = v, r — —u,‘ 
then (2.38) becomes 


(2.3S’; 


dx dx dij 

li I “r — “t“ /» “ — 

dit dr dr 

dx _ di/ 
dr d u 


0, 

0. 


From (2.38') we can derive a ditTereutial equation of second order. We 
satisfy the second h'q. (2.38') liy 


(2.39) 


X 


d4^ d4> 


then the first Eq. (2.38) gives the linear equation 
(2.40) /;, 




dir 


diidr dr- 


or 


^^4-7-7' 'i ^ I. (n 

•r o + /*2 (o'x,t) - — h\\dx,T) -;pr 

Offi' dfTidr dr- 


The above derivation has been given to .show the analogy to the 
previous procedure, where likewise "exchange of variables" was used. 
Sauer him.sclf docs not use this method, nor does he derive the linear 
equations of first order (2.38). He directly derives a nonlinear dilYeren- 
tial equation of second order and then transforms it into a linear equation 
by means of the Legendre transformation. Let us explain this ajiproach. 

The first equation (2.1) may be satisfied by means of a "stress 
potential” <p{x,y) where 


(2.41) 


dtp 



dtp 

Jx 


’ It is clear that these it and v have nothing to do with the it-dircetion and t'-diroc- 
tion used before for the directions of principal stress. 
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Substituting these into the second Eq. (2.36) one obtains the quasi-linear 
equation of second order 


(2.42) 


^ j_ I- 

dx^ ^ dxdy 


- k. 


d^ip 

dij^ 


= 0 . 


To this we apply the Legendre transformation. Use as before u = — t, 
V = (Xx and introduce a new dependent variable, <!>, defined by 


(2.43) 

Now 


<l> = UX + vy — <p, 

d(b d(f> 

X = —> y = -r-J 
du dv 

d4) = X du + y dv. 


d'^ 4 > du . d‘^4> _ -I ^ — n 

du"^ dx dudv dx ’ du^ dy dudv dy 

and two similar relations. With J = d{u,v) / d{x,y) one has 


d‘^(p dv j d^(l> d^<p _ du _ j d^({> 
dy'^ dy du^’ dx^ dx dv^ ’ 

d'^tp _ du _ J d^4) 

dxdy dy dudv 


and, under the assumption J 9 ^ 0, (2.42) is transformed into the linear 
equation; 


(2.44) 


d'^cj) , d^fj) , d^<j) 
dv^ ^ dudv * du^ 


= 0 


or 


d'^4> , jr d^<l> _ d^cj) 

3(7,2 + /Co /Cl 


= 0 . 


This last equation is of course the same as (2.40). It may be compared 
with our Eqs. (2.21) or (2.27) which seem preferable in case of an isotropic 
yield condition. The function A:(<r,,T) and its derivatives, ki and /c 2 vdll 
very often not be simple, in case of symmetric yield conditions. But, 
at any rate, (2.44) is a very elegant result. It seems however a little 
better to use instead of ki and ki the partial derivatives 


= fz 


oi f{(Tx,(ry,T) = 0. 


dcxx •'"’ dr dCy 

Then (2.42) becomes: 

fz‘Pxx — Si<Pyy + fl9m — 0 
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We shall return to Sauer’s approach when we discuss the characteristics 
of our problem. Then Neuber’s work on which Sauer’s is partl}"^ based 
will also be reported on. 

3. Characteristics 

a. Characteristics of the Complete Plane Problem. Coiusidcr the com- 
plete problem (1.14) 

dffj: . dr „ Ot , do-u _ fi 

(2.45) f(cr.-,cr„r} = 0, 

3/ _ 3/ j3/ 3/ 

i~ — iy _ da, day e, -{- („ _ 3o-,^ day 

y Of ' y Of 

dr dr 

We have previously replaced the first three Efjs. by (2.G) and had, with 
the notations used before: 


(2.46) 


Os f,\0d ds . .33 


Thus our system (2.45) is equivalent to the system of four equations, 
consisting of the two Eqs. (2. 46) and the last two Eqs. (2.45). We shall 
sometimes distinguish them by the terms “stre.ss equations” and “veloc- 
ity equations.” Together they are four ccpiations with the dependent 
variables s, 3, Cx, iv snd the independent variables .t and ?/, since the direc- 
tional derivatives in (2. 46) can be readily replaced by 


— = — cos 3 — sm 3, etc. 

3u dx dy 

For a system of any number of planar (by that we mean; “linear in 
the derivatives”) equations of order one with only two independent 
variables, the formal theoiy of characteristics is almost as simple as for 
two such equations with two unknown functions. We want to find the 
characteristic directions and the relations Avhich must hold between 
derivatives in these directions, the compatibility relations. It seems 
rather obvious that in our case our sj’^stem of m = 4 dependent and n = 2 
independent variables will resolve, also with respect to the characteristics, 
into two groups of equations. This, however, is not self-evident, and it 
may be appropriate to start with a derivation of this basic result. 

We shall denote uniformly the unknowns by ?<<.., {k = 1,2, 3,4) and the 
independent variables by x and y. Our system is then 
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(2.47) U = a,, ^ + = C, (i = l, ■ ■ ■ 4), 

where the usual summation convention holds. 

In (2.47) all coefficients a,i, 6 .*,, c, depend on x,y, and on the Ut.. (If 
a and b depend on x and y only and if the c are linear functions of the u, 
the system is linear.) We want to determine at each point certain 
“exceptional directions” which are defined as follows:® From the four 
Eqs. (2.47) we derive a linear combination, using constants a^■. 


(2.47.a) 


dUk , , dUk 

oiiOiik -T h ttiOti -v— 

dx ay 


= c,ai. 


With a, a, I = 7 *, each term to the left yi + h may be 

ax ay 

interpreted as the derivative of ui in a certain direction. We vdsh to 
determine such a. that possibly all four ui are differentiated in the same 
direction. The direction normal to such a direction we call an excep- 
tional direction; we may then also say we seek such a combination that 
none of the variables be differentiated in the exceptional direction. (In 
the case of only two independent variables it is not really necessary to 
introduce the direction of the normal; one may as well use the direction of 
the differentiation only, but it is convenient to consider both.) Denote 
by \,y. direction numbers of an exceptional direction; then direction 
( 7 i, 6 i) must be perpendicular on direction (X,^), hence 


X7fc + mSi = 0, (fc = 1,2,3, 4) 


or 


(2.47. b) Xa.a,A, -|- fia,b,i. — 0. 

We write Eqs. (2.47. b) as equations for the unknowns a,. 

(2.47.c) a,(Xa.i 4- fxb,i,) =0, {k = 1,2, 3, 4). 

These equations can have a nontrivial solution only if the determinental 
equation 

(2.48) \\\a,k -t- M&all = 0 

holds. The left side of this equation is a determinant of order four 
whose general element in the fth column and kth row is a,*,X + b,ky; (2.48) 
is a homogeneous algebraic equation of degree four for X/y ivith coeffi- 

® With respect to the theory of characteristics see (9),(12e), and J. Hadamard, Le 
probleme de Cauchy et les equations aux derivees partielles linSaires hyperboliques, 
Paris, 1932; see also the paper by Symonds (21); of course, much is found m (lb) and 
(la). We follow here in general von Mises’ ideas which in turn are based on the 
work of Levi Civita and Hadamard. 
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dents dependent on the Yalues of the coefhcicnts of the original equations 
at the point P under consideration. Thus (2. -IS) defines in general four 
directions at a point P in the .r,iy-planc. They need not he real and they 
may in various ways coincide. Each direction perpendicular to such an 
exceptional (X,/i)-direction we term charoclerislic. 

We have stilt to find the combinations of the original equations which 
have the initially described properly (2.-17. b), i.e., which contain no dilTer- 
entiation in the exceptional directions. To find them, a root 
substituted in (2.47.c) and the corresponding a,- arc flctcrmined. Substi- 
tution of thc.se into (2.47. a) yields then the desired combination, or 
compalihililu relation along the characteristic; corresponding to a simple 
root (X,g), there is one compatibility relation: to an r-fold root correspond r 
compatibility relations. This last ca.sc with ?• = 2 will aiipcar in our 
plasticity problem. 

As indicated before, in case of two independent variables one might 
use right away the characteristic directions instead of their normals; this 
amounts to writing for example ch/ and —dr instead of X and ft. 

Now consider our particular .system, that is, the two l^ijs. (2.40) and 
the last two Eqs. (2.45). It is .seen that the Eqs, (2.40) contain only 
ds/dx, ds/dij, dO/dx, f)i9/f);/, while the last two contain only Ov-fOx, 
dvx/dtj, dvy/dx, dv;,'0y. Hence in this case the determinant (2.48) has 
the form : 


Xuii -f- fihi\, 
X021 + 


0 

0 


XUj; -f* fthi" 0 

X (/;2 0 

0 X« + ftli 33. 

0 Xuij 


0 

0 

Xu.i4 -4- 

Xflu fihn 


and ihi.s resolves readily into the product of tiro determinants. It is thus 
seen that, in order to find all characteristics of our system, it is suflicient 
to inve.stigate scparatel}’- those of the “stress equations” and tho.se of the 
“velocity equations,” always together with the corresponding compatibil- 
ity relations. 

b. Charaetcristics of the Stress Equations. Many of the results of this 
section are essentially the same as corrc.sponding results of Sokolovsky, 
von Mises, ITodge, and Ilill,^" Our derivations, based on (2.0) and (2.8) 
are however simpler, and our results perhaps more complete (sec 2,d,c,f). 

Consider (2.G) and write the determinant (2.48) with X = .sin tp, 
y = - cos (p where 95 denotes the angle of a characteristic direction with 
the first principal direction. Then 

Hill’s book came to iny knowledge after publication of (2,cl.f) and during the 
printing of (2,e). 
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(2.49) 
must hold. 


sin <p 
cos <p 


f cos <p 
g sin <p 


= 0 


Hence with ai 


= ^'andFf 
as 


diXi 


where F is defined in (2.2) ; 


(2.50) 

(2.500 


+ 2 f 

tan*^ to = - = — ; = 
g (Ti 

, dv , 

tan ip — -r- = ± 
du 




(This equation has been found already in another connection in Section 
II,l,c.) 

We have seen before that the hyperbolic points are those ivhere/ and g, 
or dffi and da 2 , have the same sign; then fg is positive, and likewise the 

r 



Fig. 3. Characteristics in; (a) physical plane (b) stress plane. 


quotient//^ appearing in (2.50). At such a point there are two direc- 
tions making angles of and -~(p with the first principal direction; we 
denote by and C~ the characteristic curves making at each point those 
angles ip and ~ <p respectively with the first principal direction, and by 

(2.51) a = ^ = d — tp, 

the angles of such a curve with the x-axis. We have then for the direction 
coefficient of a characteristic, the upper sign applying to (7+ 


(2.50") 


% 

dx 


tan d 


= tan (d + ^) = 




1 + tan t? 


\9 

The angle <p in (2.50) and (2.50') depends only on s; here (2.51) together 
with (2.50") shows clearly how the characteristics depend on the respec- 
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tive solution under consideration. If such a solution 

s = s{x,y), 0 = 0{x,y) 

is introduced into (2.50") this becomes an ordinaiy differential equation 
for the determination of the characteristics. 

Let us next determine the corre.sponding compatibility relations. 
Multiplj^ the first Eq. (2.6) by cos <p, the second by (f;//)-^ sin tp. In the 
second Eq. (2.6), multiply the first term by sin tp, the' second ly {f/(j)'‘- 
cos tp and add (at a hj'perbolic point //(7 is nowhere j^cro or infinite). 'We 
obtain 

ds , 3s . / 7 ~ ( 33 , 33 .' \ 

37, '=' + 31. ■ (37 + 37 


on denoting by 3/3/± difTcrentiation in a characteristic direction, the 
result is 


(2.52) 


3s rj- 33 3s 



These are the desired compatibility relations, being relations between 
the derivatives of the dependent variables along C'"* nr C~ respectively. 
The}' do not depend on the validity of the transformation (2.7). 

The C+,C" are the images of fixed chnrnclerisdcs in the stre.'^.s graph; 
we denote them bj' F'^, and F". It follows from (2.21) that for these 
fixed characteristics 


(2.53) 


(If _ ^ A 'ViV: ' 

f/s V^/ir/ 0^2 — (Ti 


This same result is found if the characteristic determinant is i-omputed 
for Eqs. (2.8), and again the same result is expressed in (2.52). (Note 
that computing (2.53) in these two ways, once by means of (2.8) and once 
from (2.52), gives a proof of the fact that the characteristics, F, in the 
stress graph are at the same time the images of the C in the .t, //-plane. 
Note also that a compatibility relation like (2.52) contains in principle the 
right sides of the given diffOrential equations. In our case, in (2.0), these 
right sides are zero. On the other hand, the mapping which leads from 
(2.6) to (2.8) is only possible if the right sides of the equations are zero; in 
this case the compatibility relations appear in the two forms (2.52) and 

(2.53).) 


We might ask wliothcr some simple relation oxist.s between the directions of the 
fixed r-curves in the stress graphs and the corresponding characlorislics in the physi- 
cal plane, similar to that between the epicj'cloids and Mach lines in gas dynamics. 
For our choice of stress variables the answer is negative. Relations between the 
derivatives are, for example, 
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tan tp 


dv 

du 


dd Oi — <r I 

j or cot <p 

ds cri' 


du 

dv 


dd 0-2 — fi 

ds <r% 


(These are of course again the compatibility relations.) Nevertheless a construction 
of the C-curves which uses the T-curves is possible in our case as for any reducible 
system (see Section II, 2, i) and is almost as simple as the corresponding construction in 
gas dynamics. A. very elegant relation between characteristics and their images in 
the stress graph exists for the Sauer-Neuber choice of stress variables (Section II, 2, e). 

Eeturning to (2.53) we note that the r+ and r~ make equal angles 
and with the radius vector in the stress graph, if s and d are polar 
coordinates, and tan \[/ = sdd/ds. From (2.52) it is also seen that cor- 
responds to r+, and C~ to The T-curves can be found once and for 
all by quadratures. In fact, introducing according to (2.53) 

(2.53') 0(s) = J’^, 

we have for r+ and P- respectively 

(2.53") G(s) — d = const., G(s) + d = const. 

c. Characteristic Coordinates. These last relations suggest the intro- 
duction of characteristic coordinates. Let us denote the (7+ and C~ as 
^-lines and rj-lines respectively. Since on a $-line d — (?(s) and on an 
■)}-line d -t- G{s) remains constant, we put similar to the procedure in 
the classical case 

(2.54) G{s) + d = 2?, G{s) - d = 27?, 
whence 

(2.540 d = ^ G{s) = ^ + v. 

We may likewise use ^ and -q as stress variables instead of s and d. (For 
the following compare, for example, (2c, p. 36 ff.) ; there the characteristics 
are denoted as a-lines and d-lines, the orientation is different from the 
present one, and d denotes the angle between an a-line and the a:-axis.) 
From (2.50") it follows that 

(2.55) + | ta. (.» - rf. 

Here, as (2.540 shows, s and consequently ^(s) depend on ^ + rj, hence 
tan (d -t- <p) and tan (d — (p) depend on f and rj, and (2.55) thus consti- 
tutes a system of two linear partial differential equations with x and y as 
the dependent, ^ and ij as the independent variables. From any solutions 
of these equations one may then deduce f, t? (or s, d) as functions of 
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x,y. From (2.55) one ma}’’ obtain equations of second order for .t, alone 
or for y alone which generalize equations of Oseen known in the classical 
theoiy [see (26"') and (30) in (2c, p. 40)]. 

The equations corresponding to (2.53") in the cla.'^sical rase form the 
starting point for the study of the geomeliy of the slip line field. With- 
out going into any details, we shall here indicate some immediate conse- 
quences. Consider two fixed lines of the same family, say two ^-lincs, 
y = yo and y = yi, and denote bj' an arbitrary value of then from 
(2.54'). 

e = — Vi — {^1. — Vo) = yo — Vi’, 

thus e depends onlj' on the two fixed f-lines and not on the variable Tj-line. 
Similarl}’^, interchanging the role of tlic two families 

c' = ^i^uVi.) — ^H^o,yt.) = (^! — Vi) — ($0 — — ^0. 

Thus; Denote by A and B two fixed curves of one of the (tvo families and by 
Cl. a variable curve of the other family. The anyle formed by the livo first 
prineipal directions at the points of intersection, .4i, B) is the same for each 
curve Ch. A similar relation holds for G{s): 

6 = Oi^i,ya) — G{^i,y\) = j;n ~ Vi, 

(■' ~ G(^i,yi) — 0(^0, Vi) = ■" so. 

The difference of the values of G{s) at the points of intersection of the variable, 
curve Cl with two fixed curves, A , B of the other family does not depend on Cti 
a is equal to (lie above introduced anf/lcs c or d respectively. 

The simple form of the equations of the classical case which hold, if the 
radii of curvature are taken as dependent variables and the characteristic 
coordinates as independent variablc.s, is based on the particular role which 
those radii of curvature play there. In fact, let dst, ds., denote line 
elements of the and 7j-curvcs re.spectivcly; then in that ca.se the deriva- 
tives d^/dsi and dy/ds,, along the re.spective curves, i.c., the. local dcrivji- 
tives of the coordinates which jday the de<’isivc role in the geometry of 
curvilinear coordinates, are simply equal to the curvature of the resjicc- 
tive characteristics. In our more general situation put dst — hyl^, 
ds,, = hody. Wo find then from (2.51) and (2.5-)'), using the relation 

^ ~ ^ ~ ^ ^ similar one for 

hi = -f /i2 = —7?, ^1 A- 

which for ip = 7r/4 reduce to the above-mentioned simple result. Next, 
according to the definition of /ii,/i 2 , we have for a vector df with com- 



234 


HILDA GEIRINGER 


ponents dx and dy, if 
tions, 


fi° denote unit vectors in the respective direc- 
df , p df , 


or if, as in (2.51), a = '& + <p, — ip 


(2.56) 




hi cos a, 
hi sin a, 


dx 

dr] 

ay 

dr) 


hi COS /?, 

hi sin jS. 


Here we differentiate the first equation with respect to y, the second with 
respect to using the relation 




da d{d -f- <p) 

dy dy 

-i + r 

dy 

= -1 

^ G' 



and 

similarly 









d/8 

- 1 - 







d^ " 

- 1 Q,’ 





and 

then subtract; in the same way we deal with 

the third 

and fourth 

Eq. 

(2.56); the 

result is: 







dhi 

— cos a 
dr] 

- ^ cos |8 + {hi 

sin a + hi 

sin /8) 

(- 

A 

G' 

= 0, 


dhi . 

— - sin a 
dy 

- ~ sin (3 - {hi 

cos a + hi 

cos i?) 


A 

07 

= 0. 


These may still be simplified. Multiplying the first equation by sin a, 
the second by cos a and substracting we eliminate dhi/dr]]in an analogous 
way we eliminate dhi/d^. The final equations are 


(2.57) 


^ sin 2<p + — 1 y (hi + hi cos 2(p) = 0 

^ sin 2<p + — 1^ {hi cos 2<p + hi) = d 


which for <p = 7r/4, hi = R^, hi = — reduce to the well-known simple 
equations for the radii of curvature mentioned above which in the special 
case form the basis for the integration of the stress equations. Our 
Eqs. (2.57) are linear for hi and hi with respect to | and y. In the special 
case the corresponding equations present a definite advantage compared 
with (2.55); here the advantage is less obvious. If a solution, hi, hi of 
(2.57) in terms of is known we find from (2.56) x,y in terms of and 
deduce from this ^,r] (or s,t?) in terms of x,y. 
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We have thus indicated a few steps and results which generalize 
the well-known methods and a few of the results of the classical case. 
tWiether this approach in which the stress variables are ^ Ji-nd 77 rather 
than s and i?, presents an advantage need not be decided and may dejiend 
on the particular problem. We shall again use characteristic coordinates 
when we consider the velocil.y problem. For the moment we turn to 
another aspect of our study of the characteristics. 

d. Relation to Family of lifohr Circles. Exainplcs. So far we have 
defined characteristics hy means of the ideas which lead to the charac- 
teristic determinant (Section II, 2, a). Weshalljconsidcr now an interesting 
geometric property of the characteristics which might also be used to 
define them. Consider the so-called circle of Mohr (we speak here only 
of a plane tensor). The stre.'^s tensor or in fact any .symmetric tensor, 



Fio. •}. MolirV rirclc. 


associates to any direction r (normal to a .surface element) a stre.ss vector 
p„ with normal component = <r in the f-dircction and shear-.‘^tre.‘'-.s 
component, r, in the direction normal to P. If a and r are taken as the 
abscissa and ordinate of a point representing the stre.'^s transmitted 
across the line element with normal direction P, then the locus of all these 
points for all P is a circle with center + ci) and radius i(o-; — o-j). 
In fact denote by 5 the angle between the r-direction and the first jn-in- 
cipal direction, then from the well-known formulas 


(2.58) cr = - 1 - cos 25, r 

we have immediatelj’’ 



sin 26 


(2.580 




O’! 




-1-T= = 



the equation of Mohr’s circle. Its main value consists in furnishing 
directly the angle 6 corresponding to each stress vector, i.e., to each point 
on the circumference of the circle, and vice versa. Let us show that the 6 
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corresponding in (2.58) to an arbitrary point P is indeed the angle so 
denoted in the figure. For this last one we have 

T U — (T\ 

(2.59) tan 5 = = 

or 

(2.59') tan^ 5 = 

a-i — a 

from this expression we find cos 25 and sin 25. Substitution in (2.58) 
shows this to be satisfied identically in c and t. The angle e in the figure 
marks the direction of the line element across which the stress is trans- 
mitted. So far this is well known; we have merely presented it in a 
form adapted to our purpose. 

Now we consider the one-dimensional family of Mohr circles which 
satisfy a given equation, = 0. The corresponding circles have 

an envelope whose point of contact with any circle may be real or imagi- 
nary. In case of a real contact there is on a circle, K, a point of contact 
with coordinates cr,T, and corresponding angles 6 and e. Now identify F 
with the yield function of our plasticity problem. Our statement is then 
that € — <p, where <p is the previously introduced angle of a characteristic 
C, with the first principal direction. Or, in a condensed form : If a one- 
dimensional family of Mohr circles is defined by means of a yield function, 
F{a\,fff) = 0, then the direction corresponding to a real point of contact of 
any circle K, with the envelope, is a characteristic direction belonging to K 
in the corresponding plasticity problem. The case of no real contact 
corresponds of course to the elliptic case without real characteristics. 

A very simple proof of this theorem is the following; We consider as 
in (2.3), (Ti = (ri(s), a -2 = a 2 (s) as representation of F{ai,(T 2 ) = 0, and use 
s as parameter of our family of circles. Differentiation of (2.58') with 
respect to s yields 

(2.58') 0"^ — ^(cri -f- < 12 ) -|- cri(72 = 0, 

(2.58") cr((7i' a 2 ) = crio'2' -f- cr20’i'. 

These define the envelope. From (2.59') we compute tan® e = — and 

cr — ffi 

find: 

(2.60) tan® e = ^ = fA = _ = .^an® <p. 

This last value is identical with (2.50), which proves our statement. 

The abov5 proof is independent of and different from a proof of Hill (5, a, p. 295 ff.),’ 
according to Hill the first proof of this interesting relation between characteristic 
directions and points on the envelope of Mohr circles is due to Mandel (11). HiU also 
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notes tlmt this relation seems to have been known to Praiultl (17a, p. 7-1). However, 
in the speeial case of tlie yield condition rn,« = const., tlic envelope is a horizontal 
line, and to the points of contact (the hiphest point on each circle) corresponds 
5 = £ = x/4; since likcwi.se <p - tt/-! the relation is ohvio\is. 

In Mohr’s theory the envelope of a certain family of eircle.s-, “limit eireles” 
(“Grenzsjiannunpskreisc”), is eon.sidered; the anple 6 corresjiondinp to the (<r,r) at 
the point of contact with (he cnvclojie is (he breakinp anple. In an intere.stinp note 
Torre (22) has shown that for tin’s hreakinp anple Mq. (2.r)n) holds. The quotient 
(Ti f(Ti in (2.50) is of cour.se comjmted fron\ this envelo]ie of limit circles, the “limit 
curve.” lie docs not state the relation between the.<e directions and characteristic 
directions. 


We turn notv to the consideration of some examples. Tlie T curve.s 
in the strc.ss graph have been inve.sligatcd by von Mi.so.s for the three 
tdeld conditions, quadratic, hexagonal, and parabola condition.s (.see 
Section II,],b). The formulas are in the case of the quadrafie, condition: 


(2.G1) 


do _ -\/3 — s* 

Ts ~ 


±1? = arctan 
and from (2.00) 
(2.G1') 



— “ arctan 

.S' 



.2 V3 - .s'^ 


■on.sl , 


(tin y = i 


\/Tf- 3V- - .s 

2 \73 - 


or 


(an- 


cr-j — 2(r_i 

2<r; — <7i 


At the “sonic” points tan <,? is zero or infinite, cr^ = 2<ri or cri = 2a«, 
s = ± VS) tmd \^ = 0. The hyperbolic part thus extends from 
— V 3 < vS < + the elliptic part is for \/3 < [.s] < 2. In the 
physical plane the “sonic line” separate.s the domain of hyperbolic from 
that of elliptic solutions; its image in the stress grtiph is the circle about 
the origin with radius s = 

The F-curves in polar coordinates arc graphed in (12d). In rectangu- 
lar coordinates s and d, a F-linc is monotonously increasing, e.g., from 
-- ir/4 to +7r/4, it is central-symmetric, has inflection points at s = 0, 
s = + •\/2, and dd/ds = 0 at .9 = + ■\/s. 

Hexagonal condition (Trcsca, St. Venant). The hyperbolic part is for 
|s| < 1; here dd/ds = ±1] the F-charactcristics in the hyperbolic area 
are ordinary .spirals = s/2 -f- constant or, straight lines in rectangular 
coordinates s and d. In the parabolic area the unique set of cluivactcvis- 
tics consists of radii through O'. In the hyperbolic, area, tan v’ = ±1, 

a = d + ~, ^ = d— -• The characteristics are orthogonal and coincide 
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with the shear lines, a well-known important fact. We have seen that 
within our assumption of isotropy this can onlj’- happen if 


F I Fi — ii 

then the jueld condition must be of the form (1.10). This is the most 
general form of the orthogonal yield condition in case of an isotropic 
medium. Otherwise, if isotropy is not required, it is easily seen (see 
Section II,l,e) that the characteristics are orthogonal if the yield condition 
is of the form t = Q[(<rj, — cr^)] where Q denotes an arbitrary function of 
{tx — o - J - 



Fig. 5. Quadratic condition, t? = G(s). 

Parabola condition. The problem is hyperbolic everywhere vdth the 
exception of s = + a when fg = 0. Here 


(2.62) 


^ + 1 
ds ~ Va^ - 

I? = + arcsin — t- const. 
a 


These are circles through the origin if interpreted in polar coordinates 
and sine lines in rectangular coordinates: s = +a sin (t? — i?o). In this 
case 


- (2.620 


tan (p — 


± 


V 


a — s 
o -f s 


e. A Parallel Reciprocal Relation between the Characteristics and Their 
Images. Considering Sauer’s approach (Section II, l,e), we find for the 
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characteristics in the phj'sical plane 


(2.63) 

or, from (2.38'), 

(2.64) 


dy- — kidxdy — kidx- = 0, 
dy 1 


dx 


: = i (h ± v/.v + -i/u), 


— A’l dv‘ + /.•; du dv -}- du- = 0 

P = l (-h ± 

dv 2 


Hence denoting in (2.63) and (2.64) the direction corresponding to the 
upper (lower) sign of the root hy (he sub.scriiits 1 and 2, we see that 


^lll\ - — ( d!!\ ( A - — ( . 

//.r/i \dv/d \dxJ 2 \dvj\ 


or, in terms of the original variables a- — r, r = —u: 


(2.65) 



Thus the geometric relation between the .T.f/-planc and the (7...r-planc 
is very simple and elegant. 'J'hc direction (f////r/.r)i at a point P in the 
physical plane is parallel to {dr/dcri)^ in the corresj)on(rmg point P'. The 
characteristics in the ffr,T-plune are fixed characteristics and can be 
determined for each iiarticular yield condition from (2.(il). 

The relations (2.65) follow of eour.se likewise if the characteristic 
directions dy/dx and drfda. arc computed from the ciiualions of second 
order (2.42) and (2.4 1) respectively. If is ea.sily seen that, if a din'eren- 
tial equation 


(2.42') 


„ -I- 25 + c ^ 

dx- dx dy dy- 


0 


is transformed by means of the Legendre transformation (2.43) into 


(2.44') 


- 2h c-y 

dv- du dv ' du" 


0 , 


then the relation of reciprocal parallelism holds always between the char- 
acteristics of (2.42') and (2.44') at corre.sjionding points. 

Heturning to our jilasticity prolilcm wo see from (2.64) and (2.65) 
that in the cri,r-planc 

(2 64'V ( = A* 2 ~ V'^A'2' ~1~ 4 /i‘.i ^ f/r"^ _ Ic^ d- \/A'2" d~ 4A'i 

La ^ Kdcrji 2 ' 2 

Here the right side is a known function of and t. From these relations 
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follows an elegant result due to Neuber. Remembering (2.35) and 
ki = dk/dff:,, fca = dk/dr, and using the first Eq. (2.64) we find 

(2.64") — ^ d(Tx^ ~ ^ dr d(Tx + dr^ = dr^ — ddx day = 0. 

' ' dax or 

These are two relations, one along each characteristic. Using this last 
equation, the Neuber-Sauer relations (2.65) of reciprocal parallelism may 
also be written as 


(2.650 


_ / dr\ _ / day '\ ( ^'\ _ / dr \ _ / dtrA 

^dxjx \dax)i \dr/2’ \dx) i \dax/ 1 ydr/i 


Neuber (14) uses as stress variables Cr — ay and 2 t (as compared to 
Sauer’s (19) o-z,r) and obtains an equally simple construction of the char- 
acteristics. (He does not explicitly mention that his «-lines and y-lines 
are the characteristics.) From (2.650 with 

tan a = (dy/dx)i, tan d 

we have 

subtraction gives Neuber’s results 

(2.65") eot2»-p-(^], cot2p.[!«^]_ 

which allows a very elegant geometric interpretation. 

We have mentioned that Sauer’s jdeld condition is not restricted to 
the isotropic case, i.e., it is not necessarily composed from the invariants 
ax + ay and axay — r^. We see from (2.64') that the characteristics, both 
in the .T,y-plane and in the stress plane, are orthogonal if 



or ki = 1. This leads to the form 
(2.66) (Ty — ax — gij) 

in contrast to (1.10), where the most general orthogonal yield condition 
was of the form A[(ai — 0 - 2 )] = 0, or B[(ax — ayY + = 0. If (2.66) 

holds, we find from (2.65) 


= (dij/dx )2 
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This shows that the inclination dr/dai of tlie characteristics in llie stress 
plane depends onlj'^ on r; tlie characteristics intersect tlie lines 
T = constant at a fixed angle and are therefore parallel and congruent. 
Further generalizations of the geometric properties of the shear lines in 
the classical problem follow easily’. 

We finallj’’ mention a further example of a yield condition given bj' 
Sauer: 

— O’; <7l + O'; / I \ I _ n 

— 2 — “ 9 — — T — ci(o-. + Cy) + cr = U. 


ITerc the fixed characteristics in the stre.^s plane arc straight lines tangent 
to an ellipse. 

/. The Complete Plane Prohlnn. The s/re.s.'c Eqs. (2.1) and (2.2) have 
been studied by various authors previously quoted (Sokolovsky, von 
]\Iises, Xcuber, Sauer, (leiringcr, Hodge, Ilill). The vclocilij equations 
have been considered only (juite recently by Hodge (fia, pp. 325-20)) 
Geiringer (2c, g), Hill (5a, p. 305 0'.). 

I Consider the last two Eejs. (l.M). Hsing (he transformation formulas 
withF,- = dF/da„ (/ = 1,2) 


(2.G7) 


= F, cos= 0 + /'b sin"- 1?, I'- = F, sin" 0 + F: cos" 0, 

dffx OOy 


df 

Ot 


= (Fi — F;) .sin 2i9 


we obtain the three velocity equations of which only t wo are independent: 
^ (Fi siiH 0 4- Fa cos= .7) = (F, <-os" .9 4- Fa sin" 0), 

(2.G8) ^ (Fi - Fa) sin 2^ - 4- — ) (F, cos" 0 4- Fa sin= 0) = 0, 

^ (Fi - Fa) sin 20 - 4- (F, si„: cos- d) = 0. 

They are simplified bj’^ the use of (2.50), tan" tp = — Fj/Fa; add the second 
and third of Eqs. (2.GS); next, subtract the third from the second; finally, 
by simple computations, with a = d-\-ip, fi = 0 — <p, the vclocitj' equa- 
tions are found in the form 


+ iy 

i 


cos 2ip 
sin 2 j9’ 



= cot 2^, 


^ = tan a tan B. 


(2.69) 


7 
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The second of these equations is the same as in the “classical case,” 
because of the coaxiaUty of the stress tensor and the tensor Grad / (see 
Section II,l,c). Both the first and the third equation reduce to 

-f- €j, = 0 

if ^3 = 7r/4. 

The above Eqs. (2.68) can also be transformed b}^ an eas 3 ’- computation 
into the following form, which will prove useful : 

(2.690 — sin a sin /3:cos a cos j(3: — sin 2§. 


This, in the orthogonal case, reduces to 
(2.69'0 = 1: -l:tan 2§. 

If the stress problem of the two nonlinear but reducible equations 
has been solved, i.e., if s and ??, and consequent!}’- tp and t? are knorni, then 
an}’^ two of the three Eqs. (2.69) form a linear S 3 ’-stem for the two unknowns 
Vx,Vy. Let us find the characteristics. Denoting b}’^ m = dy/dx the 
angular coefficient of a characteristic, one has 

(cos 2(p + COS 2t?)??i- — 2 sin 2t? • + (cos 2<p — cos 2t?) = 0, 


and from this, after simphfication. 


(2.70) 

or 



sin 2d + sin 2cp 
cos 2d + cos 2^3 


= tan (t? ± <p) 


= tan a, m~ = tan )3. 


This shows: If in our general problem the plastic potential coincides with 
the 3 ’-ield condition, then the characteristics of the velocit}’^ problem coin- 
cide vfith those of the stress problem. In terms of the complete problem : 
At every hyperbolic point, i.e., a point where for the adopted yield condition 
F 1 F 2 < 0, there are two doubly counting different characteristics, C'+,C'“. 
They form the system of characteristics for the complete problem (1.14). If 
we consider “stress problem” and “velocity problem” separately, the first 
is a reducible problem, while the second one, after the stresses have been found, 
is linear in the velocities. The (7+ and C~ make with the x-axis the angles 
a = d <p, and ^ — d — <p where d is the angle between x-axis and first 
principal direction and v is defined by (2.50) . Let us also remember that 
for a characteristic direction the rate of extension is zero (Section II,l,c) 
at a h3’^perbolic point. This is seen here again b}’- the third Eq. (2.69). 

g. Velocity Plane. Since our Eqs. (2.68) or (2.69) are homogeneous 
we ma}’- exchange dependent and independent variables. From the first 
and second Eqs. (2.69) we find in the usual wa}'^ 



RECENT RESULTS IN THE TIIEOUV OF rLASTIClTY 


213 




= 0 , 


= 0. 


Denoting by n the angulnv cocfTicicnt of Uic clmrnclcrislics of (liis system 
we find the equation for }t 


n=(cos 2ip - cos 20) + 2n sin 20 d' (cos 2(5 d- cos 2^) = 0 


or 

(2.71) " 


Consider a vclocili/ plane, i.e., a jilano where r-.r^, are reetangular coordi- 
nates. In hj'pcrholio points of the vehu-ity plane which arc image.s of 


/O 



N 


N 

\ 



I'lO. 0. Pliy.siral plane and veloeih' plane. 

h3^perbolic points in the phj'.sical plane there are two distinct directions n+ 
and 7i~; conseqiicntl,y there are in a h.vperholie domain of tiie vclocitj’ 
plane two families of characteristics tlie images of the C'-',C~ 

respectively and 

(2.71') 7!+ = — cot {0 -f (p), n~ = — cot. (0 — tp). 


Comparing with (2.70) wc sec that 77j+/j+ = — 1 , vrn~ = — 1 , or C'^‘ J_ O'*', 

J- C~. It is also seen that the C'+ and C~ make equal angles with tlie 
second principal direction. 

This simple relation between the curves C and C reminds us of the 
relation between Mach lines and their images in the hodograph plane in 
compressible fluid thcoiy. Here, however, the vclocit.y equations are 
linear after the stress problem has been solved, and wc do not need the 
velocity plane for purposes of linearization. Wc shall make use of the 
simple geometric relation in Section i. 
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Let US next consider the system of compatibility relations of the com- 
plete problem. Along each doubly counting characteristic two such 
relations must hold. One pair has already been found [Section II, 2, b, 
Eqs. (2.52)]. Another pair of relations holds between the derivatives of 
the velocity components along a characteristic direction. These rela- 
tions must necessarily express the fact that the rate of extension along a 



Fig. 7. Characteristic directions and their normals', (a) general case (b) orthogonal 
case. 


characteristic is zero. Here we shall derive them from (2.71). Denote 
as before, by dl'^,dl~ line elements along a respectively. Then 

from (2.71) 


(2.72) 


dwj , dvy dvt ^ „ 

dl+ cot a, cot 


These compatibility relations (2.72) may also be written 

dVx . dVy . „ dvx „ , dv„ . „ ^ 

-jTT cos a + ^ sm a = 0, -75- cos sin )8 = 0. 

06+ dr dl~ dl~ 

Now denote by 1,2 directions which make angles a and a -1- ^ with the 

Jj 

a;-axis, by Vi,V 2 components of the vector v in these directions, 

(2.73) Vi = Vx cos a + Vy sin a, = Vy cos a — Vx sin a. 

By the first eq. of (2.73) 

dvi I dVx , dvy . \ , , . , doL da 

^ ^ VdF + dF ~ W 

Introducing in the same way the components 113,114 in directions 3,4 which 
make angles (3 and | respectively with the .x-axis, we find two similar 
relations [see (2,e)]: 

dr*-"‘dtP WF-^'clF 
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or, more brief!}'- 

^ = V 2 along a C+, ^ I’l along a C~. 


In the "classical case,” or somewhat more generally, in the orthogonal 
case, <p = tt/I, the directions 1 and 4 coincide, and so docs the direction 2 
wth the negative direction 3. In this rase (2.74) reduces to 


(2.75) 


(h'l (la (h'2 _ _ , 


or, along a C'^ or C~ respectively, 
(2.75') ^ = 0, 


(IV2 


Cl 


= 0 . 


These relations arc well known in the cla.^^.siral ca.se as velocity equations 
along the slip lines (2a). 

In (2.74) there arc four difTcrent components of r, of which we may 
choose two, I’l and v?, the components in the characteristic directions, and 
express the other components in terms of them, u.sing a — li = 2^?. and 

Cs = Cl cos 2>p — C; sin 2<p, vt = Ca cos 2(p + c< sin 2>p. 

Hence the relations (2.74) and (2.74') take the form" 


(2.74”) 


(IVi 

da 


I'l COS 2(f — cs 

sin 2<p 


along C’^, 


f/c.i 

dp 


Ci — Cn cos 2v; 
sin 2^p 


along C~ 


which for ip = r/A, = c.n reduce to (2.75'). -Mso, denoting by and 
R~ the radii of curvature of C'^' and C~ respectively, Eqs. (2.74) become 


(2.74'”) 


^ „ (1^ 

dl-^ R^- ~ dl- R- 


dvs _ Cl — C3 cos 2ip 
df R- sin 2v> 

We know that the unit extension along a characteristic is zero. But 
the left sides of (2.74"') are just the unit extensions, i.c., the strain rates, 
and £, along the characteristic directions. Hence the relations (2.74) 
in their various forms express </ic/ac/f/iaf-tj = 0, e, = 0 along the respective 
characteristics. 

We consider in this paper the problem (1.14) or (2.45) as the general 

"The same equations for von Miscs’ 34eld condition have been found independ- 
ently by Hill (5a), p. 30G. 


and, corresponding to (2.74”') 

(2 74 W) = Cl cos 2(p - V- 


dl^ 7^+ sin 2<p 
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plane problem. Let us, hoAvever, investigate for a moment the conse- 
quences of a formulation Avhere plastic potential and yield function are 
not identical. Denote as before by J{ax,ay,r) = F{(Ti,ct 2 ) the yield func- 
tion, but by h((Tx,(r,j,T) = the plastic potential, then the “stress 

problem” (Section 11,2, a,b) remains unchanged, but the velocity equa- 
tions are now 

dll dh dh ... 

OO* X ^0" y (JT 


or 

(2.69*) 

where 

(2.50*) 

(2.51*) 


cot 23, 


~h 

7 


cos 2)p €x 
sin 2d ’ iy 


tan y tan 8, 


tan^ x{/= — 
y = d + i}/, 


^ _ !l 

H2 e2 

5 z= d — 


The characteristics of (2.69*), K+,K~ are real if Hi and are of opposite 
sign. At such a point they make the angles y and 8 with the x-axis; 
we have now no longer coincident characteristics of the “stress” and 
“velocity” problem. The velocity characteristics are orthogonal if 

Hi + H 2 = \- ^ = 0, while the orthogonality of the curves C'+,C'" 

OCx ^^1/ 

depends on the vanishing of the sum Fi + F 2 . C'^,C~ are mapped onto 

r+jF*" of the stress graph, K+,K~ onto K+,K~ of the velocity plane (Fig. 8). 




Fig. 8. Physical plane and velocity plane; total hyperbolic point. 

The strain rate is zero along a velocity characteristic, and the velocity 
compatibility conditions hold along them. If both F 1 F 2 and H 1 H 2 are 
negative, there are at such a fully hyperbolic point four real and distinct 
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characteristics, C" and 7C+ 7t'-. Various oilier combinations may 
arise. 

Let us now review the results of Sections and II, 2, b. In Sec- 
tion 11,1, c we have seen that for a characteristic direction the rate of 
extension is zero. [This is cxpres.sed in the compatability relations 
(2.74).] Consider now the two tensors Grad/, and Grad /i, where/ and 
/i are jdeld function and plastic potential respect ivcl^L From (2.50) and 
(2.50*) we see immcdiatel}" that 

Fi cos- V’ -b F; sin- y; = 0 and Jh cos- vt- -f //; sin- = 0. 

Hence if we denote by ^ and / respectively the directions of a strc.ss char- 
acteristic C, and of a vclocitj’’ characteristic K, it is seen that 

(2.50) (Grad/)££ = 0, (Grad /Off = 0. 

The scalar coviponcnl of (he tensors Grad /, and Grad h, in (he rcspccth'c 
characlcrislic direction is zero. From the second of the.se relations it fol- 
lows, however, that likewise 

(2.^) Fff = 0; 

this means that (he rate of extension in the direction of a velocitif character- 
istic vanishes. 

Finally consider the Mohr circlc.s. We have introduced (p. 230) the 
famil}' of Mohr circles corrc.sponding to F(o',.cr;) = 0. We may likewi.se 
consider the Mohr circles singled out by mcan.s of //(ffi,(T;) = 0. With 
the notations of Section II,2,b we had found that c ~ tp, where c is the 
angle belonging to the point of contact of a circle of the F-family with its 
envelope. If we denote by rj the analogous angle (Fig. 4) for the circles 
of the family II{ai,af) — 0 we sec that 

(2.60*) c = <p, 7? - 

Hence, both stress and velocity characteristics ma}' be defined by means 
of the envelopes of Mohr circles. 

These arc a few of the parallelisms between the two kinds of char- 
acteristics, which arc perhaps better understood if F 7 ^ II is assumed. 
On the other hand, we have also pointed out the important basic differ- 
ences between the respective problems. 

h. Initial Valve Problems. The sjiccial situation where the “stress 
problem” (2.1), (2.2) is “statically determined” arises if the stresses are 
uniquely determined by the three Eqs. (2.1), (2.2), and by appropriate 
stress boundary conditions. In this case, after the stresses have been 
found, the velocities may be determined by means of the velocity equa- 
tions and a sufficient number of velocity boundary conditions. The other 
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case where the stress boundary conditions are not sufficient to determine a 
stress solution uniquely is more difficult; then the four (or five) equations 
of the complete problem together with all boundary conditions must be 
considered more or less simultaneously. Practically, this is often a prob- 
lem of trial and error: One takes a particular solution of the stress equa- 
tions which satisfies the given stress boundaiy condition (and perhaps also 
a trial choice of a plastic-rigid boundary) ; then one tries to fit to this a 
velocity solution which satisfies the remaining boundary conditions 
(see Part III). 

At present we shall formulate certain mathematical problems (see, 
however, also 111,4,5,6). We shall discuss approximate solutions of 
these problems, particularly such as are based on the consideration of 
the stress graph and the A'-elocity plane. 

First we remember again: if we split the problem into a stress prob- 
lem, given by (2.1), (2.2), or by (2.6), or bj'^ (2.36), etc. and a velocity 
problem defined, for example, bj'^ (2.66), or (2.69), or (2.74), at any rate 
the first problem is reducible and the second one linear, inasmuch as the 
stress problem has been solved beforehand. The reducible character 
of the stress problem is the reason wh}’’ here the determination of the 
characteristics is identical with the finding of the solution, while the 
(linear) velocity problem actually starts after the characteristics have been 
found. Another consequence is that, for example, the occurrence of 
rectilinear characteristics means very much for the stress problem 
(namely that the state of stress must be constant along such a line) and 
ver}"- little for the velocity problem (see 11,3 dealing with simple waves). 

Consider now the stress 'problem and, to fix the ideas, think of the 
Eqs. (2.6) with s and as dependent variables. Take first the "Cauchy 
problem." Along an arc K given bj-^ x = x{t), y = y(i) (with piecewise 
continuous derivatives and x- -j- q everywhere along Tl), values of s 
and are given in such a way that the curve has nowhere a character- 
istic direction; this means that the angle between the curve and the 
a:-axis is nowhere equal either to ?? -|- ^(s) or to — <p{s), where ^(s) fol- 
lows from the respective jdeld condition [e.g., (2.61') or (2.62') for the 
quadratic or the parabola condition]. These data determine a solution, 
s = s(x,y), = ^{x,y), on both sides in the vicinity of 7£; on K the 

solution assumes the prescribed values; this vicinity is wholly contained in 
the quadrangle formed by the four curves issuing at the ends of K which 
are characteristics for this solution; and at the points within this quad- 
rangle there is no other solution which takes on the prescribed values and 
satisfies certain “continuity conditions,” for the derivatives. 

Existence and uniqueness problems for such reducible systems have been widely 
considered these last years particularly in connection with problems of gas dynamics 
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Consider now the vcIocHu equntions also witli rcspeet 1o the Canclnj 
prohlem.^^ After s = s{x,y), d = 0{x,y) arc known, the velocity problem 
is a linear one. Along the previously considered curve K, which by 
hypothesis has nowhere a characteristic direction, we may now give 
quite arbitrarily values Vx and v„, or, in other words, the vector v may be 
prescribed along K. Then a uniquely determined velocity .solution c.vists 
in the whole characteristic quadrangle determined by K and by the 
four characteristics i.ssuing at the end points of K. The characteristics in 
turn arc determined by means of the stress .solution .s, ??. (Kcmembcr 
that a = t? + y(s), where a is the angle between a and the a*-axis, 
and d and .s' have been found in solving the stress jiroblcm.) To sum- 
marize: along a curve K values of .s- and 0 arc prescribed in such a 
wa}' that tlie curve nowhere becomes characteristic; along this curve also 
the velocity vector is arbitrarily prescribed, 'riien I'x.v.j arc deter- 
mined within the characteristic quadrangle. 

Next consider the characteristic ittitial value prahlcm. In the linear 
problem of two linear partial difi’crentinl equations for two unknown 
functions in two independent variables the characteristics form a net of 
curves (real or imaginary) completely determined by an ordinary differ- 
ential equation between tlie indepcuflont variables. In the rerlneiblc 
case with which we arc flealing as far as the stre.«s problem is concernctl, 
the situation is quite difTcrent. One may, for example, consider an 
arbitrary curve, C, y = y{.r) and mohr it a characteristic, c.g. a C”’. by 
determining for every .r, the .v = s{x), 0 - 0{.r) from the two relations 
(2.51) and (2.53) (where in case of a the first relation (2.53) and the 
positive sign in (2.51) is to be cho.sen). hkination (2.51) is a relation 
between the direction of the curve C’ at the jmint with absci.ssa x and 
the variables s and 0 at this point; l*>i. (2.53) is a relation between <ls 
and do, or a relation between .s and 0, but it contains still an arbitrary 
constant; at any rate it is not jio.ssible to jirescribe one of the dependent 
variables, say s, arbitrarily along an as.sumed curve C, which is to become 
a characteristic. (This is possible in the linear case, wliere, in turn, C is 
not arbitrary.) 


If on the other hand along an interval of x a function a = s{x) is 
prescrib ed arbitrarily, then y = y{x), which determines the shape of the 

(for e-\-amj)le (]a,c) and (.3), Section I and particularly Section II). Our problem in 
this connection can oidy Ijc to point out a few of tlie consequences of these investiga- 
tions with respect to our particular questions. 

It is not our ta.sk to formulate here precise existence and uniqucnc.ss theorems. 
Wc try, however, to describe correctly tlie main features of the initial value problems 
which present themselves in our general, nonlinear jilast icily problem. In several 
of the books on our .subject the formulations arc rather careless; various examples 
could be quoted. 
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curve, as well as t? = t?(x), must be derived from (2.51) and (2.53), if the 
curve is to be a characteristic. Briefly: y,s, and d together must satisfy 
the above relations (of which one is the condition for a curve to be a 
characteristic, the other the compatibility relation along this character- 
istic between the dependent variables); the curve y{x) is then a char- 
acteristic. We may also describe the situation as follows; often it is 
natural in a plasticity problem to know that a curve is a characteristic, 
e.g. a plastic rigid boundary or a boundary of a region for which one has 
solved a Cauchy problem. Then all one may prescribe along such a 
curve is one value, say So, at one point; this value will serve to determine 
the constant in the first relation (2.53"). 

For two intersecting characteristics we conclude from the preceding 
remarks : Suppose we know that of two intersecting curves one is a (7+, one 
a C~, then nothing else can be prescribed arbitrarily : the values So and t?o 
at the point of intersection must satisfy four relations which determine 
them as well as the two constants in (2.53"). All other values s,-& along 
them are likewise determined, and the stresses s and ^ may be found in a 
characteristic quadrangle. The stresses being known, the velocity 
problem is linear with given characteristics and therefore along a char- 
acteristic curve one component of v may be arbitrarily prescribed; the 
other follows from the respective velocity compatibility relation. If one 
and the same component is given along both characteristics, then another 
component must still be given at one point of one of the characteristics. 
(Also a linear combination of two components may be given along one, 
and another combination of the same components along the other char- 
acteristic.) Revieiving one particularly important situation, we may say : 
If we know that of two intersecting arcs one, AB, is a characteristic, 
C+, the other, AC is a C~; and if we know in addition (or Dj,) along AB, 
and Vy (or Vx) along AC (expressed slightly more generally, v must be known 
along BAC in a way satisfying the compatibility relations), then a solu- 
tion of the complete problem, consisting of stresses and velocities and 
assuming the prescribed values on BAC is determined in the character- 
istic quadrangle AEDC. The characteristics CD,BD depend, however, 
on the stress solution. 

i. Approximate Solutions of Initial Value Problems. In the classical 
case the usual approximate solution of the stress problem is based on the 
\vell-known properties of the slip line field. These must be modified in our 
more general situation according to (2.53"). We shall discuss here 
primarily a geometric approach, which for the stress problem imitates 
the Prandtl-Busemann construction of a characteristic net, well known in 
gas dynamics, while for the velocity problem our velocity plane seems a 
useful tool. (Such a type of construction is valid for any system of 



RECENT RESULTS IN THE THEORY OF PLASTICITY 


251 


reducible equations; it becomes a little more simple if, as in the approach 
of Neuber or of Sauer, particular!}’’ simple geometric relations exist 
between the characteristics in the stress plane and those in the physical 
plane.) Another procedure consists in computing the unknowns from 
finite difference equations corresponding to the differential relations 
derived in the preceding pages. We shall return to that, very briefly. 

Cauchy problem. On the noncharacteristic arc K we know the values 
of s and we may therefore find and grajjh the image curve K' of K in 
the stress plane, and JC will certainly not be a characteristic. 

Let us make a preliminary remark. We may use for the const ructions 
we arc going to explain any strci^s plane, for example the s,t9-j)lane or the 
(Ti, 7-plane. But the ^,7;-plane defined by (‘2.51) is <li.stinguishcd by the 




Fig. 9. Cnucliy protilcm with doubly covered clmmclcrlBtic strc.«s plane. 


fact that there the characteristics are the coordinate lines y = constant^ 
^ = constant. It may (or may not) be advantageous to vise the t,jj-plane 
for the construction; however, the following remark will be particularly 
simple, if we explain it for this plane. Call K" the image of K in the 
?,i 3 -planc; it will not be a characteristic, but it may be that it has at one 
or more points a characteristic direction parallel to the ^ or T;-axis. 
Then it is necessary to subdivide A'" into arcs which have the or 
ij-direction at most at the end points. 'I’o fix the ideas, consider a curve 
A"B" which is horizontal at C” and let. as well as }i"C" be monoto- 
nous. Then by the procedure to be described we determine in the 
physical plane the nets of characteristics in the triangles ADC and CEB, 
where AD,DC,CE,EB are the re.spectivc characteristics through A, C, and 
A. It is still ncce.ssary to solve the characteristic initial value problem 
parting from the characteristics CD and CE. If a solution exists in ACF, 
we shall find it in this way, notavithstanding the fact that the tangentat 
C" has characteristic direction. In the f,7?-i5lnnc (or t.he s,i9-plano) there 
will be in general a doubly covered region like A''C"D" in our figure. 
This occurrence is well known in the hodograiih plane and need not 
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prevent existence of a unique solution in ABF. On the other hand it may 
be that no solution exists in ABF] then the characteristic CE (or CD) vill 
cut into the triangle ADC (or BCE). [If we want the solution in ABF, 
care is needed in selecting the correct triangle A"C"D" corresponding 
to ACD (the one below A"C" in the figure).] 

If we use the ^,f?-plane the characteristic directions defined by (2.53) 
now play of course the role Avhich the directions parallel to the axes played 
in the ^,7?-plane. These are brief indications of circumstances to be 
considered; they are not specific to our problem, however. 

Now let us describe the procedure. On K we choose a set of points 
Pi,P 2 , • ■ • Pn. In the stress graph we locate on K' the corresponding 
points Pi',P 2 ', • ■ • Pn. Through all points P/ we draw the known fixed 
r-characteristics, which belong to the chosen yield condition. They 
form a first group of meshes next to K', and determine a row of points 
Qi, • • • Qn-i. Through the points P„ (f = 1,2, • • ■ n), where we 
know the values of s, and we draw straight line segments in the direc- 
tions a, = d, <p{s,) and /3i = d, — <p(s,) and obtain a second row of points 
Q,,(f = 1, • • • (n — 1)), which correspond to the Q/. Hence we know 
(approximately) the s- and d-values for the Q,. In this way we may 
continue. The procedure may be refined in various respects. This 
construction is based on the net of fixed characteristics in the stress graph. 

Moreover, in the Cauchy problem, Vx and Vy are given along K. This 
is a linear problem; so we draw in the velocity plane which has the rec- 
tangular coordinates, Vx>Vp the curve K, the image of K. On K we mark 
the points P, corresponding to the previously chosen P,. We assume 
that the lattice of C-characteristics has been drawn already; now the 
C+ at P is perpendicular to the C+ at P and the same is true for the C~. 
Hence through the Pi we draw straight line segments in the respective 
perpendicular directions and find the row of points Qi (f = 1, • • ■ 
in — 1)). Since these correspond to the Q, in the physical plane, we 
know now the velocity at the Q,. Continuing in this way we find even- 
tually a net in the velocity plane and the coordinates of each lattice 
point of this net give the velocity at the corresponding point in the 
physical plane. 

Characteristic initial value 'prohlem. Consider two intersecting char- 
acteristics, C+jC- in the .T,i/-plane. In the way explained in detail 
in the preceding section we find the s- and T?-values along them, in 
particular so,??o at the point of intersection. Next consider m points 
Poi,Po 2 , • • • Pom on (7+ and n points Pio,P 2 o, • ■ • Pno on C~] draw 
through each P,o a segment of the corresponding (7+ characteristic, and 
through each Pq, a segment of the corresponding C~. The segments 
through P 10 and Poi intersect at Pn. The corresponding values of Sn 
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and follow from the stress graph. We then draw a segment of the C+ 
and of the C" through Pn nnd find P-n and P 12 ; their images in the stre.^s 
graph furnish the corresponding ,9 and i9. In this way we continue until 
we have found (simultaneous!}') the net in the physical plane and the 
s.t? values at each point in the quadrangle. 

Now the velocit}' problem: suppo.'^e we give I’x along the initial curve 
C~ and Vj, along the C"*' and, consequently, know both at Poo. In the 
velocity plane we therefore know Poo; we draw .segments of a CP and C~ 
in the prescribed directions through Poo. in such a way that we continue 
the segment of the C'*" through Poo until we reach the ab.':cissa r-{Pio). 
There we locate the point and find in the same way /-'m. These 
furnish in turn iv(l,0) and r.-(O.I). In the same way we construct the 
whole arc C~ and the arc C'^', the images of the given CP' and (P, and on 
them the points P^o ' • • Pr.o and Poi, • • • Po.■^. 'riiese points furnish 
the respective and Vz{Po,). Next, we draw in the velocity plane a 

segment of a C'* through ]-’io and one of a C’" through /•’m. 'I'liey intei>oct 
at Pii. d'ho characteristics through J^u and inter.sccf at Pzi, and 
these through Pn and P 02 at P\o. We so obtain the respective velocity 
values at Pn and Pn. In this way, always using the orthogonality with 
respect to the net in the .r, //-plane, we find step by stej) a net in the 
velocity plane; the coordinates of the nodal points give the velocities at 
the corrcs])onding points. 

We fini.sh this section with a remark on the .approximate nnmcricnl 
solution of the velocity prolilem, once the stre.«s probhan ha-s been solved 
e.g., by means of (2.53"). Knowing .s(.r,//), d(.r,//) we know a,v, and i? 
at such a point. We may then use the finite difference equivalent of 
(2.71) or (2.71') or (2.71"), the choice depending on what exactly the 
initial data arc. If, for cxam])le, are given along a non-characteristic 
curve, (2.71 ) seems approjiriate; if vi is given along a (C- and Vo along a C~, 
we find vo and Ci respectively through (2.7-1') or (2.7-1"), and then solve a 
characteristic initial value problem step by step by means of the .same 
equations. We shall omit details. 

j. Plastic Rigid Boundanj. Lee (S,b) has proved that in the classical 
case a boundary between jilastic and rigid material must be a slip line. 
In the general case lines of maximum .shear strain and characteristics 
are not identical. We .shall prove that, with certain restrictions in the 
general case, the boundary must be a characteristic. 

Assume that 

^ ^ , dP 

Offz dcTy d(Xi dao 

IS not identically zero. Con.sider a segment AB of the plastic rigid 
boundary and suppose that the rigid material is at rest. We shall 
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use a system of orthogonal curvilinear coordinates, ^,r], in which AB is 
embedded such that along AB the coordinate rj is constantd^ Consider a 
point P, on AB, denote by Vi,v„ velocity components in these directions 
for the plastic material, by Sf, s, arc lengths along the |-line and the 
i}-line, increasing with increasing $ and ij and by Ri,R^ radii of curvature 
of the coordinate lines, positive in the directions of positive tj and ? 



Fig. 10. Plastic-rigid boundary. 

respectively. We need the strain rate component in the and Tj-direc- 
tion. Let us give a formal derivation. Compute dVx/dx, denote the 
angle between x and ? by a and let then a — > 0. We have 

Vz = cos a — Vn sin a, Vy = sin a + Vy cos a, 


dx 


3sj 


cos a 


ds, 


sin a, 


dVx dvx . dVx 

ei = - 5 — = cos a- sin a — 

dx dsj ds. 


cos a 


dv^ 


dv„ 


d d . , d 

— == -r— Sin a + ^ cos a, 
dy dS{ ds. 


da 


. cos a — sin a — {vt sin a -b cos a) , . 

dsj ds^ ^ ’ dSfJ 

— sin a ^ cos a — ^ sin a — (vt sin a + a, cos a) 
' ds„ ds„ 


For a — > 0, ex ■ 


ej and the result is 


da 

dSjj 


■ _ ^ 

dSy ds^ ds( R( 

(This expression coincides with the left side of (2.74'") •) I’l ^ similar way 
the other strain rate components may be computed and the result is 


( 2 . 76 ) 


H = 


dV( 

dSf 


. __ dVy 

Ri dSy 


11 , V = — ^ -h — ’ ^ -f 

Ry dSy dS( R( R^ 


We assume that R^ and i?, are different from zero. 

The notation differs from that in Section II, 2 , c where f and jj were curvilinear 
coordinates with the nonorthogonal characteristics as coordinate net. The ^,17 of the 
present section correspond rather to “1” and “2” of Section II, 2, g. 
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Since the rigid material is at rest, the normal component must 
vanish along AB. As to assume first that it be discontimioxis across 
AB, that means that dj is iiot zero in the plastic material adjacent to 
AB. Then: 


(2.76') 




dvt 

dst 


dl\ 

ds„ 


£i 

/e: 


dVi , Vt 

7 = — + 


dSr 


Ih 


At points where ft 0, 3f£/ds, tends towards infinit}*;’® all other terms 
on the right sides of (2.76') are finite. Now take a: and y tangential to 
the ^ and 17-line at P; then both ir/y and i.j/y tend toward zero; consider 
the velocity equations in the form (2.69') 


(2.69') iz'Ay'.y = sin a sin jStcos a cos — sin 2t?, 

where a is the angle that the C'*' at P makes with the x-dircction, and 

similarly for /3. At P both sin a sin (i, and cos a cos ^ mu.st vani.sh. If, 
for example, sin ^ = 0, d = fh cos ^ = 1, it follows that cos a = 0, 
]a[ = 7r/2. This means that the ^-direction, that is the plastic boundary, 
has at P the C~-dircction. Ilcncc at eveiy point this boundary has a 
characteristic direction, 'riuis the boundary AB is either a characteristic, 
or an envelope of characteristics. Let us first assume that AB is a charac- 
teristic, say a C~ characteristic; then ^ = 0. We have seen, moreover, 
that a = this means that, at P, C’"*' X C~, y = '/-I, or in oilier 

words, Pi 4- P: = 0, «i -f «■; = 0 at every point P of AP.’® We are, 

however, coirsidering a yield condition where, by hypothe.sis. Pi -f- P; is 
not idcnlically zero. (3n the other hand, there will in general exist a par- 
ticular value of the parameter s for which tan ss = 1, hence -f l\ — 0. 
(In the quadratic yield condition this happens for .<? = 0, in the parabola 
condition for s = 0 likewise; in the first case Pi + h\ = 4- o':, and for 

s = 0 we have a\ = —2K/\/'S, <7 2 — 2K/\/3.) Hence the same value 
of s must belong to all points of AB-, since this line is a characteristic, it 
follows from (2.53") that the value of 0 is also the same all along AP, or 
in other words, the stress tensor is constant along AP, and if /3 is the 
angle which the characteristic makes with the x-axis then along AP this 
^ = i3 — ir/4 is constant, and AP is uccessariJy rcclUiyicar.^' This last 

*^This is not mnthcniaticfilly rigoroii.s; tlio followinp conchision.s nro b.a.scd on thi.s 
intuitive reasoning, however. 

’“It is seen imnictliatcly bj' con.sidrring the Alolir circle of ttic tcn.sor E that an 
infinite is compatible with finite fr and <„ onb' if ti 4- <: = 0. If on the other hand 
one 7 at a point is very largo, almost all 7 ’s at this point are of the .same order of mag- 
nitude (as seen from the Mohr circle); hence arguments which arc so often fovmd, 
saying tliat a direction of infinite .shear must nece.ssarily be that of maximum .shear, 
I.C., the 45® direction, arc not conclusive. 

” This rather surprising result .seems to be related to/ = /i (yield function equal to 
plastic potential). 
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conclusion holds onlj’- if AB is a characteristic. It might be an envelope 
of characteristics; then the constant in (2.53") varies from point to point, 
and so does the t?-value, hence the above conclusion is no longer valid. 

Next assume = 0 in the plastic material adjacent to AB. Then 
from (2.76) 


(2.76") 


■ 


dV( 

ds„ 


If in (2.76") the two derivatives, dvjds^, dv^/ds^ are different from zero, 
we see from (2.69') that sin a sin /? = 0, hence either a or /3 or both are 
zero, and it follows again that AB has everywhere a characteristic direction. 
If however one of the two derivatives vanishes along AB (or part of it) we 
have a similar conclusion as at the beginning. In fact, if = 0, 

then ej = 0, e, = 0, ej + e, = Fi + N2 = 0 and we conclude as before 
that AB (or that part of AB) is rectilinear, unless it is an envelope of char- 
acteristics. If ej = -y = 0, t, 5^ 0 then either a or /3 is equal to zero, 
sin 2 -d = 0, and consequently both s and ■d must have some fixed value; 
in fact, if a = 0, ?? = 0, then /? = 0, ^ = 0, or if a = 0, i? = tt/2, /3 = tt, 
(p = — 7r/2 and we conclude again that AB must be rectilinear. The case 
where all four derivatives vanish remains undetermined. 

Let us consider the orthogonal case. Equations (2.69') are replaced by 


(2.69") izAy-.j = 1; -1:2 tan 2t?. 

If now along AB (or a part of it) v,, = 0, 9 ^ 0 we conclude as before that 

7 ^ «3 , and now from (2.69"), t? = ±7r/4, and since, in fact, identically 
(f — 7r/4, either a = 0 or (8 = 0 along AB. Hence AB is a characteristic 
or an envelope of characteristics. Since also v,, = 0 along AB, and since 
ej = 0, it follows that v^, the amount of the jump, is constant along AB- 
Hence in this case = 0,dv,,/ds^ = 0, — > co^dvjds,, = V(/R,,. 

Finally, if wj = 0 along AB, then it = 0, and from ej -t- e, = 0 also e, = 0, 
hence also = 0 and 7 reduces to dv^/ds,, (which we assume differ- 

ent from zero, lest all derivatives vanish). We conclude again that 
t? = ±7r/4, and since = 7r/4 this only shows anew that HjB is a 
characteristic. 

Let us review the whole situation; The boundary between a plastic 
region and a rigid domain (which we assume at rest), must be a charac- 
teristic or an envelope of characteristics. Along it the normal component of 
velocity must be continuous, and the tangential component has a constant 
value. 

In the general case of a yield condition for which the invariant Fi -f F 2 
is not identically zero, a curved boundary is only possible if the tangential 
component aj = 0 {i.e., likewise continuous across AB), and if neither 
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dvi/ds^ nor dvjdsr, vanishes. Olhcrwisc the Imindarij is either an envelope 
of characteristics or rectilinear, carrying some constant value of the. stress 
tensor. In the orthogonal ease where the above invariant is identically zero 
the continuity or discontinuity of the tangential component does not determine 
the shape of this boundary. 


S. Simple ll'fKT.s 

a. Definition and General Properties. Just ns in comiircssiblc fluid 
theoiy simple waves'^ phn* a most imjiortant role in tlie Iniildiug up of 
solutions to boundary value problems in plasticity (see Part III). 

Let us first consider the stress problem of simple waves. Consider 
the relation between physical jilane and stress fuaph. In ^lencral a finite 
region of the jihysical plane is majiped onto a finite area of the strc.‘-s jdane 
and any clement of area, d.v dy, is transformed into an element of area -1 
in the stress plane. On the other hand, the most extreme degenerate 
case is that of a uniform stress fensf)r. 1'. in all points of .‘•'ome region, i.e., 
s-constant, t?-constant; then the entire domain f>f that stre.^s distribution 
corresponds to one jioint in the stress graph. In between lies the ca.se, 
now to be considered, where an area. If, in the physical plane, is mapjied 
onto a single arc, P, in the stre.ss graph. 'I’his tyiie of solution is called 
simple wave. 

The curve T in the stress grajih cannot be arbit rary. I n fact , we know 
that the characteristics C in the physical jilane are always majiped onto 
characteristics P in the stress graph, (’onsider a point P; one of the 
characteristic line elements at P may be mapped into P', but not both of 
them, for then the whole area dx dy at P would correspond to a single 
point, lienee P must have everywhere characteristic direction. If this 
curve is a P+ we speak of a “forward wave.” if it is a P“, of a “backward 
wave.” In both kinds of waves each curve of the other set of charac- 
teristics (each C~ in a forward wave, each CP in a backward wave) is 
mapped into a single point of P, since the image must lie on P and on a 
line having the other characteristic direction (different from that of P) ; 
consequently for each characteristic of this second set, both s and t?, and 
therefore also <p{s), are constant; hence all these characteristics must be 
straight lines. Thus we arrive at the following description: 

A simple wave is a stre.ss distribution for whicli one set of charac- 
teristics in the .T,7y-planc consists of straight lines along which both s and 
■0 (hence 2) have constant values; the whole simiilc wave region is the 

substantial part of Coiirant and Fricdriclis’ work (la) d(’als with simjdc 
waves; they also use the term eonsi.stcntly. Tlie terms “PraiKltl-Meyer .solution,” 
fan” and ‘‘lost solution” arc sometimes used by other nuthor.s to denote a simple 
Wave. 
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image of one characteristic, T, in the stress graph. In a forward wave 
(image of a r+), ^ — G(s) is constant everywhere in R [see (2.53') and 
(2.53")] and in a backward wave, t? + G(s) is constant for all x,y in the 
wave region R] in the first case the straight lines are the C~, in the second 
case the C+; all characteristics of the other, non-rectilinear family in R, 
the “cross characteristics” are mapped onto T. The Jacobian of the 
mapping vanishes everywhere in R. (Therefore simple wave solutions 
cannot be obtained from the linear problem (2.8), hence the term “lost 
solutions.”) If r degenerates into a point both families are rectilinear 
and the state of stress is constant in R. The concept of a simple wave is 
linked to the fact that the stress equations are reducible. 

A basic property of simple waves is the following. The region adjacent 
to a domain of constant stress is always a simple wave region. This is seen 
in the following way [see (la)]. Consider a region D in the physical 
plane which contains a piece ;S of a characteristic, (7+, on which s and 
are constant. Through each point of D passes a characteristic, C~. 
Consider the subregion, D, of all points of D for which the characteristic 
C~ intersects S. We see easily that the state in 5 is a simple wave. In 
fact, the image of S in the stress graph is a point. The images of all 
characteristics, C~, in D must therefore lie on a characteristic P" through 
this point. But through this point passes only one characteristic, P", 
and thus by our definition the stress pattern in P is a simple wave. Now 
consider a region of constant state. The line separating such a region 
from a neighboring one where the state is not constant is a section, S, of a 
characteristic; consequently the adjacent region is a simple wave region. 
It is this property of simple waves which is particularly important in 
building up solutions of boundary problems. 

A simple wave can transform any uniform state, = t?i, s = Si into 
an other state, d = t? 2 , s = S 2 provided that either d + G{s) or d — G{s) 
has the same value in both states. By combining a forward wave and a 
backward wave and inserting a uniform state between, any final state, 
d 2 ,S 2 can be reached in various ways. 

Simple waves in gas dynamics have been studied and used extensively 
by Courant and Friedrichs (la) and in fact by most authors in this field. 
They appear likervise in the theory of the orthogonal case as degenerate 
solutions. In the more general theory which is our subject in this article 
they have been mainly introduced and studied by Geiringer (2d,e,f). 
The definitions and several basic properties are of course the same in 
whatever theory. 

b. Simple Waves: Continued. An individual simple wave may be 
specified in many ways. We may, for example, give a certain character- 
istic, say Po“, in the stress graph and in the physical plane a set of straight 
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Ivics as ihe C+. If the given straight lines all have a point in common, 
i.e., if tlie envelope degenerates into a point, we speak of a centered wave. 

The stress distribution for anj’’ simple wave, centered or not, follows 
easily: If a specific yield condition is chosen, then the functions <p{s) 
and F{s) in (2.50) and (2.53') arc given functions of s (see the previous 
examples). If To" is given on one hand, and if on the other hand we 
introduce the angle 5 which a makes with the x-axis, we have the two 
equations 

(2.77) + G{s) = con.st., x) + (,?(.«:) = 5, 

where the constant in the first equation and the 6 in the second arc 
kno\\m. Hence 0 and s follow for each C+. We shall consider examples 
later. 


y 



Let us .show that o solution of our Eqs. {2.0) of which we knou' that the 
slate of stress is constant along each straight line of a given onc-diincnsional 
set of lines must be a sinijde wave. Denote by o the angle formed by each 
of the given straight lines with the x-direction. Since xjfX:, and t9 remain 
constant along each straight line of the set we have 


= Sin {0 — 5) — — 
Ou ^ ' rdh dv 


(!O.S (t? — 


d 


and (2.4) yields 


da\ 


sin (t? — 6) -y- = (erj — cT:) cos (i? 

(2.78) 

cos (t? — 5) ^ = ((To — (Ti) .sin (t? 
Ly division we obtain 




- «) 


do 

ds 


(2.79) 


tan- (t? — 5) = 


(7<r; 

dci 
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as in (2.50) ; hence the straight lines are characteristics. In a hyperbolic 
region daildv^ > 0. Next we multiply the first equation (2.78) by 
cos (?? — 5), the second by sin (?7 — S) and add: 


(2.80) 


d{<j\ + a-}) _ — 

dd sin (?? — S) cos (d — d) 


From (2.79) and (2.78) we now find our Eq. (2.53). In fact 


dd = 


and with dai/ds — a/ 
(2.80') 


‘’ ’ A sin _ g) cos (t? — d) 

0'2 — <Ti 

d{(ri + (T 2 ) \/ doi dai _ \/do-2 dai 
(T2 — cTi da^ + d<r\ cr^ ~ o'! 


d-d _ V o'i^<r2' _ 1 

ds (72 < 7 i v/& 


Hence the compatibility condition (2.53) holds; by (2.79) and (2.80') 
our statement is proved. 

We have seen that so far the relation between the angle 5 and the 
stress distribution (given by d,s, or by d,<ri,(T 2 ) does not depend on the 
type of the given set of straight lines. For example, it makes no difference 
for the preceding considerations whether the wave is centered or not. 
To each 6 we can determine by (2.77) the corresponding stress tensor. If, 
however, we want to find cross characteristics and lines of principal stress 
we have to consider the given set of straight lines. Let it be given in the 
form; 


(2.81) y = yx + h{y) 

where the parameter 7 equals tan 5.^® Assuming that these lines are (7+ 
characteristics we have 7 = tan (t? + 9 ), when -d and <p are given func- 
tions of s for each given yield condition. Hence 7 is a given function of s- 
The differential equation of the cross characteristics is dyfdx = tan {d — <p) 
and since both d and <p depend in a given way on s, and s on 7 , we have 


(2.82) g = tan (t? - ^) 

From (2.81) we derive 


Ky). 


dy = xdy y dx + h' ( 7 ) . 
Substituting this in (2.82) one obtains 


(2.83) 


d^ -\-h'(y) 
dy k{y) — 7 


This y has of course nothing to do with the angle y used occasionally to denote 
the direction of a velocity characteristic. 
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and this is a linear dilTcrcntial equation of first order for x = .tCy), ndiich 
can be solved b}’’ means of quadratures; thus .T = x(y) together with (2.81) 
provides a parametric representation of the cross characteristics (sec also 
Section 11, 3, d). 

For the Imcs of qninciiml stress the procedure is the samcc.vccpt that 
dy/dx = tan d is used instead of (2.82), while the relation between ,s and 
Y remains the same as just before. In case of a centered v:a\ch{y) = 0. 

c. Exainples of Simple, IFnccs. Consider the qnadroUc yield condition 
where, according to (2.09'), 

^ 1 /v 

±0 = arctan — + const. = G{s) -f const., 

\ 3 — .s- “ 2 A 3 — .s- 

and consider a forward wave, the image of 

(2.84) 0 = (!{s). 

The C~ arc straight lines making the angle o = 0 — ip with the .T-axis 
and, as > cn, tan <p is given by (2. GO) with positive sign. Hence 


5 = 1? — ^ = arctan -- 


\ 3 - s* 

To simplify we introduce 


— arctan 


2 % 3 - .r 


arctan 


^2 \ * 


(2.85) 

Thence 


•M- 


‘ ~ 4- ‘V" ' \-i-t- 

+ \ 3 — .V III 


5 = arctan t — - .arctan ^ — arctan 


As can be seen casilv 


_ V4 + / 


arctan 


^ 4 + /- - / 


= -j — arctan 7^- 


Thus we obtain the simple result 

(2.8G) 0 = 0 — (p = arctan t t — tan ^0 + 

Reintroducing s, we have s and j 9 in terms of 6: 


s = V3 sin (^d + 0 - G{s). 

As s goes from — v 3 to zero to + v 3, t goes from — co , to zero to + w , 
I? from -7r/4, to zero to +7r/4, and 5 from -37r/4 to +7r/4 (sec Fig. 5). 
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Hence in a “complete vrave” 6 turns by 180°. In actual problems only 
parts of a simple wave appear in a solution (in a physical problem the 
envelope may be approached, but never crossed). 

We obtain shghtly simpler formulas by considering the wave which is 
mapped onto 

(2.840 t? = (j(s) + ^ = arctan t — ^ arctan ^ 

where t? goes from 0 to 7r/2, as s goes from ^ -y/S to + a/S- Instead of 
(2.86) and (2.87) we have 

TT 1 

(2.860 2 = arctan t, t = tan 5, = arctan 

or 

(2.870 s = Vs sin 5, *? = G{s) - 



and the complete wave varies from —k/2 to +ir/2. 

The image of the r~ characteristic 

(2.84'0 t? = ~G{s) + ^ ^ “ arctan t + i arctan | 

is a wave where, as before, 


<P = arctan 


2 vT+l^ - t 


1 ^ t 

-7 — „ arctan 
4 2 2 


Here 


( 2 . 86 “) 


5 = 1? + 9 = — arctan t ^ arctan ^ ^ ^ arctan g ^ 


7r 


= 2 — arctan t. 


From these equations 

(2.87'0 t = cot 5, 2 tan 5 = tan 2(p. 

We see that in a forward wave, as 6 increases, the mean pressure s as well 
as T? increase in a monotonous way. In a backward wave the opposite 
holds true. 

Next we compute cross characteristics, e.g., for the backward wave 
= —G{s), d = rr/ 4. — arctan t. With notations as in the preceding 
section we have 

( TT \ 1 — t 1 — 'Y 

-r — arctan t ) = 7 - , - t = - — ; — - 
4 / 1 + 1 1 + r 
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Denoting as before = d — tp tlic angle formed by a C with the 
.r-axis, we hai^e 


/3 = ^ nrctan ^ — arctan I — arctan 


1 


^/4 + r- - 1 


= arctan 


t 


tan /? = — 


— arctan t — -jj 

+ / + 1 _ 

C- - t -^2 


7 - + 7 + 2 


V'y “ 


7 + 1 


= m- 


We ma}’ then continue as explained, p. 2()0. 

Let us complete the computation for the jiarlicular case of a centered 
wave where h{y) = 0, 7 = y/x (see (2,Sl)]. The dirfcrential equation of 
the cross characteristics then becomes 


(2.88) 

which gives 


tan ft = 


(Jy 

(lx 


y- -}- xy + 2x‘ 
2//- + xy + a;-’ 


r-{x + //)* = const. 


or, in polar coordinates, 

(2.89) r- cos - 6^ 


const. 


We conclude our study of the quadratic condition by deriving a prop- 
erty of the stress tensor; at each point of the wave we use a coordinate 


Y 



Fig. 12. Quadratic limit; complete ceiiterod wave; .straight characteristics and 
cross characteristics. 

system, x',?/' where x' is the direction of the rectilinear characteristic, 
y the direction perpendicular to it. The stress tensor is then given by 
o'x'x', ffy'y', T^y. Denote b}'- <p the angle between the .x'-direction and the 
first principal direction and put cr*'r' = tr, cry'„' = 9, T^'y' = t. We have 
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(2.90) 


a = ai cos* <p + (72 sin* tp, 
T = (<72 — <7i) sin (p cos tp. 


Using primes to denote derivatives, Ave find from (2.13) 


<7l 


' = K 


1 + 


Vl2 - 3s* J 

and using (2.60) and (2.13) 


) <72 


= K 


1 - 


V 12 


= 1 - 

- 3s*J 


2 = 


COS'= <p 


<7l 


) sin-' <p = 


(2.91) 

(2.91') 

Also 

(2.92) 


<7 = TTV? [<7l<7l' + <72<r2'] = ^ (<7l* + <72^) “ X (o'lO'a), 


<7 = 


2K 
UCds 


2K 
4:Kds 


<72 


1 ^ 
iKds 


4A* 


(s* - 1) 


2K 2K 5 


<7* 4- 7* = 


4A* 


ff = ffi sin* ^ + <72 cos* <p 

= ~ M + V2<7/) = ^ I ((7x<72) - 2<7. 


With the quadratic yield condition we obtain for the stress tensor in a 
simple Avave region: 

(2.93) <7* + T* = fA*, V = 2v, 

and, with t = tan 5, 


(2.93') 


2K 

V3 


sin 5, 


2K 

V3 


cos 6, & = 2v. 


This gives the stress tensor in terms of the angle 5. 

Parabola limit. Using in turn (2.17), (2.61), (2.62), and s/a = t, we 
consider the image of the F'-characteristic 

(2.94) d = — arcsin t = arccos t — 

From 

(2.95) tan . = - tan (| + |) 

we conclude that 

+ 5 = «P + ^ = ^ + J- 

Thus 

(2.96) ^ ~ I ~ 4^' s = a cos ® cos • 
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Here tlie maximum interval for d equals 1S0° and for 5 it is 270°; as d 
goes from 7r/2 through 0 to — -/2, 5 goes from tt through 0 to — -/2. 

We compute the cross charoctcristics for (2.0*1) assuming a centered 
wave. If /S is the angle between a cro-ss characteristic and the x-axis as 



Fio. 13. (a) P.nrahola limit; straipht cliaractcristics and rros.*; rlianictori.stic.«. 

GO Parabola limit; lirio.'f of prinripal .‘sires'f. 

before, then /3 = 5 — 2i^, and wo obtain from (2.06), using polar coordi- 
nates r and 5, 


(2.97) = — Inn — ttin -I- = — Ian 

and integrated 

(2.98) 

We finall}’- determine for (he .same example the principal stress lines. 
For the tt-lines (the lines making the angle 0 with the .r-direction) we 
have 

(2.99) = _ tan (5 - I?) = - tan -f 
or, integrated, 

( 2 . 100 ) 

and for the c-lincs 

( 2 . 100 ') 

These examples may suffice. 

d. Velocities. Firstly one maj’’ a.slc whether tlierc exists a simple wave 
solution of the velocity Eqs. (2.69). The answer is negative because 
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these equations are linear and not reducible. Consider also the reducible 
equations, p. 24, which result from (2.68) by interchanging dependent 
and independent variables. Do these admit a simple wave solution? 
The answer is again negative, since a whole straight line in the Wj:,?;„-plane 
would have to correspond to one point {x,y) in the physical plane; this 
means that many different velocities would correspond to the same point, 
which makes no sense. 

Hence our present problem consists merely in finding the velocity dis- 
tribution corresponding to the simple waves just investigated. Let us con- 
sider a simple wave determined, for example (for a particular yield condi- 
tion), by a set of straight lines (7+ and by a constant which singles out the 
particular ro“:t? + (?(s) = c, whose image is the simple wave. The 
velocity problem is linear and has the same characteristics as the stress 
problem. A velocity distribution may be determined by giving, e.g., 
along a noncharacteristic curve K which crosses the (7+, both components 
Vx and Vy. 

Let us first settle a special question. We know that along each 
straight characteristic s and ^ have constant values; it seems natural to 
ask whether a velocity distribution exists such that Vx and Vy are likewise 
constant along each straight characteristic. In other words, is it possible to 
prescribe along a noncharacteristic curve K such initial values Vx and Vy 
that along each straight C+ the velocity vector remains constant? 
Obviously, the initial distribution along K cannot be arbitrary in this 
case. In fact, consider the image K of K in the velocity plane; since to 
each (7+ corresponds only one point on K, this K is the image of the whole 
simple wave region, hence also of all C~. Therefore along K the relation 

(2.71) I - - cot 

must hold. More explicitly: Through every point of K passes a (7+ 
hence an angle a belongs to it, and to each a corresponds an s and t?, hence 
also an angle 13 = ■d — tp, and consequently also a value of cot {d — p), say, 
cot (d — <p) = H{a). K may be given in terms of some parameter, say 
a, and Vx,Vy along K are likewise functions oi a, x = x{a), y = y{a), 
Vx = Vx{oi), Vy = Vy{a). Then, with primes denoting differentiation with 
respect to a, one has vJIvy' — H{a) along K. If this condition holds 
at a point a = ai, on K, it holds the same along the whole C+ through 
this point. 

If, on the other hand, the prescribed velocity distribution is such that 
the above condition holds, a corresponding solution of the velocity 
Eqs. (2.69) exists. To see this, consider (2.69). Since the velocity 
distribution remains constant along the which makes the angle a with 
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the x-axis, we have at a point P of this line 


dx 


1 . (1 
- sin a -r-f 
r da 


d 1 d 

— ■ = - cos a -r-’ 
dif r da 


and from the third Eq. (2.G0) 


1 . 

sin a 

r 


dv~ 

da 


- ~ cos a tan a tan /5, 
r da 


which yields the preceding (2.71). Al.so from the second Eq. (2.G9) 


1 . 

- sin 
r 



1 ih'u , , 

- cos a -r— = cot 2.0 
r da 


( 


-- CO.S a 

r 


'Ih 

da 


1 . 

“ sin a 
r 


daj 


we obtain, as or -b ^ = 20, 

dvj _ sin a cos 20 — cos or .sin 20 ^ .sin ( « — 20) __ _ ^ ^ 

f/(’y cos a co.s 20 4* sin or sin 20 cos (o- — 20) ’ 

hence again (2.71 ). We have thus the result : li f.v posKi'hlc lo have a solu- 
tion where the velocil!/ vertor is eonstant nlonrj eneh reetilinear chnraclrristic 
if and only if (he. restrietion {2.7 1 ) holds along (hr noncharaeterisdc inidal 
curve K and consequently ereryirhrre in (he domain of (he soluiion. That 
means that only one of the two velocity compiments can he given arbi- 
trarily along A*. Tliii.s tliero exist (.>-iinplo wave) solutions which carry 
along their rectilinear characteristics not only comstant values of the 
stress tensor but also constant value.s of tlic velocity vector. This 
remark maj'- be u-seful in apjilications. 

c. Explicit Detenninadon of (he Velocity Distribudon. In the preced- 
ing sections, II,3,b,c we have shown how lo obtain the sire.ss distribu- 
tion everywhere in a .simple wave. laU us now consider the determina- 
tion of the velocity distribution; also this proldem can be .solved explicitly. 
We must now choo.se velocity components and a coordinate system. In 
certain problems it is practical to consifler components iq and iq, where 
Vi = Vr is in direction of the straight lines, while iq is jierpendicular to iq. 
Accordingly a coordinate .system is u.scd, where the straight lines and 
their orthogonal trajectories are coordinate lines; as {'oordinates one 
takes r and a, where a is the angle of the straight C’"*' passing through a 
point P, and r the directed distance of P along that C"*’ lo one fixed orthog- 
onal trajectory, To, (2c); thc.se arc orthogonal coordinates. 

A more natural though not orthogonal system of coordinate lines is 
given by the characteristics themselves, (2g). We take the straight lines 
C'"*' as the f-lines, {y = constant), the cross characteristics C~ as the 
’!-lines( ^ = constant). The equation of the cross characteristics is then 
of the form fi{x,y,^) — 0, and that of the straight lines of the form 
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f2(x,y,v) = 0; or also ^(x,y) = constant, r]{x,y) = constant, respectively. 
Along each cross characteristics f has a constant value while y varies 
along it and ^ varies along each straight line, along which y is constant. 
Since all cross characteristics intersect a at the same angle, we may 
take this angle for y, or any of the three angles a, or or <p, each remain- 
ing constant along a (7+. To define a f we choose, for example, an 
appropriate C+ with equation a = ao and on it a point 0, and take for ? 
the distance OP', where P' is the point of intersection of the cross charac- 
teristic ^ with this straight line (Fig. 14). The coordinates ^,y are thus 
defined for any point P in the wave region. (It is clear that the charac- 
teristic coordinates introduced in Section 11,2, c cannot be used here since 



Fig. 14. Characteristic coordinates in simple wave. 

the ^ defined by (2.54) would now have a constant value all through the 
wave region, and along a straight C+ both ^ and y defined there would be 
constant.) 

As components of v we consider now the projections Vi and vs in 
direction of the C+ or C~ respectively. The first Eq. (2.74'") shows now 
immediately that dvi/dP' — > 0. The component of v in direction of a 
straight C+ does not change along it. 


( 2 . 101 ) 



Next consider the second 
( 2 . 102 ) 


Eq. (2.74"), valid along a C~: 

— = ~ ^3 cos 2y 

d/3 sin 2(p 


Since neither ^ nor Vi change along a straight C+, we see that ^ + Wa 

3/3 

cot 2<p does not change along it. Writing from now on v instead of Vs, 
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^Ye may state: iVof only Vi but also ^ remains constant along a 

straight (7+. The constant, value of this expression is of course ci/sin 2<p. 
This is expressed in the equation of second order 


(2.103) 




2 ^ = 0 , 




which for ip — ‘15° (special case) reduces to the known d-v/d^d^ = 0, 

To integrate (2.102) wc observe that if iq is given along some curve 
intersecting the C"*', then Ci is known everywhere; we u.se y = a i\s inde- 
pendent variable; then we have [i = /!(«), ip — <p{a), v\ = Vi{a), and 
(2.102) takes the form 


( 2 . 102 ') 

Putting 


flv (In 

Si® + 



= n. 


col 2‘p 


dor 


a in), 


r, 

sin 2^ (In 


Ha), 


we have the linear cciuation 

~ -}- av — 5 = 0 

(la 

with the integral 

(2.101) v{^.n)J''"'^" ~ f do -b </'($). 

Jo, 

Here is the value of v in terms of t for o = oo, that is, \}/ = l•(t,oo). 

Consider a Cauchy yrohU m. Along a non characteristic curve K with 
equation $ = ^(o) both Cj and f'.i are given: ri = g{a), = v = h(a). 

First we know jq along each C* intersecting K. The arbitrary function 
in (2.101) is then determined by the condition that along A', that is, for 
^ = ^(«)) <’(^j«) should reduce to h{n). As a concrete example consider 
the simple wave, image of 


d = -G{s) + G{s) = arc 


ctun 


v3-s= 2 


— “ arctan 


2 V3 


vS- 


or, with s/V3 - = I, 


P = arctan 


- \/4 + I - - t 


r I , t 
— J ~ 2 2 ’ 


TT 

(x = d-\-<P = ~ — arctan t, 


P — 0 — p =: arctan - — arctan /. 
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Then 

cot a = t, tan i3 = —t/{2 + t^), tan 2<p = 2 tan a 
^nd 0 ( 0 :) and h{a) follow, etc. 

In a characteristic initial value problem we assume, for example, that Vi 
is given along an arc AC of a O'-; we simply assume that it is the C- 
given by I = 0; A then coincides with the point 0 from which on ive 
count the also v is given along a piece OB of the straight characteristic 
a = ofo. This problem is particularly simple: Firstly we know again Vi 
on each (7+ which intersects OC; and v is given by (2.104) where is to 
be replaced by a(^,ao) = Vo(^). Finally, if v is given along OC and along 
OB, the value of a 1 at 0 is determined by (2.102), and we know vi on OB. 
In the same way we find vi everywhere on OC, hence it is known in the 
corresponding wave region. If we again denote the a-values along OB by 
v{^,ao) = vo{^), the in (2.104) is equal to ao($). 

We can thus determine stresses and velocities in a simple wave region 
corresponding to given initial data. Such solutions may be used in the 
construction of solutions of actual physical problems. 

III. Examples of Complete Problems 

In the preceding pages we have mentioned repeatedly that one of the 
great difficulties in plasticity problems is the formulation of actual 
boundary value problems, where according to the physical nature of the 
problem the data consist partly of stresses, partly of velocities (see also the 
Introduction). The convenient resolving of the complete problem in a 
stress problem and a velocity problem is possible only if we know enough, 
physically justified, stress conditions to allow the determination of the 
stresses independent of the velocities. Otherwise particular stress solu- 
tions may be given, but the stress solution is not uniquely determined, 
and if one particular solution is adopted, perhaps for reasons of simplicity, 
it may then not be possible to satisfy the other physically necessary 
boundary conditions. Some of the older work has been critically 
examined from this point of view, particularly by Lee (in 8b and other 
papers), and Hill (5a), and in the last years a great many problems have 
been carefully studied and solved [see literature and actual solutions in 
(5a), (6a), (16g)]. 

We shall present here a few selected problems in detail. We have 
chosen, however, problems of plane strain, i.e., problems based on the 
“special” theory; the main reason for this choice is the much greater 
simplicity of these problems which allows one to concentrate on the 
specific features of the “boundary value problem,” and to avoid addi- 
tional difficulties of a more mathematical nature. We shall consider 
some work of Lee and Prager which seems to us very appropriate for a 
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discussion of tlie principles. Problems are considered wlicre a rigid 
plastic type of analysis may be adopted as an approximation, i.e., elastic 
material will be considered as rigid. 

We begin with the consideration of the jirobicm of a wedge subjected 
to a uniformly distributed pressure 7 ) over a portion of one flank, and fol- 
low investigations of Lee. Thi.s problem will also ncccs.sitatc the study 
of stress discontinuities, a simple and important idea, introduced b}' 
Prager. 

/. Stress Disconliinn'h'cs 

The simplest example of .such a di.scontinuity occurs according to 
Prager in the bending of a plastij; rigid .‘^heet under conditions of plane 
strain. The development of the stress distribution can be followed from 
elastic bending until large plastic straiius occur. I'igurc lo(a) .shows the 



(0) (b) (c) 

I’lc. I.'). Slrc'-'-i'.s ill Id'iil .‘il.'il). 


linear elastic sfre.ss distriliution; the longitudinal stress, a, is of opjiositc 
sign on the two sides of the neutral axis and the bending is totally clastic. 
As the torque increases (I'ig. lob), the central strip of clastic material 
shrinks and the elements close to the surface flow plastically. .As the 
bending moment increases further, the elastic core shrinks to a membrane 
(Fig. 15c), the longitudinal stre.^s on the tension side is everywhere of 
amount 2K, while on the compre.^^sion .side it is — 2/v; this means that 
there is a discontinuity of amount -l/v along the neutral axis. Here we 
have the largest possible amount of change in stress at a discontinuit j’’ 
surface (5a, p. 157), ( 8 a). 

Now consider the general features of strc.ss discontinuities under 
conditions of plane strain. If y is the direction of the curve of dis- 
continuity, the equilibrium conditions require only that acro.ss that 
curve and r remain continuous, while may change across the cur\'c, 
as it IS not dilTcrentiatcd in the .r-dircction. In general, the components 

normal to the curve of discontinuity and t, parallel to this curve must 
be the same on both sides of the curve, that means, the stress vector, 
corresponding to the line element must not change (its components are 
fTn and t) while ct acting parallel to the curve need not be the same on both 
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sides (Fig. 16). The amount of the tangential stress dis- 

continuity is restricted by the condition that the material on both sides of 
the line be plastic. If (r„ and t are regarded as given, the values of 
a = ap\ and a = must satisfy the yield criterion of plane strain 

(3.1) (cr - <TnY + 4r2 = 
or 

(3.2) a = an±2 

The tangential stress may therefore have one of two values 

=<Tn + 2 

= 0 -^ — 2 \/K^ — T^. The discontinuity is of amount 4 -s/IP -f P; 
the corresponding jump in pressure, p = |■(o■„ + at) is 2 v IP — P- In 


(I) 


Fig. 16. Discontinuous stresses in plane strain. 

an actual medium one may think of the discontinuity as of a narrow 
transition region through which o-„ and r remain essentially constant, 
while at changes rapidly from aP^ to ap\ and ap^ ^ at aP\ The 
equality signs do not hold since otherwise the corresponding part of the 
transition region would simply add to the plastic region; hence rve have in 
the transition region {at — (r„)^ + iP < HP. This leads to the concept 
of a discontinuity zone consisting of a very thin elastic membrane between 
two plastic regions (Lee and Prager, see also p. 277 ff.). 

Let us express the jump conditions across a discontinuity line in 
terms of the variables s and ^ (5a), (16e). Denote by y the angle which 
the normal to the discontinuity line makes with the x-axis, and by 
T?, as always, the angle between the x-axis and the first principal direction, 
by 5 = 7 — I? the angle of this normal with the first principal direction. 
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Then 


(Ti-j-O'; , ffi — O'; 

0-^ = 1 

O’l'j-O'o a I — (7; 


O'/ 


COS 25, 
cos 25, 


O' I — O; . , . 

T = — - — sni 2o. 


or, ■with K 
(3.3) 


i((r, - O;), 


s = r,^- (O) + o-:) 

= A" .S' + A* cos 25, 
0 ( = A'.s — A" cos 25, 
r = — A" .sin 25. 


If On and T arc to he continuous, the jumps in .s and t7 must satisfy tlie 
equations 

(3.4) Sz — .s'l -f cos 25; — cos 25 1 = 0, 

sin 25; — .sin 25i = 0, 

The.se equations yield 

(3.5) 5, + 5; - 

.S'; = .S', q- 2 cos 25i. 


In plane strain the slip lines coincide* with the characteristics and with the 

45°-lines; we introduce now 0 ~ i? -i- |, the anjile which a a lirst slip 

line, makes with the .r-axis (in Part II this anjile was denoted by o, now 
we shall need the letter o for other purposes). 'I'lien hhi. (3. .5) yields 

(3.5') Oz ^ 2y - Pi, 

.S'; = .s, 2 .sin 2{0i - y). 

At a point of a line of discontinuity there are now four slip line directions 
Ci+,Cz+ and Cr,Cz~ and T," i. tV J. t’;-. 'Fhe first Va\. (3.-/) 
shows that at any point of a discontinuity line the tangent I to this litic 
bisects the angle of the tangents to and likewise to (\~,Cz~ at this 

point. It is also seen from (3.")') that the discontinuity line bisects the 
angle between o-F'* (first principal direction to the right) and (.second 
principal direction to the left) us well as that between o-/-* and 
From (3.5') we further find 

S; — .Si = —2 .sin {Oz — Ot). 

This shows that the change of s/2 across the discontinuity line equals the 
sine of the angle between C'r'' and CV, or between Cr and C';~. 
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Let US consider the Mohr circles of two states of stress and to 
the two sides of a discontinuity. They have one stress vector ((r„,r) in 
common; in both tensors this vector corresponds to the same normal 
direction, n. Figure 18 shows the directions of the two pairs of principal 
axes, compatible with one common stress vector; likewise the angles 5i and 


I 



Fig. 17. Discontinuity line. 
T 



Fig. 18. Mohr circles of two stress tensors having one stress vector in common 
(stress discontinuity). 

62 (see Section 11,2, d) as well as the lengths are seen. 

From this figure we read, among other relations, 

(3.7) 2 +“~2 ^ 

2,7 = njU) -I- ^j(2) ^ ^^(2). 

^^(1) -I- <^^(2) = 2c7 - 2K, 

+ V 2 ^ 2 ) = 2cr + 2K. 


(3.8) 
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The curvatures of the shear lines change abruptlj’’ across a discon- 
tinuity. The geometry of the shear lines in the classical case is well 
known [see, for example, (2c, p. 33 IT.) or (oa, p. ISG'ff.)]. Denote by 
dsi,ds„ the arc elements, b}' /?{, i?, the radii of curvature of a first and 
second slip line respectivcl}” (this notation is now used instead of 
we shall denote the characteristics also as $-lines and 77-lincs; 0 stands for 

^ ^ /?£ and /f, are defined by Ri = dO/dsi, /?, = dO/ds,,; 

e is the acute angle formed by a ^-direction with a direction Avhich we 
shall later identif}* with the direction of a di. ‘'•continuity line; d/dl denotes 
differentiation in this direction. 'J'hen 


(3.9) 


ao 

di 


no , no . 

•r- cos c + ■:r“ f- 

dSc (IS. 


COS t 

itT 


+ 


siu £ 


Next it is known and follows also from our general formulas (Section 
II, 2, b) that s/2 — 0 is constant along a $-!inc and s/2 -f- 0 along an 
7)-line. From this and the above definition of the radii of curvature one 
derives easily 


(3.9') 


a /s\ _ cos t __ sin t 
a/ [aj ~ “/('t" "/i~ 


and from (3.9) and (3.9'), with R and »S’ instead of /i’{ and 7i\, 


(3.10) 


2 

R 

S 


2 cos t 01 \. 

1 a 

2 sin t a/ 


(5 - '’)■ 


Now we identify e with the acute angle between a ^direction and the 
tangent to the discontinuity line. 'J'hen the corresponding angle on the 
other side is — £, and we obtain for the radii of curvature on both .sides 


and 


1 

1 a 

(f + 

1 


Ri 

2 cos £ a/ 

Si 


1 

1 a 

(f + 

1 


Ri 

2 cos £ 01 


2 ! 


1 1 

1 d 


- Si 


Rn Ri 

2 cos £ 01 


2 


1 + 1 
Si ^ Si 

1 d 

Sl 

— So 


2 sin £ 01 

2 


1 a (s 2 _ \ 

2 .sin £ 01 \2 ^7’ 

(5 - "■)’ 


1 a 


2 sin £ 01 


-f- {0-< — Oi) 
■+• {O2 — Oi) 
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Now using (3.6) and di — O 2 = 2€ we obtain 


(3.11) 


J. 

Ri 


— — = —2 sin e tan e 


J. 

R2 

1 + 1 = 
82^ S^ 


1 

dl’ 

— 2 cos e cot e ~ 
dl 


These formulas give the jumps in the curvature of the slip lines in terms 
of the variation of e along the discontinuity line (5a, p. 159; and 16e). 


2. Velocities at the Discontinuity Surface 

Consider an element of the discontinuity line which has the y-direc- 
tion; then Vy is the stress component that may have a jump. From 
Mohr’s circles or from the formulas we know that 

(3.12) — Vi). 

On the other hand we obtain from the basic relation .B = XS' 


eyW = X(1) 



= X<2) 



From (3.12) together with we conclude (since — o-j can- 

not vanish unless = ax, = ax, ay^'-^ = o-y^^’) that X^^^ = — X^^'; 
since negative X-values are excluded, it follows that at every discontinuity 
point 

(3.13) X = 0, ix — iy = y ~ d, or B = 0, 

where B is the strain rate tensor. 

We assume now that the discontinuity line be straight; let it have 
the y-direction. Then along it Vy is constant and Vx a function of y, e.g., 

= f{y)- Also ^ ^ = 0, hence ^ = —f{y). (These various 

ay ox dx 

conditions constitute only one independent boundary condition along the 
discontinuity line. If iy = 0, we would conclude from the differential 
equations iy/af = ix/af = y/^r, which are valid everywhere and in the 
limit also along the discontinuity line, that there = 0 and y = 0 must 
hold.) It follows from the preceding considerations that a velocity dis- 
continuity across our discontinuity line of stress is not possible, in fact 
the normal velocity Vx must be continuous, and if Vy were discontinuous, 
dv 

this Avould mean ^ and 7 00 , while 7 = 0 at the discontinuity 

line. 

In case of a discontinuity curve B = 0 must hold at every point. 
That this is a possible postulate is seen by the example of a uniform 



RECENT RESULTS IN THE THEOEY OF PLASTICITY 


277 


velocit}^ distribution adjacent to llic curve. However, if we denote bj' 
dst the arc element of the discontinuity curve and by Rt the radius of 

curvature, we see from £« “ ~ ~ 

either both zero or both different from zero; (he assumption r, = 0 (or 
constant) along tlie discontinuity line while iv 0, which was admissible 
earlier in the case of a straight, discontinuity line, is not admissible now 
since now Ri is finite and vJR, docs not tend to zero for /■„ r- 0. Prager 
very rightly states that curved discontinuity lines are not yet sufficientl.v 
explored. 

Thus the essential conditions along a discontinuity line are: (1) The 
stress vector /)„ with components ar. anti r is r'ontinuous across the line. 
(2) The component c, may jump, stibjcct to the condition 

c/'* 4- c,'-' - LV,.. 

(.3) The strain rate tensor. R. must vanisli fo>- each point of the line; only 
velocity distributions comii.atible with (his condition .are admissible. 
These properties describe, in our opinion, tin' rliscontinuity line in .a 
sufficient way (other properties follow from them; see (he pna-eding 
section). 

Prager (Hie) tuid Lee (8.a; have suggested .a physic.al interjiret.ation 
of the discontinuity line from which it follows in ]).arti(ail;ir that jv = b* 
i’r = /(’/) along a straight discontinuity line of p-direction. (We just 
derived this from !C = 0.) .Vccording to these authors one m:iy think of 
the discontinuity surface tis of a thin el.astic plat(' (whose (hicktiess is of 
the order of the elastic displ.acenients; : through (his thickness c, changes 
continuously from to cr/-’ while Cn and r rem.ain unch.anged. In this 
case all strains are small. 'I'lie longitudin.al strains .are small and iiuiuce 
small strains o in the .adjacent plastic materi.al; hence in a jilastie rigid 
material 0 = 0 in (he plastic medium to both .sides. We are thus led to 
visualize the thin jd.ate (or the fil.ament if we think of the trace in the 
x,!/-plane) as inrxlcnsiblr in the tangential directiiin. 'I'he longitudinal 
displacements in the filament arc likewise of elastic order of magnitvuie, 
and the .same holds for the induced displacements in the plastic material. 
On the other hand, in this elastic thin plat(\//»?Vc hnidinrj is po.ssible, hence 
fimte normal displaccmcjil.s, without contr.adicting the elastic strains which 
are small in any direction; in fact, .small el.astic bending strains are com- 
patible with finite displacements in the normal direction, inducing finite 
displacements in the adjacent pl.astic medium. Thus the picture is that, 
of an elastic, incxtcnsiblc, flexible, Ihin plate, or a corresponding filament. 
(We repeat however, that on account of E = 0, vanishing or even con- 
stant tangential velocities (displacements) are compatible with finite 
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normal velocities only in case of a straight discontinuity line. In case of a 
curved filament with v„ 9^ 0 we must think of tangential displacements 
which vary along the line in such a way that dvt/dst 9^ 0.) From the 
mathematical point of view it is a problem of differential geometry to 
describe curves vdth such velocity distributions along them that every- 
where E = 0. 

3. Wedge with Pressure on One Face: Stress Distribution 

Already in his first paper on stress discontinuities Prager mentioned as 
a. simple example of a problem where in the stress solution a discontinuity 
line appears the straight-sided wedge subject to uniform normal pressure 
along a portion of one side. Consider a wedge of perfectly plastic 
material with vertex angle 23o < Uniform pressure along AB 

determines a region of constant state ABE] the pressure-free boundary 
BE determines a region BDE of different but likewdse uniform state. 
Since these regions overlap in BCFD, a multivalent stress field would 
result which is unacceptable. Prager and Lee have determined a com- 
plete solution of this problem which features a stress discontinuity line. 
In the following we shall discuss this solution. 

The above-mentioned difficulty arises only if /3o < 7r/4. If jSo ^ 
a continuous stress solution exists given by Prandtl (17a,b). In Fig. 
19(b) the triangles ABC and BDE are regions of constant state. In 
ABC the principal stresses are ~po normal to AB, and 2K — po parallel 
to AB. In BDE they are zero normal to BE, and —2K parallel to it. 
The region BCD is a centered simple wave (“fan”) where the slip lines 
are radii and circles. To find the value of po that can produce the plastic 
flow of ACDE, we use the constancy of (s/2 — 0) along a first slip line. 

From ~ ~ ^ 

and 

(3.14) Po = 2K (1 -k 2l3o - l)- 

This pattern applies only if Bo > ■n-/4. If Bo = ■!r/4, the fan disappears, 
and for Bo < 5r/4 we find the above described inconsistency. Prager 
showed, however, that in this case a solution with a discontinuity line can 
be found which satisfies all equilibrium and jump conditions. On account 
of the first jump condition (3.5') the discontinuity line bisects the wedge 
angle; if the subscripts 1 and 2 refer to regions left and right of this line 





280 


HILDA GEIKINGER 


we have 


(3.15) 


01= I' 

02 = /3o + f 



(of course Si and S 2 are the same as before Sien and Sright) and from the jump 
conditions (3.6) we find the pressure necessary for plastic flow po': 

(3.16) po' = 2A:(1 — cos 2/3o). 

For /So = 7r/2 both (3.14) and (3.16) reduce to po = Po' = 2fc. 

On the other hand, as far as stresses are concerned it is seen that a 
discontinuous stress solution of the same type as that which we just 

described exists also for^ < < | (see Fig. 19d) with po given by 

(3.16) . It is easily seen that for this i-ange of wedge angle, the po' given 
by (3.16) is less than the po given by (3.14). As far as stresses are con- 
sidered, both Fig. 19(b) and (d) provide a solution. Hencky (4) and 
Prandtl (17c) have advanced the principle that in case of alternative 
solutions the correct one maj'' be that requiring the minimum force. 
However this question must be decided on the basis of the complete 
solution; we shall see that a complete solution satisf 3 dng appropriate 
velocity conditions can be given on the basis of (b) only. In other words 
in this wedge problem with the obtuse angle stress and velocity boundary 
conditions must be considered in order to decide between the particular 
solutions represented by the stress fields (b) and (d). 


4-. Complete Solution 

Following Lee we shall now determine the velocity solution corre- 
sponding to Fig. 19(c). Since stress and velocity chai’acteristics coincide 
and the plastic rigid boundary is a (velocitj’^) characteristic, the charac- 
teristics AC, EC form the plastic I’igid boundary. Along this boundary 
the normal component of velocity is zero (for the rigid material at rest) . 
Along the discontinuity line BC it follows from our previous results that 
e„ = 0, = constant and since = 0 at C, it follows that Vy = Q along 

BC. Along AB we prescribe one component of velocity, e.g., the normal 
component. We shall see that these data are just sufficient for the deter- 
mination of the velocity distribution. Thus along each of the lines 
BA, AC, CE, CB one velocity component is given. Although Lee’s 
solution is clear, simple, and in every way satisfactory^ we shall anatyze 
the problem in a slightlj^ more detailed way'- in order to point out some 
general features. 
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In the region ACD wc hnve for two linear difTerenlial equations of 
first order a “mixed’’ boundary value problem of a l.vpe we denote by 
“3”: One unknown is given on <he charaeterislie AC, one on (he non- 
characteristic Al). This determines both unknowns in ACD. (A few 
remarks on this type of prolilem will follow; see also p. 2Sf».) In CDF we 
have again this “mixed ” problem, since one variable is known on CF and 
one on CD (actually both are known on (’D on account of the compati- 
bility relation, but this counts for one datum since along a characteristic 



the unknowns are alwaj's linked). In the next domain adjacent to DF 
we have again the same tyjie. of problem, one value on DF, one along a 
piece of DB, and so if goes on through sm.aller and smaller domains. 
Assume now for the moment that in this way, using an infinite series and 
necessary convergence considerations, the velocity at B is found. We 
still need the distribution to the right. 

In our particular jiroblem the distribution to the right can be derived 
from that to the left b}'^ means of symmetry considerations (they are not 
so obvious since the dnla of the problem are not .symmetric). Let us 
assume, however, this were not .so, and try to go on .systematically: We 
know now along BC, which is not. a characteristic, Iwlh unknowns, hence 
''ehave a Cauchj’’ problem which gives both unknowns in BCG. Finallj', 
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in GCE there is a characteristic problem since we know one value each 
on the characteristics CG and CE. (Remarks of Hodge (6a) concerning 
the velocity distribution to the right are erroneous.) 

Now, before continuing, a word on the “mixed” problem. This 
“mixed” or “third” problem, used in building up our solution to the 
left, may be formulated as follows. Consider a piece JBiP of a charac- 
teristic C, and a piece of a noncharacteristic curve R, in the angular space 
between the two characteristics C and C\. We consider two linear 
equations of first order and call the unknowns here for the moment Ui 
and Ui. Then [see (15) and particularly (3)], the following data assure 
existence and uniqueness of the solution in PiPPi: (1) Ui (or Ui) given on 



R] Ui (or Ui) given on C; (2) Ui and Ui given on R and C, and Ui or Ui on 
one point of C. In a more general way, a combination aui hUi may 
be given on R and another combination Ui + cuz on C where b — ac 9 ^ 0. 
Such are in fact the data that are given in our wedge problem in the 
domains where we solve a mixed problem. 

Let us next show why the analogous way of building up a solution 
of the velocity problem does not work for the wedge with jSo ^ Tr/4. 
Assume the same data (Fig. 19) and the same procedure. In AHB we 
have the “third” problem, since the normal component is known on AB 
and on AH. In BHC the solution is determined by a “second” or 
characteristic problem, since "we know one value on BH, one on HC ; there 
is no way to take into account further data like = 0 on BC. Hence, 
if the normal velocity is prescribed on AB, a solution with discontinuity 
line does not exist. On the other hand, if we begin with the domain BHC 
and use = 0 on HC and = 0 on BC the solution in BHC is deter- 
mined; and then, in BAH, it is again determined by “problem two.” 
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However, under the particular conditions of our problem this solution 
would obviously be zero everywhere in ABC, and in particular on AB] 
this does not represent a problem of plasf ic flow. Also, since on BC both 
components are zero, in CBK and finally in BKE fhe velocity would 
vanish. 

0. Coviplclc Solution: Continued 

We call now the shear lines ^-lincs and i;-lincs; following Lee we use a 
coordinate .system with A as origin (.sec Fig. 22), and denote by u and v 



Fin. 22 , Vt'lni'ity pohition for (ria. 

components of c in the and :;-direction n\s])ectively. Tlicn since the 
shear lines are straight, our basic Eij.s. (2.7-1) reduce to 


(3.17) 

hence 



dr 

dr] 


= 0; 


( 3 - 18 ) 7 / = u{ri), r — v(0 

everywhere. Along AC the normal component c = 0, since below AC 
the material is rigid; since v doo.s not change with i;, its zero value holds 
all through ACD, and if we denote by' ?'i the value in ACD, 

(3.19) „ J 0 

follows. The line AB, inclined at -lo” to the f-asis, has the equation 
^ = 1 ?; and putting ^ = tj = f we give I’n along A B as 


(3.20) 


J'n = /(r) = i («(f) - "(f)]. 
V2 
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TT 

Let 4' denote the angle between BC and CD ; i/' = - — /So, and CB has the 
equation 


(3.21) ^ = cot^- (? - 1); 

and since the normal component along BC is v„ = u sin 4/ -h v cos 
there is, with t = tan 4^ along BC, 

(3.22) ut + v = 0. 

Thus for ABC the boundary conditions are: a = 0 on AC, (3.20) on AB, 
and (3.22) on BC. Now the values of and at an arbitrar}^ 

point P are found, on account of (3.18), by means of the projection of 
P to the left onto AB, which is P', and b}'- means of the projection down 
onto CB, which is P"; then the it-value at P equals that at P', while the 
a-value at P equals the y-value at P". This defines a recurrence pro- 
cedure where P is first taken in the domain “2,” then in the domain 
“3,” and so on, the “initial values” of the recurrence being furnished by 
the known value = 0 in ACD. Thus considering the equations of 

AB and BC which are respectively ^ and t? = K our solution is 

t V 

given by the recurrence formulas valid for n = 1,2, • • • 

W2n— 1 — V^n—I — V2n—1, (n = 1,2, ' " ') 

(3.23) U2n-l(')]) = "V^fiv) + V2n-2(v)> 

and by the initial condition, where we introduce a value Wo = 0: 

(3.230 vi = Vo — 0. 


-t V2f 
etc. 




etc. 


Thus for example 

ui = U2 = V2 = Vs = —tui = 

Us = Ui == - i V2/ 

If we go on, the expressions for u and v have more and more terms and 
are of the form 

(3.24) 


u = \ 2 fir,) - t 

V = ~t v2/ 


V2/ 




-1 


- 1 




t ^V2/ 


V2/' 


t 


- 1 


t 
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the velocities in BCG are found. Finally, we know the values on the 
characteristics CE and GC. But in this domain we have, as in domain 1 
of Fig. 21 to the left, u' = V5/', v' = 0; hence the solution is again sym- 
metric to that in domain 1 in the same way as just before. 

Since ^ = XS' and X ^ 0, it follows from rj, ^ 0 that everywhere 
T{, ^ 0; hence we should have 


(3.26) + 

Let us determine the restrictions which this imposes on the function /(f). 
The left side of (3.26) equals 



If each term in brackets is positive, this is an alternating series with terms 
decreasing toward zero, hence converging and with positive sum. Since 
in ABC there is i; ^ — l)/t, this will happen if f is increasing with 

increasing argument or if f" is positive. 


Let us finish by mentioning a mathematical difficulty arising in problems of the 
type considered. Assume instead of the triangle ABC of our problem a quadrangle 
AB'BC where AC and BB' are characteristic directions. We assume that one of the 
unknowns is given on AC, on AB, on CB. Then the values of both unknowns are 
determined in the quadrangle by means of a finite number of steps solving problem 
three in the domains 1,2, 3, 4, problem two in domain 5, and finally in 6 again problem 
three. If we now let B coincide with B', we have the same situation as in the wedge 
problem of this section, where one unknown was given on the boundary of a triangular 
region and infinitely many steps were needed to obtain the solution. 

However, the boundary value problem with the triangular boundary can also be 
considered in another way. Besides the problems “one,” "two,” “three” (Cauchy 
problem, characteristic problem, mixed problem), there exists a problem “four” 
(see indications in (15) and (la)), which we did not mention so far for lack of precise 
information. In this problem values of wi and W 2 (unknowns in a system of two 
linear partial differential equations of first order of the type eonsidered p. 228) 
are given on two arcs of curves which are both not characteristic; first one has now to 
distinguish whether (a) these arcs are both in the same angle of characteristics or (b) 
each in one of two different angles. [Courant and Friedrichs (la, p. 84) distinguish 
these cases by the terms “time like” and “space like.”] It is easy to see that in the 
second case two data on one of the arcs and one on the other are not too much (know- 
ing, for example, Ui and Ui on AB we have a Cauchy problem in BAD, then we solve 
problem three in BDC). Or in other words, if in the situation (b) one unknown only 
is given along each branch, there are still infinitely many solutions. In the other 
case (a), if two data are given, say, on AB and one on BC, this is too much since the 
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example of the wedge; again we consider conditions of plane strain. 
First it is clear, as we explained in this article and as we stressed repeatedly 
in previous publications, that a complete problem must consider all stress 
and velocity conditions, or, more precisely, a complete solution must 
satisfy: (1) the stress and velocity equations in the plastic region; (2) the 
stress and velocity boundary conditions. We have proved (Section 
II,2,i) that the plastic rigid boundary must be characteristic (this fact 
whose formal proof for plane strain is due to Lee was more or less known 
and used in many applications). In general the plastic rigid boundary 
is not known beforehand, but its determination forms part of the required 
solution. Since we know boundary conditions which are to be satisfied 
along this plastic rigid boundary, it plays the role of a free boundary. 
(Of course, sometimes the determination of this boundary curve is very 
simple, as ;n the wedge problem.) Velocity boundary conditions along 
it require that the velocities must be compatible with rigid body motion; 
this implies that if we assume the rigid body at rest, the normal velocity 
along the plastic rigid boundary must be zero while the tangential 
velocity may be discontinuous, hence different from zero. Thus in 
addition to (1) and (2) the complete solution calls for (3) determination 
of plastic rigid boundaries and consideration of velocity compatibility 
conditions along them. 

There remain two points to which Lee and others have called atten- 
tion in recent years, and which have not been sufficiently considered in 
previous work. First, we have mentioned velocity conditions along the 
plastic rigid boundaries; but the influence of the rigid regions must also 
be considered inasmuch as it must be possible to extend the plastic stress 
distributions into the rigid regions. Finally, it is obvious that the func- 
tion X in the basic relation i? = XS' must not be negative; this ought to be 
checked before accepting a solution. All this will become clearer if we 
consider examples. We add for the moment: (4) Satisfactory extension 
of the stress field into the rigid regions to insure that the maximum value 
of shear stress K is nowhere exceeded. (5) Check of the sign of X. 

Moreover we repeat : (a) In case of plane strain, where yield function 
and plastic potential equal each other and are equal to (vi — 0 - 2 )^ — 47^^, 
both stress equations and velocity equations are hyperbolic, with coincid- 
ing characteristics; but the first are reducible, the latter linear (after any 
particular solution of the stress equations has been introduced into the 
velocity equations), (b) If the stress boundary conditions alone do not 
determine a unique stress solution, then infinitely many stress fields (each 
a particular solution of the stress equations) satisfy the stress equations 
and the given stress boundary conditions; if we then select a stress field, 
it may not be the one for which the abundant other conditions can be 
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symmetrj’- reasons, hence the shear lines should intersect it at 45°; this 
thej'’ do not do. In other H'ords, it is impossible that planes, both subject 
to the maximum shear traction K as in Fig. 26 (top), do not meet at right 
angles. Thus this solution cannot be considered satisfactor 3 L A satis- 
factorjr extension of the plastic field is onty possible if the angle of the 
small wedge is 90°; then there is a uniform and continuous stress distri- 
bution in this wedge with maximum shear K throughout, extending the 



Fig. 27. Straight sided indenter. 

plastic region in a satisfactorj'^ waj'’ below F. Difficulties arise likewise 
if the small wedge is obtuse angled. 

Figure 27 shows an acceptable solution: a field ndth a rigid region 
BHCF, a “false nose,” which performs the penetration; this rigid region 
extends between the surface of the indenter and the orthogonal slip lines 
BF and FC. In BHCF the stress field is uniform with maximum shear 
throughout. The rigid region BFCH transmits the vertical velocity Uo 



Wm 




HhBI 




mmm 



\ 

\ Fig. 2S. Curved indenter. 

of the indenter; in FCGA we have v = 0 because of the rigid region below 
FGD and the rectilinear ^lip lines in the i]-direction, while u = Uol-\/2 
(here, as before, u and v ale velocity components in the and 17 -directions 
respective!^,). 

As a^rth&^.xample wh(ch shows the necessity of checking the sign of X 
we consider an ifluenple, sinvilar to the preceding, namely the indentation 
of plastic matenion of ifieaagh cjdindrical punch. The slip line field, 
given by Prandtiss boundaows again a “false nose.” On the curved 
profile a point B shone for wosen so that the tangent to the curve cuts the 
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In this conception regions of contained plastic flow, where the stresses 
have reached the yield limit but the deformation is restrained by sur- 
rounding elastic material, are likeivise considered as rigid since there the 
strains are of elastic order of magnitude. On the other hand, in problems 
where only contained plastic flow appears, it is possibly not adequate to 
neglect elastic strains; in this case an elastic plastic type of material is 
to be assumed. We may use in this case too in the plastic regions the 
Levy-Mises strain relations (exclusively used in this article) ; then, as a 
consequence of the boundary conditions the resulting velocities will be 
zero. One may however prefer to use the Prandtl-Reuss equations rather 
than the Levy-Mises equations in problems dealing with contained 
plastic and elastic strain. We mention in this connection the remark- 
able contributions of quite recent date by Prager and other authors on 
contained plastic flow and “limit analysis,” which have already been 
incorporated in the new interesting book of Prager and Hodge (16g). 
We also refer once more to Hill’s outstanding work (5a) and the wealth 
of original papers quoted there. 

May we repeat that the choice of material in the present article is, 
naturally, very subjective. The article conta.ins some material not 
included in other books on the subject; on the other hand the amount of 
material, modern and interesting, that is missing far exceeds the amount 
of material included. 
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I. iN'rnonrm'io.v 

To Yolumc I of (his sorios, Minor.sky {16) prc.si'nted a review of meth- 
ods for studyinR nonliiienr cqimtion.s of the second order. Wo shall 
consider (he equation 

(1) X = F{x,t,() 

where the t dependence of F i.s explicit. We call thi.s a non-autonomous 
equation in contrast to an autonornou.s* equation x = /’(.r,.f). Discus- 
sions of (I), iticluditig (lie equations of I\Iathicu, Hill, van dor Pol, and 
Duffing arc found in (/), (2), {!)), {IS), {!/,), {19), and {20). Ifcrc we 
confine our.sclvc.s to a survey of more recent, work, 'idle coverage is 
not exhaustive; rather our purpo.se i.s to portray (he present state of the 
field and to prc.sent several representative and siginficant contributions. 

For the most part, the papers arc concerned with the existence and 
stability of periodic solutions when F{x,x,l) is nonlinear and is periodic 
in i. In eases of practical interest it is usually not possible to find exact 
solutions to (1). What is gencrallj’- called a solution for a nonlinear 
system is only valid to a particular order of magnitude. Such quantita- 
tive results have been limited almost exclusively to slightly nonlinear 
systems. However, even for badly nonlinear systems it is possible to 
gain considerable insight into the solution by determining certain gross 
characteristics. The principal methods of analysis continue to be per- 
turbation schemes or expansions in small parameters for slightly non- 
linear systems and topological arguments for studying overall properties 

* Now with OlTice of Naval Research. 
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of general systems. The topological results are particularly useful for 
engineering applications where a knowledge of such properties as the 
number and stability of periodic solutions for a system may reduce, or 
even preclude, a numerical analysis. 

In 1943 Lefschetz (10) stated sufficiency conditions for the periodic 
solution of a class of forced, damped systems. More recently, John (7,S) 
has derived general properties for the periodic motion of forced, conserva- 
tive systems. The work of Levinson (12) is of special interest since it is 
a unified treatment of a very general class of equations. The above 
four papers are among the few that are applicable to badly nonlinear 
systems. Bellman’s report (2) ig concerned with boundedness, stability, 
and asymptotic properties of equations that include (1) and contains an 
extensive bibliography, particularly for linear, non-autonomous systems. 
In a number of papers, Cartwright (3,4) with Littlewood (6) have investi- 
gated the equation 

X — k(l — x^)x -k X = pk\ cos (Xf J- a) 

for k small and large. A review of the work of Cartwright and co-workers 
is contained in (5). 

The papers of Reuter (17), Levenson (11), and Obi (16) apply to 
slightly nonlinear equations. The first investigates the subharmonic 
solutions for a system with an unsymmetrical restoring force, linear 
damping, and sinusoidal forcing. The second is a classification of solu- 
tions for the conservative Duffing equation. Obi’s study of the sub- 
harmonics for the equation 

X -f- a^x = €^i(i) + k 4 ) 2 (t) -|- e<t)z(x,x) J- k4>i(x,x) -f 4>f,(x,x,k,^,t) 

is a rigorous extension of Cartwright’s and Reuter’s analyses. Schwes- 
inger’s paper (18) is a simplified, engineering approach to forced nonlinear 
systems. In presenting some of the above work in this brief compilation, 
it has been necessary to give certain results without including the com- 
plete proofs. 

II. The Topological Transformation 

We consider the non-autonomous equation (1) where F(x,x,t) is 
analytic^ in x, x, and t and periodic in t with least period L. If y = x is 
introduced, (1) has a unique solution 

X = x(xo,yo,to,t) 

for the initial values x(fo) = xoandy(fo) = yo- In discussing the behavior 
bf this solution, it is • convenient to introduce a three-dimensional phase 

- For some of the results that follow, weaker conditions than analyticity may be 
assumed. 
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From the stated assumptions it follows {12) that T is a continuous, 
one-to-one, order preser^dng transformation. That is, points on a 
closed curve are mapped onto a closed curve so that the sense of direction 
of the points is maintained. Let (7(io) be a simple closed curve in the x,y 


plane with area .d.(io) = / dxodyo at time io- As time progresses, 

points that were on C{to) make up the curve C{t) in accordance with 
x{xo,yo,tf),t), y{xo,yQ,tQ,t). The area within C(t) is given by 


(7) 


A{t) = 



dxadyo 


where the Jacobian / is a function of time. Differentiating J with 
respect to t, we get 


( 8 ) 


d j( a:,!/ \ ^ dF j / x,y \ 
dt \xo,yoJ dy \Xo,yoJ 


Since J is unit}’- at t — U, we integrate (8) to obtain 


j (3£\ = exp r ^ dt 

\Xo,ya/ ^ Jh dy 


We also see that / > 0. If exp 


ixp / 
Jto 


dy 


dt < 1 for aU x and y, the 


area -within C{tQ + rnL) goes to zero as r — > with integer values. In 
the limit, C becomes a point, a line, or perhaps several intersecting lines. 


III. Stability of Periodic Solutions 

Equation (7) gives some information concerning the stabihty of a 
periodic solution. Let a subharmonic of order n be represented by P* at 
t = to. We call this solution stable if, given an arbitrarily small, simple 
closed curve K that encloses P*, another simple closed curve C{iQ) con- 
taining K can be found such that CQo + rnL) lies entirely within K as 
r-A CO -with integer values. We define a solution to be unstable if, 
given an arbitrarily small, simple closed curve K that encloses P*, it is 
impossible to find another simple closed curve C{to) -within K and enclos- 
ing P* such that C{to -h rnL) hes entirely within Kasr-^ <» with integer 
values. Let the coordinates of P* be x* and y* at t = to. The coordi- 
nates of points Po in the neighborhood of P* at t = to are 

a:o = s* + Uo, 2/0 = 2/*+ Vo, 
while the coordinates of T^Po are 


x„ = X* + u„, 2 /n = 2 /* + 
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If the Po arc sufliciently close to P*, and Vn may be expanded in Vo 
and Wo- Retaining only the first order terms 

(9) u„ = avo -h hvo, r„ == c»o -f (h’o, 

the Jacobian becomes ./[(.T,.v)/(a‘o,//o)] = od - he where od - be > 0. 
However, if > 1 R'e. area enclosed by C(/o -f nL) is greater than 
the area within C(/o), and the periodic solution is unstable. 

More detailed criteria for the stability of a periodic .solution arc 
obtained by examining the linear transformation (9) dircctlj’. H e first 
seek those Uo' and I’o' such that 


(10) 


Vn _ r/ 
Vo' Vo 


Combining Eqs. (9) and (10), wo find that p mu.st be a root of the 
equation 

(11) (a - p){d - p) ^ he = 0. 


We then define A,B,CJ) by (he following: 


C _ px - a _ c 

(l.l 

/l- + C= = l, /Pd-/P=l, 
and introduce new coordinates by the relations 

(13) a = 5 + Ptj, V = 4- Di}. 

From Eqs. (9), (12), and (13) it follows that 

(14) 7/0 = -4^0 + Btjo, I’o — Pso + P»7o; 

7/„ = Pi.4^0 + PzBvo, Vn = PlC^o 4 P:P>?0. 

Also, the coordinates of the point T'" arc given by 

(15) Urn — Pl'^A^o 4 Pz'BtJo, Vrn — PTC^O 4 pz'^Dxjo- 

If the roots of (11) arc real, the above has a simple geometric inter- 
pretation. The line v/u = C/A represents the $ axis and v/u = D/B 
gives the v axis. A,B,C,D arc the appropriate direction cosines between 
u,v and 5,7?. We see from (14) and (15) that points originally on cither 
the ^ or 7) axes arc mapped onto the same axis upon repeated transforma- 
tions T’\ If Pi > 1 points on the ^ axis are mapped away from the 
fixed point (Fig. la). If 0 < pi < 1, points on the ^ axis are mapped 
toward the fixed point as in Fig. lb. For pi < — 1 the situation is 
shown in Fig. Ic. Figure Id is for — 1 < pi < 0. Figures la and Ic 
represent unstable fixed points. 
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The distances from Po and T’'”Pq to the fixed point are 

+ vo^ = iA^ + + 2{AB + CD)^om + (P^ + P-)r7o^ 

Urn-^ + = Pi^’-CA^ + _p 2pi>-p/(AP + C'P)?oi]o + + D^W. 

If the roots of (11) are complex, then pi,B,D,r} are complex conjugates of 

Pi,A,C,^ respectively. In addition, if jpi] > 1, then Um^ + 

for all Po when r is sufficiently great. This again represents an unstable 
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the number of counterclockwise revolutions made b}-- the vector us one 
proceeds around the curve in a counterclockwise direction. 

If the curve docs not include a point fixed under T" (Fig. 2a), the 
index is zero. If a stable point fixed under 7’" is included bj’’ the curve 
(Fig. 2b), the index is -f 1. In Figs. 2c, 2d, and 2c the curves enclose 
unstable points fixed under T" but of dilTcrcnt tyijcs. The fixed points 
are called completely unstable, directly unstable or a direct col, and 
inversel}’’ unstable or an iru'erso col respect ivch’. Tlic respective indices 
are +1, —1, -f 1. The curve in Fig. 2f encloses a center or an undeter- 
mined point fixed under 7’", a point, that, is neither stable nor unstable 
and has an index -\-l. The indices of all .simple closed curves that 



enclose the .same, single fixed point are identical; therefore, the index may 
be associated with the point. From Fig. 3 wo see that the index of a 
curve that contains several points fixed under 7’" is eciual to the sum of 
the indices of the individual fixed points since the (H)ntributions along the 
double paths are cancelled. If B(u) is the number of stable, completely 
unstable, inverscl.y unstable, and undetermined points fixed under T" 
and D{n) is the number of directly, unstable ])oints within K, then 

(16) n(n) - D{n) = u-(;0 

where i^in) is the index of K for 7'". 

To summarize, W’c relate the roots of (11) to the t 3 'pc of fixed point: 

|pi| < 1, Ipo] < 1 — > stable, index -|-1 
|pi| > 1, |pn| > 1 — > complctelj'^ unstable, index -|-1 
Pi > 1 > P2 > 0— > dircctlj’^ unstable, index —1 
0>pi>— l>p 2 — > inversely unstable, index -FI. 
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When |pi| = IpsI = 1, higher order effects may have to be investigated 
in order to determine the chai’acter of the fixed point. 

V. Systejis of Class D 

As defined Levinson {12), a sj’’stem of class D has the property 

lim sup x'^{t) + y-{t) < R-. 

00 

Such systems are dissipative for large displacements and large velocities. 
For each system of class D: 

(i) There exists a closed domain I such that the domain is mapped 
into itself b 5 '’ the transformation T. This does not imply that all points 
in I are fixed under T; it simply means that for every point P that is in 
I, both TP and T~^P are in I also. 

(ii) For every point P that is outside of 1,T^P approaches I asr—^ 
vfith integer values. 

(iii) Also, every S 3 rstem has at least one point that is fixed under T. 
Thus, there is at least one harmonic solution. 

The general proofs of (i), (ii), and (iii) make use of established topo- 
logical theorems that are bejmnd our present scope. However, the 
statements should be “iutuitivel 3 '- agreeable.” For example, since a 
circle of large radius is mapped into a region lAuthin the circle by T, we 
might expect that upon repeated transformations the curve approaches 
the frontier of a region I. Also, if a region I is mapped into itself by a 
continuous one-to-one mapping, it “seems clear” that at least one point 
in I must remain fixed. 

The behaAnor of the transformation at a great distance from the origin, 
is suggestive of a stable fixed point. Similar to a stable fixed point, the 
index of a curAm that encloses all points fixed under T for a system that 
belongs to class D is -f-1. For these s 3 '^stems (16) becomes 

(17) B{n) = 1+ D{n) 

where all points fixed under T” are included in B{n) or D{n). 

If Po represents a subharmonic solution of order n at t = to, then 
PojTPo, ■ • • , T"~^Po are distinct fixed points of order n. Thus, there 
cannot be less than n subharmonics of order n and the number of sub- 
harmonics must be of the form Nn where N is an integer. LeAunson 
shows that must be an cA’^en integer and that ^N'n of the subharmonics 
are directl 3 ’^ unstable. To proAm this aa^c let C{ji) represent the number of 
stable, complete^ unstable, indirect^ unstable, and undetermined sub- 
harmonic solutions of order n and E{n) the number of directly unstable 
subharmonics of order n. Corresponding to each of these solutions is a 
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fixed point of order u. However, for each suldiarmonic of order 7(i, 
where 7(i is a factor of u, and for each liarmonic .solution there corre.sponds 
another point that is fixed under 7'". Factoring u into powens of distinct 
primes we get 

n = 

Equation (17) becomes 

Ti r- 

E S ' ' ' E * ■ ‘ == 

/t ro 0 J 0 J t) 

For points fixed under T”'’''. l'>i. (17) is given by 

n — 1 r> 

1 1 ''' 1 

Sui)trac.f ing Eep (Iff) from (IS), we get 


r: rj 

(20) 1 1 - - - 1 • • • /W-) 

Jj- 0 ;,^n ;„-0 

- /i(/>i^7>:'’ ‘ • • /W)] = 0* 

If we write Ef). (17) for points fixed under and then for points fixed 
under 7’"'c.r: .md .subtract tlie .second from the first, we get 


rs— 1 r« 


(21) X ^ ^ {^'iPi''P-:' 

}• »-■ 0 Ji 0 J... - 0 

Subtracting (21) from (20) gives 


- E(7>r‘7':” 


pJ”)] = 0. 


Y, ' ' ’ Y [^'(/b’''7>2’’7»--i'’ ' • ■ P’^”') — ^'^{Pi'lh'-Ps" ' • • 7),n'’')] = 0. 

Continuing the procedure, we find 

Cipi'' • • • Pm’’") — EiP\"' • ' • Pm'") = 0 
or 


(22) Civ) = Eiv). 

If Ho is a fixed point of order n, then 7’Po,7’-Po, • ' • T’'~^Po nre dis- 
tinct fixed points of order n also. Call TPo the point Po'. We now 
consider the following small, simple clo.sed curves: /v,/C',C(/o),C(/o + E)- 
Ihe cuiwe K' enclo.ses Po' and K cnclose.s P where K is mapped into K' 
T. dto) encloses K. Then C(/(i + E) encloses K' since the trans- 
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formation T is continuous and one-to-one. If Po is a stable fixed point 
of order n,C(to -f- rnL) lies entirely within K' and, therefore, C(ta -f- rnL 
-f L) lies entirely within K' as r—^ «> with integer values of r. Thus 
PPo is also a stable fixed point, and similarly for !r^Po,r®Po, • • ' ,P”~^Po. 
Consequently, if there exists one stable fixed point of order n, there 
exist at least n and the total number is an integer multiple of n. In the 
same way, it can be shown that 

(23) E(n) = kn 

where k is an integer. Since the total number S{n) of subharmonics of 
order n is given by 

(24) S{n) = G{n) -}- E{n), 

we complete the proof by combining Eqs. (22), (23), and (24) and 

getting 

S(n) = 2kn. 

As an example, for w = 3 there must be 
at least six subharmonics and, of these, at 
least three directly unstable ones. Also, 
there must be at least seven points fixed 
under T^, i.e., the six subharmonics and at 
least one harmonic. In addition there will 
be a region J that is mapped into itself by 
r®. Figure 4 shows the case for n = d 
where 0 is a stable harmonic; A,B,C are 
stable subharmonics; D,E,F are directly 
unstable subharmonics, and I has zero area. In this case, 

TA = B, TB = C, TC = A 
T^D = Tm = TF - D. 



Fig. 4 


Before the results of Levinson may be applied to any particular 
equation, it must be shown that the equation belongs to class D. Follow- 
ing the proof of Lefschetz (10) we shall show that for the equation 

(25) X -f- g'{x)x -I- f{x) = e(t) 

C(U + L) is contained within C(fo) for C(to) suflBciently large. The given 
conditions are: 

(i) e'(0, f(x), g'(x) exist. 

(ii) e(t) has a period L although for the present proof, this condition is 
not used. 

(iii) j(x)/x — » -j- CO when |a:j — > <» . 



308 


ALBERT I. BERLIN 


she shows that |a;| < B, |i| < B(k + 1) for t > i!o(xo,2/o) where 5 is a 
positive constant independent of rco,yo, and k. The conditions are that 
h(x,k) and p(t,k) be continuous functions of x and t respectively and that 
f(x,k) satisfy a Lipschitz condition in x. Also 

(i) h(x,k) >bi>0 for j-rl > 1; h(x,k) > - &2 for all x. 

(ii) f{x,k) sign x > &3 > 0 for \x\ > 1; [/(.Tjfc)! < r(f) where r is inde- 
pendent of k for |x| < 


(iii) \p{t,k)\ < B; p(t,k)dt 


< B. 


The bi are positive constants independent of xo,yo,k,t. Cartwright’s 
conditions include the van der Pol equation while those of Lefschetz do 
not. 


VI. The Equation: x + f(x) = Fg(sm cot) 

The previous results are quite general in that the equation may be 
badly nonlinear. The analysis by John (7) of the equation 

(29) X -f- f(x) ~ Fg(sm cot) 

is another notable contribution that is not limited to small nonlinearities. 
The function f{x) is analytic, monotonically increasing, /(O) = 0 and 
lim l/(.r) I > F. The forcing function g{z) is an odd, analytic function 

|x|-» M 

for I 2 I < 1 where g'{z) > 0 and y(l) = 1. It follows that gr is a maxi- 
mum when t — 7r/2w. F and w are positive constants. The existence 
and stabilitj'- of solutions for (29) ai'e studied simply on the basis of the 
above conditions. Since the development is too lengthy for our presenta- 
tion, conclusions will be presented without proof. The results are a 
qualitative extension of those found for the slightl}^ nonlinear Duffing 
equation 

(30) X -f- a^x ^x^ = F sin cot. 

The harmonic solution of (30) is usually presented as a plot of amplitude 
jilfl versus co for various F. 

In John’s nomenclature, a “simple” solution comes to rest only twice 
during a period of 27r/co. Solutions are of the first or second kind accord- 
ing to x{—k/2(o) > or < x(7r/2u) respectively. The term “in phase” is 
applied in a special sense to denote solutions with extreme values at 
±7r/2w. The solutions for (30) are simple, in phase and of the first 
kind in I and of the second kind in II (see Figs. 5a and 5b). 

Equation (29) has oscillatory solutions about .x = 0 for all values of 
t. In the above nomenclature, for a given M = x{—Tr/2(o) > 0, a 
unique harmonic solution of the first type exists and is in phase. That 
is, (29) may have several harmonic solutions for a given F and w, but 
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Figures 5a and 5b represent cases of Eqs. (31) and (32) respective!}^. 
For symmetric s3'’stems of (29) that are soft, w = Q(M) is a decreasing 
function for harmonic solutions of the first tj’pe; e.g., AB in Fig. 5b. 
Finally, a simple harmonic of the first t3T)e \rith amplitude M is unstable 
if —d9./dM > 0. For example, points on CD in Fig. 5a represent unstable 
solutions. Thus, the general equation (29) displa}^ man}’- of the prop- 
erties shown in Figs. 5a and 5b for a special case. The above has been 
extended somewhat by John in (8). 


VII. The Eqhatiox: x + a-x = 4>{x,x,h,e,t) 

The existence of subharmonic solutions for the equation 
X kx + (I — e + ^iX-)x = -g-ea cos Zt 

has been discussed b}*- Cartwright and Littlewood. Theu- results were 
generahzed by Obi {16) in his anatysis of the equation 

(33) X -f a-x = <f){x,x,k,e,t). 

Obi considers Eq. (33) where <i> is anal3’tic in aU variables, is periodic in 
t with period L, and has the form 

4> = e4)i{t) -f k<j) 2 {t) + e4>z{x,x) -f- k4>i{x,x) -f <ps{x,i,k,€,t). 

(f>s is at least of second order in the small quantities e and k. The e.xist- 
ence of subharmonics is determined as a function of £ and k, the allowable 
range of the parameter k being dependent upon €. Following Obi, we 
seek only bounded periodic solutions of the first kind, i.e., subharmonics 
that exist for a range of small e and for which k = 0 when e — ^ 0 and 
0 < la| < 00 where 

(34) X = a, X = 0 

at t = /3. When e = /; = 0, the solution of (33) is 

(35) X = a cos a{t — /3). 


In order that (35) be the hmiting solution of a subharmonic of order n, 
, it is necessary that 


(36) 



where r is an integer. Introducing the integers m,p, and q, we rewrite 

(36) in the form a = {p/q){2Tr/L) in which r = ‘oip, n = mq, and unit}' 
is the only common factor of p and q. 

We may expand the solution x{a,p,k,€,t) in a double power series in 
the small parameters e and k, 
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(37) E E 

r *- () ,* M 0 

and substitute (37) into the diftercntial efuuitinn. EfiuatitiR eaeli of the 
coefficients of e’’/.’' in (33) to zero yiebls n set. of clilTerential ecjuation wliich 
determine the Xn. From (31) and (37), tim initial conditions are 

Xpn(n'.3.i3) == n- 

.foo(«,/3,i3) = 0, Xr,(cc,8.(i) — 0 and .rr,(nji,8) ~ 0 for all r and .s not ])ofh 
equal to zero, t^olvinj: these equal ion.s. we find in particular, that. 
XoijXio.^oi end Xjo evahiated at. t ~ 8 d* ni'/f.' are independent of S, pro- 
portional to m. and odd functions of o. In order that (37) represent, a 
subharinonie. of order ii, it must .‘^.atisfy 

(38) x(a.3J:,i,B -j- ;nr//>) — n ~ 0. d- utqL) — 0. 

Introdueinp; 

Xoi(ct.6,i3 -f- mfjJj) = »i$Pi(n). .rin(o,t),3 d- wiL) ~ m^<r:{n), 
Xoi{n,BM d- JiiqL) — 7/i>)f,i(a). .rjr.(rt.d,d d- tnrjL) ~ 7aTjin(«), 

and substituting (37) into (38). we find 


(39) «»(^io(ff) d- /.•7/itPi(n) d- ^ ^ f'l:’x,,(a,8,ii d* mf/l,) == 0, 

rtdo ,td(| 

** 

(40) C7>i7jin(a) d' /.•77i7?pi(fr) d- y ^ t'’/.'.rr,(o.d,d d- mqlj) = 0 

W W 

for r d- s > 1 . 

For very small c and /.-, it i.s nece.'-'.'^ary that 


(41) jsinfrir) ^oj(o) _ 

i !vif>(n:) 7jn,(a) 

If a bounded periodic .sr)Iut ion of the lirst kind e.vi.sls, JOq. (41) must have 
at least one pair of non-zero re.al roofs ±«n. Consider the ease where on 
is a simple root and where foiffvo) aufl fio(oro) tire not. both zero. Then, 
from (39) or (40) we get 


(■^2) 1: — cki{a) d- \ (''■/.•r(tv,/3,»t), 

r 

where hi = — Co/^oi if ^oi 9^ 0 or hi = —vin/voi if voi t'- 0, Eliminating 
h from (39) or (40) with E(i. (42), we find 


anlliia) -b ^ ellr{a,(i,m) = 0. 


(43) 
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Soh-ing (43) for a, 

sc 

(44) a = ao + ^ e’'«rO,7”)j 

r = l 

and (42) becomes 

eC 

(45) b = €2Li(ao) -r ^ e’'KrW,m). 

r=2 


It is clear that ar and Kr are periodic -nith period L in p. 

The values of a and k given by (44) and (45) guarantee a bounded 
periodic solution of the first kind for a given /3 and an integer value of m. 
Since ao is independent of 771, a solution exists in the neighborhood of ao 
for anj' integer m. In particular, the solution that is determined b 3 ' 
setting 7?z = 1 is a subharmonic of order q. Of course, we maj' consider 
the period of this solution to be anj* integer multiple of qL, and it will 
still satisfy' (38). Thus 


ar(/3,l) = ar(0,77l), /lr(|8,l) = Kr{P,77l), 

and it is unnecessaiy for us to investigate cases where 77 i 9 ^ 1. 

If the Kr are independent of then to each e there corresponds one k. 
For this case, (33) will have a subharmonic solution, i.e., a bounded 
periodic solution of the first kind onlj- for the special pairs of values e 
and k given by (45) and for the combination of a and /3 determined bj^ 
(44). 

Let us consider the case where /C((3) is the first term in (45) that is 
dependent upon /3. Equation (45) becomes 

ff-i 

(46) k = eKi(ao) -b 2 

r = 2 

where 




^fC(/9). 


Cali Qi the stationary values of where Oi < < ■ ■ • < a^,. If 

values of k and e are gh'en and if 

«! < — — eKi{ao) — 2 = jir < 

r=2 

then (46) defines i3. For small e the stationary values of M are essentiaUj- 
the Oi. We see that, if Oj < ju < there are an even number, 2/!,, 
of values of jS in the interval 0 to L that permit a bounded periodic solu- 
tion of the first kind. 
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Tims, Obi's nnalysis shows that botiiKlecl periodic: solulions of tlic 
first kind exist for sunic’ienlly small c and for the corrc'sponding nr in (he 
neighborhood of a simiile real root «o of (11) if I: is in the range where 
fli < ju < a.j. For such a value of I: (here are 2a, different /3,- in the 
interval 0 < ^ < L. Since c'ach /?,• gives rise in a subhannonic of order 
> 1 , \vc find additional subhanuouics of order n by taking solutions with the 
initial conditions 


.r{8) — -l- rL), Jiff) ~ J(n.ff,-.l:,t,ff, rL) 

for f = 1, 2, • • • , 2/1, and r = I, 2, • • • , a — 1. 'riierefore. if A' is 
in an allowable range', there will be 2j>/i, snbharinonics of order a. This, 
of course, is in agreement with the results of Levinson, 

In his paper, Obi applit's tin* jibove method to s(‘V('r;d equ.'itions. 
Among them are the following. 

(-17) .f -}- /.'.f d- .r(I — ta eos pf *j' I 

Xceessary conditions for the existence of subh:innonic solutions to I*h|. 
(-}7j are 


(a) a > 0 

(b) If p 3 !ind p ?■- then /,- ^ 0(<‘) 

(c) If p = then /: ~ pc' where p' < ibis case, the 

subharrnonies ;irc tipproxinuitc'Ij- given by 

X = -^/Ja cos (f - ffr -r h'-) 
where r = 1,2; s = 0,1, 2. 3.-} jind the ff are roots of 
= [”(a'')-'l'/S') •‘'bi o.d 

for 0 < /3 < 

(d) If p = 3, then h = pc- where jp] < 3a^/3.')(). 'riu: subharmonies 
are tipju-oxinuitely 

X = -y/iia cos (/ — ffr -}- ji-sr) 

where r = 1,2; .s = 0,1,2, and the ff are roots of 

Imi = (3 b/’ff2) site 3,3 

for 0 < ff < I-. 

(48) X + e(x"- - l).t 4- x(l 4- /;) = cb cos p( 4- ih4>{x,x,U,c,l). II 

Equation (48) has subharmonics if the following conditions arc .satisfied: 
(a) If p 3 and p 5, then I: — -fte- 4- O(c'). 
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(b) If p = 5, then k = + pe® where (pj < |6j/384 and the sub- 

harmonics are approximately 

X = 2 cos it — fs7r) 

for r = 1,2; s ~ 0,1, 2,3,4 and the 0 are roots of 

fi = — (6/384) cos 5/3 

and 0 < /3 < Itt. 

(c) If p = 3, then k = pe^ where jlGp — 2j < \b\. The subharmonics 
are approximately 

.-c = 2 cos (i — /3r + f stt) 

for r = 1,2; 8 = 0,1,2 and the jS roots of 

16p = 2 — 6 sin 3iS 

with 0 < /S < fTr. 

VIII. The Equation: ^ -f -f- ^^^(l + ax) = 3i; cos 2t 

Prior to Obi’s work, Reuter (17) applied Poincare’s method to study 
the existence and stability of subharmonics for a special case of (1). He 
considers the equation 

(49) X -h 'Se'^x -}- (1 + ex) (1 + (ie'^)x — Sen cos 2i 

where X > 0, u > 0 and p are of order unity and le] <$C |. Following 
Reuter, we expand the solution of (49) in a power series in e 

(50) x(t) = xo(t) 4- exi(t) -f- eHiit) + • • • . 

Substituting (50) into the differential equation and equating coefficients 
of e’’ to zero, Ave solve for the Xr(t). Taking 

(51) a;(0) = a, x(0) = b 

as initial conditions, we seek a(e) and 6(e) such that the solutions are sub- 
harmonics of order 2 and reduce to the form x — a cos i -f- 6 sin i as 
6 — > 0, AA’^here a and 6 are not both equal to zero. It follows from (51) 
that a;o(0) = a, . 1 : 0 ( 0 ) = 6, .^,(0) = 0 and .'Cr(O) = 0 for r > 0. We find 

Xo(2Tr) = a, io(2ir) = 6; Xi(2ir) = 0, Xi(27r) = 0; 

X2(27r) = 7r[— Xa -f- (p 4- v)b — %b(a^ 4- 5^)] 

X2(27r) = 7r[ — X6 — (p — u)a -f §a(a^ 4" 6^)]. 
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Introducing 

.iv(2;r) = Pr{o,h), .f,(2r) = 0r(fl,5) 
into the necessary condiiions 

(52) 3-(2r) - x(0) = 0, f(2-) - .f(0) = 0 

Eqs. (52) become 

enP:(n,5) + cPz{a,h) -|- • • •] = 0 cnC>;(o,/^) + cQ,in,b) +•••] = 0. 

(53) 

We define Oo and be by the relations P;(op,5p) = 0, tI;(flr.,5o) = 0, and find 
(51) p = ^ (u ± \/i'' — y), "o‘ d- bo- ---■ s(/i T v"i’- — X‘). 


To determine a and b, we introflucc the small (luanlities ^ and jj. where 
fl = «o -f 5 — bo d* V and bring (53) into the ferm 


rP[.l(<) d- $C(0 d- vP(i) d- • • •] --- 0, 
rPl/J(0 -b t/}(0 d- vf'U) d- • • •] - 0, 


where /1(0) = 0, /)’(0) = 0, C(0) = -X - ^orho 

/)(()) = d- e d' d- ^b.\ 

(56) /:(0) = ^l d- i’ — (ioo" — ^bo', 

/■'(O) = -X d' iinchp. 

For sufficiently small ^ and i.e., for sufiiciently small c, lilqs. (55) have 
a solution if the determinant of the linear terms if unecjual to zero. In 
the limit, therefore, it i.s nece.''>‘ary that 


(57) 


A 


c(o) im 

im /'(()) 


•1 \/ 1>- — X- (\/li^ — X' -t- fi) 7^- 0 


Equation (57) impose.s the re.striction u X while Eqs. (51) reciuirc 
(58) „ > X 


and 


(59) ^ > — -y/ 1»- — X". 

If, in addition to (58) and (59) p.<\/v- — X-, there arc two solutions 
ao,5o and — Oo, — 5o, tha t corresp ond to the lower signs. However, if in 
addition to (58) \x'> \/v- — there are four solutions of (51), two for 
each pair of signs. 
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Consider the motion for perturbed initial conditions 


x{0) = a + <}>, x{0) = h + ^ 

and write 

x{2Tr) = a + 4>') i(2Tr) = b 4’' i 

where a and h are appropriate for a subharmonic and are small. 

In place of (55) we have 

(j)' — (j, = ir6^[A(e) + (^ + <t>)C{e) + (t? + lA)-E'(e) + ' ’ 

4/' — Ip = Tre^[B(6) + (? + <t>)D{€) + (■>? + p)F{e) +•••]. 


For small e, the stability depends upon the roots of the equation 


1 + 7re^C(0) — p ■ire^E{Q) 

Tre^DiO) 1 + Tre^F{0) - p 


Making use of (56) we find 


(60) pi,2 = 1 + 7re^( — X + y/X^ — A). 


When only two subharmonics exist, |p| < -s/v^ — X^. Then A > 0, 
1 pi, 21 < 1 and t he solutions are stable. In the case of four subharmonics, 
11 > -s/v^ — and we find one pair of stable solutions and one pair of 
unstable solutions corresponding to the lower and upper signs in A 
respectively. The stable subharmonics are of the node or focus type 
depending on X^ > or < A, where we take the lower sign in A. 

In order that a harmonic solution of (49) exist, it is necessary that 
Uo = 5o = 0. The leading 4>i{t) with a harmonic term is 

(piii) = —V cos 2t 

also, 4 > 2 (t) = 0. Since the harmonic is included in the solutions of 
period 27r, the conditions for its existence and stability are contained in 
the above analysis. However, equations (54) are no longer applicable 
and A is now X^ + pi ,2 is still given by (60). A stable harmonic 

exists if A > 0, i.e., if X > v or if X < u and |p| > — X^. If A < 0, 

then X < u and |p| < — X^ and the harmonic is directly unstable. 

Here again the stable solution is a node or focus depending on X^ > 
or < A. 

We transform (49) into 

z + fci + w^z(l + az) = 3v cos 2t 

by introducing z = x/e, fc = Xe^ > 0, w* = 1 + fie"^, a = e^, u > 0. With 
these symbols, the results of Reuter’s analysis are listed in the accom- 
panying table. 
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Conditions 

i 

Type of Solution 

Form of 
Solution 

t < I'a 

1 directly tin^tahle harmonir 

(a) 

Ico’ - 11 < 

„ , , , , . (node if 1:' > u 

2 stable .sul.hannon.rs|f^^„^ ^ 

(1)), (c) 

1: < ra 

- li > 

1 ..table bar, non..- ^ 

(a) 

h < IVT 

. f node if 1:' > u 
2..t.-d>lesul.barn,on..-.)f^,,.,,^, jf;.: < 

(b), (c) 

(0- — 1 > -\/ li’jt' — /.* 

' 2 nn.tat.lc sutdiarnionie. 

(10, (d) 

/; > I'a J 

, , , . ( node if /;• > e 

1 ..tablo harmonic ^ , ^ ,, 

(a) 

! 


(a) r = — fco'i2/ -i- 0(a) 


(h) 

'1. 

: - 

p eo.-i (t 

- 0) -{• .-1 

CO. 

( d- 

li 

..in 

1 

- 


■ e cos 2/ — Inp’ 

. (2t 

-1. 

20) 

-{■ 






1 

h 




(c) 

P' 

£= ' 

(r~"{oi‘ — I 

\/ c-a- 

-I:-) 

; Ian 

Ou-. 

r“* 

(la 

-b xA 

■a’ - /.-•) 

(<1) 

/'• 


— I 

— \^e-a' 

- 1?) 

, tan 

Oui 

r- 

1 

1: 

(ca 

- XM 

-Is) 


1/ 

= -1 

- 1: 


I:' -i- 


1); 

: r* ; 


(u-- 

- ]}' 



Figures Gri, Gh, Ge, and Gd sliow the aj^proxiinalc dojicndonce of tlic 
amplitudes upon the parameters of the system. It is seen tliat the 
stable .solutions arc diseontimious with re.''j)eet to eerfaiu paramctcr.s. 
For example, wlicn w > 1 and oidy e is varied, the amplitude changes 
abruptly and the sohitif)n changes from a harmonic to a subharmonic, 
as u increases across the value 1:/a. 

The transformation T~ for Eq. (-It)) is delincd b}' 

(Gl) .1 - a - 6n/^(«,h) + cl\{a,h) + • • •] 

B - h^ E-[(U(^,h) d- tQa(n,h) + • • •] 

where a,h and A,B arc the coordinates of the original and transformed 
points respect ivcl}'. Here n and h represent an arbitrary i)oint and not 
neccs.sarily a fixed i)oint. For sufRcicntl^y small e, we may stud.y the 
behavior of T" by considering the equation 


(62) 


db _ 

da Pzia,!)) 
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In Fig. 7 urc plols of Pa = 0 and = 0. The clotted curvc.s represent 
solutions of (G2). The parameter.s for the solution in Fig. 7 arc such that 
there exists one stable focus harmonic, two stable focus subharmonics, 
and two directly unstable subharmonics. It .should be kept in mind that 



the representative imint for (-19) doe.s not mrfv’e (’ontimiously along a curve 
m thee, 6 plane under rcpc.'itcd applicalion.s of T-, but moves in increments 
as given by (0]). 


I{cJ( rcncca 

1. Anduonow, a. a., !ni(l Cmaiki.v, f’. b., 'J'liiory of O.-.cilIntioii';, tnoislntion by 

S. Lof.schclz, I’riticcton l'nivrr>‘ily Priiiroton, IIMO. 

2. Bcu.man, H., a Siirvoy of I lie 'I'lieory of llii' Houndodiioss, Sloldlity, iind Asymp- 

totic Belidvior of Solutions of linear nnd .N’oidiiu'.nr I'fiffon’uti.'d nnd Difforonce 
bqimlion.s, CBIicc of Xiival Roscand* Report N.Wl'iXOS P-otHi, 1010. 

3. CAnTwniGiiT, M. 1^., I'orced Oscillations in Nearly Simisoidnl Systoins, J. lns(, 

like, lingrs., 96, SS-Oti (10-IS). 

On Nonlinear DifTeronlial liquations of the Second Order: III, /Vor. 

Cambridge Phil. Son., 46, .J0.6-r)0I (1010). 

“ — Forced 0.scillations in Nonlinear Sy.stcms, Ayinalfto/ Math. Stiulici^, No. 20, 
pp. 140-241, Princeton Univer.sil.v Press, Princeton, lO.oO. 

~ and Lrn'i.r.woon, .1. E., Nonlinear Differential Equations of the Second 
Order, J. London Malh. Hoc., 20, 180-80 (1045). 



320 


ALBERT I. BERLIN 


7. John, F., On Simple Harmonic Vibrations of a System with Nonlinear Charac- 

teristics, Studies in Nonlinear Vibration Theory, pp. 104^92, New York Uni- 
versity, N. Y., 1946. 

8. On Harmonic Vibrations Out of Phase with the Exciting Force, Comm. 

Applied Math., 1, 341-59 (1948). 

9. Eryloff, N., and Bogoliuboff, N., Introduction to Nonlinear Mechanics, 

translation by S. Lefschetz, Annals of Math. Studies, No. 11, Princeton Uni- 
versity Press, Princeton, 1947. 

10. Lefschetz, S., Existence of Periodic Solutions for Certain Differential Equations, 

Proc. Natl. Acad. Set. U.S., 29, 29-32 (1943). 

11. Levenson, M. E., Harmonic and Subharmonic Response for the Duffing Equa- 

tion, J. Applied Phys., 21, 283-43 (1950). 

12. Levinson, N., Transformation Theory of Nonlinear Differential Equations of the 

Second Order, Annals of Math., 46, 723-37 (1944). 

13. McLachlan, N. W., Ordinary Nonlinear Differential Equations, Oxford Uni- 

versity Press, London, 1950. 

14. Minorsky, N., Introduction to Nonlinear Mechanics, J. W. Edwards, Ann Arbor, 

1947. 

15. Modern Trends in Nonlinear Mechanics, Advances in Applied Mechanics, 

1, 41-103 (1948). 

16. Obi, C., Subharmonic Solutions of Nonlinear Differential Equations of the Second 

Order, J. London Math. Soc., 26, 217-26 (1950). 

17. Reuter, G. E. H., Subharmonics in a Nonlinear System with Unsymmetrical 

Restoring Force, Quart. J. Mech. Applied Math., 2, 198-207 (1949). 

18. ScHWEsiNGBR, G., On One-Term Approximation of Forced Non-Harmonic Vibra- 

tions, J. Applied Mech., 17, 202-8 (1950). 

19. Stoker, J. J., Nonlinear Vibrations, Interscience, New York, 1950. 

20. Timoshenko, S., Vibration Problems in Engineering, D. Van Nostrand, New 

York, 1937. 



322 


AUTHOR INDEX 


Frenkiel, F. N., 61-107, 72(5), 80(14), 
85(16), 101(24), 106, 107 
Friedman, M. B., 121, 130(15), lU 
Friedrichs, K. O., 16(11, 13, 14), 19, 22, 
23(30), 44(30), 47(30), 59, 110(1), 
lU, 228(la), 257, 258(la), 286(la), 
292 

Fuchs, E.., 192(47), 195 
G 

Gardner, C. S., 112, 117(7), 121, lU 
Garrick, I. E., 144 
Gaskell, E. E., 7(4), 18 
Geiringer, H., 197-294, 203, 212, 223(2f), 
229 (2d, 2e, 2f), 232(2c), 233(2c), 241, 
245 (2a), 258, 275 (2c), 292 
Glauert, H., 192, 195 
Goldstein, S., 66(1), 106, 186(9, 16), 187, 
191, 192, 193, 194, 195 
Gossot, F., 47, 58 

Guderley, G., 22, 58, 146-184, 147(4), 
148, 151, 154, 155(10), 158, 159(12), 
161, 162, 167, 168, 176, 177, 184 
Guest, 200 

H 


Haack, W., 282(3), 293 
Haag, J., 12, 14(9), 18 
Hadamard, J., 22, 58, 228 
Hamel, G., 161, 184 
Heisenberg, W., 73(9), 106 
Hellwig, G., 282(3), 293 
Helmholtz, H., 188, 194 
Hencky, H., 280, 293 
Hilbert, D., 152, 161, 184, 228 (lb), 292 
Hill, E., 203, 211, 212, 229, 236, 241, 245, 
270(5a), 271 (5a), 275(5a), 276(5a), 

291, 292, 293, 295 

Hodge, G. P., Jr., 203, 212, 214, 215(6a), 
217, 229, 241, 270(6a, 16g), 282, 

292, 293 
Hooke, E., 201 

Hooker, S. G., 186, 190, 191, 193, 194 
Howarth, L., 72(4), 106 
Huber, 200 

Hugoniot, H., 22, 47, 51, 58 
Huyghens, G., 112, 113 


I 

Inoue, E., 104, 107 

J 

Jeans, Sir J., 98(20), 106 

Jeffreys, H., 186, 194 

Jenne, W., 213, 293 

Johansen, F. C., 188, 192(47), 194, 195 

John, F., 296, 308, 310, 319 

K 

Kaden, H., 188, 194 

Kamp6 de Feriet, J., 67(2), 76(13), 78, 106 
von Klrmdn, T., 16(15), 19, 72(4), 73(8), 
74(8), 106, 185, 186, 189, 190, 191, 
192, 193, 193 
Keller, J. B., Ill, 144 
Kelvin, 129 
Kirchhoff, 188 
Kobes, K., 36, 47, 58 
Kolmogoroff, A. N., 74, 103, 106 
Kovaznay, L., 189, 194 
ICryloff, N., 295(9), 319 
Kuerti, G., 16(17), 19 

L 

Lagrange, J. L., 47, 75, 76, 77, 78, 79, 80, 
86, 87, 92, 93, 94, 100, 101, 102, 103, 
104 

Lamb, Sir H., 186(11, 17), 194 
Lang, E. D., 186(18), 194 
Laplace, P. S., 114, 116, 137 
Laval, 149, 150 
Lax, 292 

Lee, E. H., 199, 270, 271, 272, 277, 278, 
280, 283, 285, 287, 288, 291, 293 
Lefscbetz, S., 296, 306, 308, 319 
Legendre, A. M., 22, 24, 155, 225, 226, 239 
Levenson, M. E., 296, 319 
Levi Civita, T., 228(9), 293 
Levinson, N., 296, 298(12), 304, 313, 319 
Levy, H., 191, 192, 194, 195 
L6vy, M., 200, 292, 293 
Lewis, J. A., 11(6), 12, 16(18), 18, 19 
Liebers, F., 192(47), 195 
Liepmann, H. W., 147(5), 155, 184 
Lighthill, M. J., Ill, 133, 134, 135, 138, 
139, 144, 144 



Lin, C. C., 73(S, 10), 74(8), lOG 
Linkc, W., ISS, m 
Liouvilic, 11., 47, 5S 
LipschilK, 308 

LilUcwood, J. E., 200, 310, Gl!) 

I^orcnt?:, II. A., 122, 12G, 130 
Love, A. E. H., 47, oS 
Liulford, G. S. S., 33, -12, 13, 10(10), 47, 
57, <19 

Ludlonr, II. F., 109-144, 111, 112, 117 
(G, 7), 121(0, 7, 9), 130(1.5), I/,/, 

M 

McLnchInn, N. IV., 12(8), JS, 295(13), 

Sin 

McViltic, G. C., 49, .in 
Mallock, A., 189, in.', 

Manikl, .1., 230, 29.1 
Marshall, D., 192(50), 193, ini 
Martin, II. M., 34, 35, 30(20;, .19 
Mauo, A. IV., 190, 19.’, 

Minor.-’ky, N., 295(14. 15). Gin 
von MLc.s, R., 23, 33. 30, 37, 11(38'., 47. 
.5.9, 198, 199, 200, 203, 205, 213, 214, 
21.5, 217, 22S(12c), 22;i, 237(12d), 
211, 21.5, 2!)2, Cn.l 

Mohr, G., 235, 230, 237, 247, 255, 274, 
27G 

Mnnakata, K., 190, 19 ', 

Mnnk, W. II., 0(1, 2), IS 

N 

Nadni, A., 212, 2.9.9 

Ncuber, II., 203, 224, 227, 232, 240, 241, 
251, 2.0S 

Nikol.«ki. A. A., 140(2), IS.', 

0 

Obi, C., 290, 310, 313, 314, .57.9 
Oscen, C. W., ISO, l.n.j 
Ostrach, S., 11(7), IS 
Ower, E., 189, 19.',, 1.95 

P 

P5r(-s, J., 192, 1.9.1 
Pfriem, H., 39, 47, 5S 


Picard, E., 282(15), 280(15), 287, 2.9.9 
Piddnek, F. B., 47, 5S 
Pierry, N. A. V., 180(21), 1.9.', 

Poincare, .1. II.. 314 
Poisson, S. D., 21, 22, 20, 30, tlS 
Pos.dn, C., 124, 12.5, 120, 1 10, 142 
Prnjjor, \V., 199, 212, 214, 270(10^'), 271, 
272, 270(1 Oc), 277, 27.8, 291, 292, 
..’,9 .?.9.V 

Prandtl, L.. 00, 237, 250, 257, 2S0, 290, 
291, 292, .7.9.; 

Puckett, A. E., 147 (.5), 15.5, IS-', 

R 

Raylciuh. Lord .1.. 22, .IS, 188, 192(47), 
1.95 

RcF^ncr, H., 10(10), 19 

\M?, E. F.. 189, 192(471, 1.9/„ 195 

Ren-S 292 

Reuter, G. ]■:. II., 290, 314, 310, G19 
Reynolds, 75, 1.8.5, 180, 187, 188, 1.89, 193 
Richardson, K. G., 192(47), 19.1 
Richard'-on, L. Ih, 102, 107 
Riemann, H., 21 , 22, 24. 27, 30. 33. 31, 35. 

.39. 4.5, 415, 47, .IS, 109 
RobcrI.s, O. F. T., 89, 91(18), lOG 
Rosenhead, L., 186-195, 188, 190, 191, 
192, 193, 19.'„ 19.1 
Bubach, H. L., 1S‘.)(.I), 190, 19.1 
Ridiinow, S. I., 1.',.', 

S 

Palter, C., 73(7), 10!! 

Sauer, R., 22, 20, 30, .IS, .19, 203, 221, 225, 
227, 2.32. 2.38, 210, 241, 251, 2.9.; 
Schaefer, M., 148, l.S\', 

Schiller, L., 1.88, 19.', 

Hchliifli, L., 88, t)0 
Schlaycr, K., 101, 1.9.', 

Schmiedcii, C., 190, 19.', 

SchubniKM', G. B., 99(22), 108 
Sell vdt7.-Gr» mow, F., 23, 30, .IS 
Schw.nbe, M., 191, 1.9.', 

Sc.hUT.siiimir, G., 290, .57.9 
Sedov, L. I., 22, 59 

Siniinon.s, L. F. G., 73(7), 108, ISO, 
192(55), J.9'„ 1.9.1 

Sokolovsky, V. V., 203, 212, 214, 229, 29S 



324 


AUTHOR INDEX 


Sommerfeld, A., 34(33), 59 
Staniukovich, K. P., 22, 59 
Stanton, Sir T. E., 192(56), 193, 195 
Steinman, D. B., 185, 193 
Stoker, J. J., 16(12, 14), 19, 295(19), 819 
Stokes, E. E., 22, 58, 65, 186 
Stommel, H., 102(27), 107 
Strouhal, V., 189, 192(47), m, 195 
de St. Venant, B., 198, 200, 202, 203, 215, 
216, 217, 237, 293 

Sutton, O. G., 89(17), 101(17), 102(17), 

105, 106, 107 
Symonds, P. S., 228, 293 
Synge, J. L., 192, 195 

T 

Taganoff, G. I., 146(2), 18i 
Taub, A. H., 47, 59, 144 
Taylor, G. I., 33, 69, 72(6), 73, 78(3), 
79(3), 82(3), 83(3), 89, 97, 99(21), 

106, 172, 184 
Thom, A., 186, 187, 194 
Thomson, Sir W., 186, 191, 192, 193 
Timoshenko, S., 295(20), 319 
Ting, L., Ill, 112, 117(6), 121, 144 


Tomotika, S., 191, 192, 194, 195 
Torre, C.,'237, 293 
Tresca, H., 200, 217, 237, 293 
Tricomi, F., 148, 149, 150, 151, 152, 154, 
155, 156, 158, 159, 160, 184 
Tupper, S., 293 
Tylep, E., 192(47), 195 

U 

Urano, K., 190, 194 
V 

van der Pol, 295, 308 
ViUat, H., 192, 195 

W 

Westwater, F. L., 188, 194 
White, D. R., 130(14), 144 
Winny, H. F., 186(21), 194 

Z 

Zaldastani, 0., 21-69, 31(37), 55(37), 59 


iVi onng Co. lege, 


i 7* ''^7 


(O 


c . 

Boole i 4o. 



